1

                                                                                                   Polarization characteristics of

                                           sunlight reflected and tra nsmitte d  by water clouds:

                                                                                                             simple analytical solutions

A. Kokhanovsky

                                                              Stepanov Institute of Physics, 70 Skarina Avenue, Minsk 220072, Belarus

Phone:375-17-284-1997

Fax: 375-17-284-0879

E-mail:

alex@zege.bas-net.by

December 1, 2000

2

                                                                                                                        ABSTRACT

Microphysical and optical properties both warm and cold clouds are of considerable

importance for climate studies. This paper is devoted to the investigation of

reflect ion and transmission matrices of cloudy media. Simple relations between the

size of droplets and the degree of pola riz ation of reflected light are presented. The

can be used for the solu tion  of the inverse problem, namely for the determination

the size of droplets fr om satellite polar iza tion measurements at a global scale. The

rainbow scattering region is the most promising in this respect.

3

                                  1. Introduction

                                  The  influence of clouds on radiat ive fluxes in the terrestrial  atmosphere has been

                                  studied by many authors ( Kondratyev and Binenko, 1984; Minin, 1988; Liou, 1992)

                                  both exper i mentally and theoretically. The knowledge obtained was applied to the

                                  solut ion of the inverse problem, namely  to  the determinatio n  of the thermod y namic

                                  phase, microstructure parameters(e.g., the eff ective  rad ius of droplets), single scattering

                                  albedo, optical thickness and liquid water path of cloudy media

 ( King, 1981, 1987;

                                  Arking and Childs, 1985; Nakajima and King, 1990; King et al, 1992;  Han et al, 1994;

                                  Kokhanovsky and Zege, 1996).

                                               However, cloudy media do  not only absorb and scatter radiat ion. They also can be

                                  considered as major sources (along with a erosols, gases and underlyin g  surface s) of

                                  polar ized light in the terrestrial  atmosphere. Clouds   introduce a new property in

                                  coming s olar light, namely the preferent ial dir ec tion of oscill atio n  of the  electric vector

                                  in a light beam. Generally speaking, both reflected and transmitted  solar light becomes

                                  ellipt ically p ola rized.

                                               The polar i zat ion ar i ses mainly   due to  single scattering of a light beam by a water

                                  droplet or an ice  crystal. The phen omenon o f mult iple scattering, which is  of particular

                                  importance for clouds,  leads to the rando mization both photons   directions and

                                  polar iza tion states. This causes  the decrease of light p olarization due to increase in the

                                  optical thickness of a cloud. Another effect of multiple scattering is the introduction of

                                  ellipt icit y in scattered light beams. It should be pointed out that the solar light scattered

                                  by a spher i cal water  droplet becomes partially linea rly p ola rized. This is due to the fac

4

that the  ell ipt i city of  singly scattered light is equal to zero for  spherical  scatterers ( van

de Hulst, 1957).

             Studies of  polar iza tion characte ris tics of  solar light transmitted and reflected b

cloudy media  have a long  history ( Hansen, 1971a,b; Hansen and Hovenier, 1974;

Coffen and Hansen, 1974; Wauben, 1992; Knibbe, 1997). However, the real burst of

research in this area was  given by a launch of the POLDER  instrument on the board o

Japanese ADEOS satellite

                                                                                         ( Deschamps et al., 1994). The POLDER was able to transmit

to the Earth a huge amount of infor mat ion about polarizatio n  characteris tic s of light

reflected fro m cloudy media, aerosols and under l ying su r f aces at several wavelengths.

Specifically, first three components of the Stokes vector

( )
V

U

Q

I

S

r

,

,

,

�

   have been

measured for wavelengths l  equal to 443, 670 and 865 nm. There is no doubt that even

more  advanced   po larimeters with more wide spectral coverage  will appear on board

of different satellites in future, which makes further theoretical studies of pola riz ation

characte ris tics of cloudy media extremely important. This is  due to potential

possibilit ies for global retrievals of t he cloud  microstructure

(Breon and Goloub, 1998;

Kokhanovsky, 2000) , the shape of particles

(Hansen, 1971a; Deschamps et al, 1994)

and the optical thickness of clouds

(Kokhanovsky, 2000)   based on  polarizat ion

measurements.

             Of course, similar info rma tion can be obtained from the reflected intensit

measurements. The importance of  polarization lays  in the possibili ty to check  standard

mult ispectral  cloud inversi on algo rithms ( Han et al., 1994) on the  global scale. Also i

could well appear that the degree of pola rization can be used as a source of add itiona

infor mat ion  about   the  cloud  particle  size  dist ributions  close  to  the  top of  a cloud

5

                                  ( Breon and Goloub, 1998). The high proportion of photons scattered from a thin upper

                                  layer of a cloud in the creating of the light pola riz ation is quite understandable. Multiply

                                  scattered light fluxes fro m deep layers are hardly p ola rized at all. Rad iative

                                  characte ris tics, on the other hand, represent the cloud as a whole. Thus, the effective

                                  radius der i ved from radiative measurements  is an average of large ensembles possibly

                                  ver y different particle size distribu tions, presented in different parts of cloudy media.

                                                           It has been  emphasised by Hansen

(1971a) almost  30 years ago that the fac

                                  that the polar i zat ion data refers to the cloud tops may be not a drawback but  an

                                  advantage. Indeed, it is  easier to interpret observat ions which do not refer to some

                                  average values over the ent ire cloud depth.

                                               The polar i zat ion characterist ics o f cloudy media can be studied applying num erica

                                  codes

                                                        ( Hansen 1971a; de Rooij, 1985; de Haan, 1987)  based on  the vector radiative

                                  transfer equation solution. However, one can also  use  the fact that  cloud fields are

                                  optically thick in mo st cases(King, 1987). This allows to apply  asymptotic analy tica

                                  relat ions

                                                                 (Do mke, 1978; van de Hulst, 1980; de Rooij, 1985; Wauben, 1992), derived

                                  for optically thick disperse media wit h arbitrar y phase functio n s and absorption. These

                                  solut ions  help  us to clear physical mechanisms and main features behind the

                                  polar iza tion change due to the increase of the size of droplets or the thickness of

                                  cloud.  Analy tical s olutions  provide also  an important tool for the simplifica tion of an

                                  inverse problem ( K ing, 1987). They can be used, e.g., in studies of the informat ion

                                  content of polar i metr ic measurements.

                                               The drawback of well-known vector  asymptotic theory for optically thick layers

                                  (Domke, 1978) is related to the fact that main equat ions of this  theory depend on

6

different auxili ary functions and parameters. Calcul at ions of these func tions and

parameters are rather complex. This is due to the quite general applicabil ity of anal ytical

asymptotic so lut ions in terms of the single scattering albedo.

                         The main task of this paper is to simplify  asymptotic equations taking into

account the weak absorption of light in cloudy medi a (King, 1981) in a broad spectra

range (at least up to 2.2 mm ).

                         We der i ve also the simple analyt ical so lut ion for the degree of polar i zat ion of

sunlight, reflected  from water clouds. This relat ion is applied to the problem of the

determina tion of the  liquid water path and the size of droplets in cloudy media fr om

polar imet ric obser vat ions.

2. Reflection and transmission  matrices.

Let us introduce the reflection

                                                                                                                      ( )
y
m
m ,
,

                                                                                                                  �

0

                                                                                                                 R  and transmiss ion

( )
y
m
m ,
,

�

0

T matr ices of

cloudy media.  Reflection and transmissio n matrices  depend  on the optical thickness t

of a cloud, microstructure of a cloud, cosine

0
m   of the solar angle

0

J , cosine m  of the

viewing angle J  and the relat ive azimuth

0
j
j
y -

= , where

0
j  and j  are azimuths o

the Sun and obser v er respec tively. The importance of these matrices is due to the fac

that they can be used for the calculation o f the Stokes vector of reflected

( )
V

U

Q

I

S

r

,

,

,

�

and transmitted

                                                                 ( )
                                                                          , , ,

                                                              t

                                                          S I Q U V

                                                                         ¢ ¢ ¢ ¢

                                                           �

                                                                                                                 light under arbitrar y illuminat ion of a cloudy layer.

Namely, it fo llows for plane-parall el cloudy layers

(Hovenier,1971):

                                                                                        ( ) ( ) ( )
j
m
j
j
m
m
j
m
m

                                                                                                                   p

                                                                                                  j

                                                                                           m
p

¢

¢
ò

¢
-

¢

¢
ò

¢
                                                                                                            = ,
,

,

�

                                                                                                                    1

                                                                                                ,

0

2

0

1

0

S

R
d
d

                                                                                S

                                                                                     r

�

                                                                                 �

                   (1)

7

                                                                              ( ) ( ) ( ) ( )

)
exp(

,

,

,

,
�

                                                                                                           1

                                                                                      ,

0

0

0

2

0

                                                                                                                  1

                                                                                                                  0

m

t
j
m
j
m
j
j
m
m
j
m
m

                                                                                                          p

                                                                                         j

                                                                                 m

p

-

+
¢

¢
ò
¢

-
¢

¢

¢

                                                                                                                  ò
¢

                                                                                                   = S

S

T
d

                                                                                                                      d

                                                                      S

                                                                           t

�

�

                                                                        �

 (2)

                                  where

                                                                  ( )

                                                                              j

                                                                     m ¢
                                                                           ¢

                                                                            ,

                                                               0

                                                          S

                                                           �

                                                                                           represents the Stokes vector of the incident light beam.  The second

                                  term in Eq. (2)  is small  for most of cloudy media

( )

1
>>
t
and can be neglected.

                                                           In a good approximation, the Sun is a source of light incident from only one

                                  direc tion

                                                                                    0

                                                                        0

                                                                            , j
                                                                   m . Then it fo llows:

( ) ( ) ( )

F

                                                                                                                      S

�

                                                                                                                        �
p
j
j
d
m
m
d
m

j
m

0

0

0

0

1

, -
-

= ,                                     (3)

                                  where a vector F

                                                                                          �

                                                                                                 is normalized so that the first element of F

�
p  is the net flux of solar

                                  beam per unit area of a cloud layer. Eqs. (1), (2)  si mplify if one accounts  for Eq. (3):

( ) ( )

F

R

S
r

�
�

0

0

,

,
�

, j
j
m
m
j
m -

= ,                                           (4)

( ) ( )

F

T

S
t

�
�

0

0

,

,
�

, j
j
m
m
j
m -

= ,                                           (5)

                                  where only fir st element of the column vector

÷

÷

÷

÷

÷
ø

ö
ç

ç

ç

ç

ç
è

æ

=

4

3

2

1

F

F

F

F

F

�

                                                                  (6)

                                  differs fr om zero for unpola rized  solar rad iation. Thus, only elements

                                                                                               )

                                                                                           4

                                                                                         ,

                                                                                     3

                                                                                   ,

                                                                               2

                                                                             ,

                                                                          1

                                                           (

                                              ,

                                                       1

                                           1

                                                                    =

                                                               j

                                                 T

                                    R

                                                      j

                                          j

                                                                                                     are relevant to studies of so lar light propagation, scattering and

                                  polar iza tion in terrestrial a tmosphere. Other elements are of interest only  in the case o

                                  polar ized (e.g., laser) incident beams.

                                                           One can see that the knowledge o f matr ices

( )

0

0

,

,
�
j
j
m
m -

R  and

                                         ( )

                                                                                 0

                                                         0

                                                            ,

                                                 ,
                                     �

                                                                           j

                                                               j

                                                    m

                                           m -

                                   T

                                                                                           is of pr ima ry importance for understanding radiat ive and polar iza tion

8

characte ris tics of light fluxes, which emerge from a cloud body. As a matter of fact,

they play a role of well-known Mueller matr ices (Shurcliff, 1962; T ynes et al, 2000) for

turbid media. Note, that Eq. (4)  can be  written in the scala r form:

1

41

1

31

1

21

                                                                                                      1

                                                                                            11

 ,

,

                                                                                                            , FRVFR

U

F

R

                                                                                                            Q

                                                                                                  F

                                                                                        R

                                                                           I =

=

                                                                                                                    =

                                                                                 =                                   (7)

and simil arly to the transmitted light. Thus,  the intens ity of the reflected light is

determined by the elemen

                                                                                                     11

                                                                                                R  of the reflec tion matr ix. This only element is a major

concern of most cloud optics studies up to date. The degree of pol arization is given b

2

2

c
l

P

P

P +

= ,                                                       (8)

where

11

2

31

2

21

R

R

R

                                                                                                                       P

l

+

=                                                       (9)

is the degree of linear po larization and

11

41

R

R

P

c

=                                                            (10)

is the degree of circular polar i zat ion. One can show  that for particular   viewing

geometr ies(e.g., p

                                                                                                                 j

                                                                                                    j

                                                                                m

                                                         m ,0
                                                                                                    ,

                                                                                              1

                                                                                ,

                                                                          1

                                                                                                                      0

                                                              0

=

                                                                                                           -

                                                                                        =

                                                                    = ) the values of

31

R  and

41

R  are equal to zero

and light is partially line arly  pol arized. The degree of circular p ola rization

c

P  is equal to

zero in this case.

                         It is co mmo n to use a different definiti on of the degree of pol arization, namely,

I

Q

P -

=                                                            (11)

for line arly  p ola rized light beams. The second c omponent  of the  Stokes vector  Q  is

proportional to the difference

                                                                                                                        r

                                                                                                          l

                                                                                                                    I

                                                                                                      I - , where values of

l

I  and

r

I  mean the intensi ties  of

9

                                  light polariz ed paralle l and perpendicular to a mer i di o n al plane, which contains the

                                  normal to a layer and viewing direct io n . Thus, light polarize d perpendicular to the

                                  mer idional plane is characte rized by the  pos itive  p ola riz ation. Note, that the sign of

                                  polar iza tion degree strongly depends on the observation ge ometry . For instance, it is

                                  posit ive in the main  rainbow region(see Fig.1). It could be both positive and negat i ve in

                                  the glor y scattering region(see Fig. 1).

                                                           It should be pointed out that the Stokes vector elements VUQI ,,,  (see Eq. (7))

                                  can be used for the determina tion of polar iza tion ellipse parameters such as the

                                  ellipt icit y and the angle of preferential oscillat ions of the elect ric vector in a light bea

                                  under study ( Chandrasekhar, 1950).

                                                           Thus, reflect ion and transmission matrices allow to determine both intensity and

                                  polar iza tion states of reflected and transmitted light beams under arbitrary i llumination

                                  of a cloud layer. Let us study these mat rices in more detail.

                                  3. Asymptotic theory

                                  The optical thickness of water clouds is large in most cases (Nakajima and King, 1990).

                                  Some mixed and c rystalline clouds are also extended in the vertical dir ection for many

                                  hundred meters and could be optically thick (Uchiy ama et al, 1999). Thus, the

                                  asymptotic vector theory (Domke, 1978; van de Hulst, 1980; de Rooij, 1985;  Wauben,

                                  1992)  is quite applicable  to  cloudy media. The refl ection ma trix

( )

�

, ,

R m m j

0

 and

                                  transmiss ion ma trix

                                                                                                               ( )

                                                                                                            �

                                                                                                                        ,

                                                                                                          T m m

0

 of a ho mogeneous plane-parallel turbid layer of  a   large

                                  optical thickness L

                                                                                                                 ext

                                                                                                          s

                                                                                             t =  (
ext

s  is the ex tinc tion coefficient  and L  is the geometrical

10

thickness of a layer) can be  written in the  following fo rm (Domke, 1978; Wauben,

1992):

                                                                                          ( ) ( ) ( )

0

0

                                                                                                          0

,

�

,

,

�

                                                                                                              ,

                                                                                                  ,

                                                                                      �
m
m
y
m
m

                                                                                                               y

                                                                                                     m

                                                                                             m Tf
R

                                                                                     R -

=

¥

,                                 (17)

                                                                                                        ( ) ( ) ( )

0

                                                                                                                        0

                                                                                                                ,

                                                                                                    �
m
m

                                                                                                                   m

                                                                                                           m TK
K
t

                                                                                                  T

�

�

= ,                                               (18)

where

( )

                                                                                                                      t
m k

f

=

-

-
exp t

1 2

 .                                                   (19)

Constant f, m and the vector

                                                                                                           ( )

                                                                                                             m
                                                                                                    K

                                                                                                      �

                                                                                                                        can be found from f ollowing relations:

( )

f s k

= -
exp t                                                  (20)

                                                                                                                        ( ) ( ) ( ) ( )

                                                                                                           [ ]

                                                                      m d P P P P

                                                                                                                    T T

                                                                              = - - -
                                                                                         ò

                                                                                     2

                                                                                         0

                                                                                         1

                                                                                                 mm m m m m

                                                                                                                � � � �

,                                 (21)

                                                                             ( ) ( ) ( ) ( )

                                                                         � � �

                                                                       K m P d R P

                                                                                 m m xx m x x

                                                                                          = -
ò

-

                                                                                                              é

                                                                                                              ë

                                                                                                              ê
ù

û
ú

                                                                                                        -

¥

                                                                                                          1

0

1

2

�
, .                                (22)

Here

( ) ( )

                                                                                                     s d K P

T

                                                                                                          =
                                                                                                                     ò

-
                                                                                                                 2

                                                                                                                     0

                                                                                                                     1

mm m m

� �

,                                               (23)

and

                                                                                                          ( ) ( )

y
x
m
j

p

                                                                                                                     x

                                                                                                             m
p

,

,

�

2

1

                                                                                                                  ,

                                                                                                  �

2

0

¥

                                                                                                     ¥
ò
= R
d

                                                                                                R                                        (24)

is the azimuthally averaged reflection matrix

( )

y
x
m ,
,

�

¥

R of the semi-infinite medium

with the same local optical characteris tics as those  for a finite layer under study. Note,

that the vector

                                                              ( )

                                                                 m
                                                          T
                                                   K

                                                     �

                                                                            is transpose to the vector

( )

m
K

�

. The vector

( )

m
K

�

 also occurs in

the so-called Milne problem (Konoval o v , 1974; van de Hulst, 1980). It describes  the

angular dependence and the polar i zat ion characterist ics of light emerging from  semi-

11

                                  infinite turbid layers wit h sources of radiation located deep inside the medium. The

                                  constant k  is the smallest discrete eigenvalue, which is real and nondegenerate, obeying

                                  to the following equatio n :

                                                                                                                        ( ) ( ) ( ) ( )

1

2

0

1

1

- =
ò

-

ku P u d Z u P

� �
w
x x x
�

, ,                                       (25)

                                  which is called the vector characteri stic equation of the radiative transfer theory. Here u

                                  is the cosine of the obser vat ion angle, w

0

 is the single scattering albedo, which is

                                  equal to the ratio of scattering and extinction coeff icients,

( )

�

,

Z u x  is the azimuth-

                                  averaged phase matr ix and

( )
�

P x   is the correspondent eigenvector. The vector
( )
u

P

�

                                  descr ibes the angular distribu tion of light intensit y and polar iza tion characteris tics o

                                  light field deep
                                                                                            ( )

                                                                                                               1
                                                                                                     >>

                                                                                              t  inside  a sem i-infinite light  scattering medium. For instance,

                                  the light intensit y at 1>>t  is given by
( )

1

exp( )

P u kt
¡ - , where const

¡ = .

                                                           Eqs. (17), (18) are very general and can be applied to optically thick disperse

                                  media wit h arbitrar y local optical characte ris tics. However, their appli cation to the

                                  solut ion of pract ical problems is difficult due to the necess ity to solve the  integra

                                  equation (25) and perform integrations (21) - (23). The reflect ion matrix  of a semi-

                                  infinite medium
                                                                                                       ( )
y

                                                                                                                  m

                                                                                                         m ,

                                                                                                               ,
                                                                                             �

                                                                                                                       0
                                                                                                ¥
                                                                                           R  obeys to the   integral equa tion as well (de Rooij, 1985).

                                                           The  problem of finding matrices
( )
y
m
m ,

,
�

0

R  and
( )

0

,
�
m
m

T  in  Eqs. (17), (18)

                                  can be simplified for a broad class of so-called weakly absorbing media, which are

                                  characte rized by a small value of the probabil it y of photon absorption b w= -1

0

.

                                  Terrestrial clouds, e.g., fall in this category (King, 1981).

                                                            It was obtained  as 0®b  (van de Hulst, 1980; Wauben, 1992)  that

12

( ) ( )
                                                                                                             k g

                                                                                                                    = - -
3 1 1

0
w ,                                                (26)

( )
m
k

g

=

-

8

3 1

,                                                       (27)

( )

g
k

                                                                                                                       s

-

X

-

=

1

3

4

1 ,                                                     (28)

and

                                                         ( ) ( )

( )

( ) ( )

0
0

0

0

                                                                                                        0

                                                                          0
1

3

4

,

                                                                                                                      ,

                                                                                                    �
                                                                              ,

                                                                 ,

                                               �
m
m
y
m

                                                                                                                m

                                                                                y

                                                                    m

                                                           m

T
K

K

g
k

                                                                                                  R

                                             R

�

�

-

-

                                                                                           =
                                                                                                       ¥

                                                  ¥

,                        (29)

where

                                     ( )
                                        m

                                0

                          K

                            �

                                                  and

                                                                                  ( )
                                                                                                         y

                                                                                             m

                                                                                     m ,
                                                                                          ,

                                                                        �

                                                                                                  0

                                                                            0

                                                                            ¥

                                                                       R  are the escape vector  and the ref lection  matrix

respectively  of  the nonabsorbing medium wit h the same phase mat r i x as  a  fini te layer

under study,

( )
                                                                                                          g p d

                                                                                                                =
ò

                                                                                                                        1

                                                                                                                        2

0
q q q q
p

sin cos                                              (30)

is the asymmet ry parameter of the phase funct ion

( )
p q  and

( )
ò
=

X

1

0

2
3 m
mm S
d ,                                               (31)

where

                                                          ( )
                                                                           ,

                                   )

                           (

                                                                        1

                                                     0

                                                                     e

                                               K

                      S T

                                                                     �

                                                 �

                                                             m

                              m =

                                                                                    �

                                                                                   e

                                                                                      1

                                                                                           is the unit column vector. It should be po inted out, that

integral (31) is close to one for all  types of  phase  matrices (van de Hulst, 1980;

Wauben, 1992). Thus,  we will neglect small differences X-=D 1  in the discussi on,

which fo llows. Note that the first moment of the func tion

( )
m
S  does not depend on the

phase matr ix  at all. This is  due to the normalization   condition (Wauben, 1992) :

( )
1

2

1

0

=
ò
m
mm S
d  .                                            (32)

13

                                                           Thus,  Eqs. (26) - (29) allow to  reduce the compl ex ity of Eqs. (17), (18). Onl

                                  functions

                                                                                ( )

                                                                                  m

                                                                            0

                                                                      K

                                                                        �

                                                                                             and

( )
y
m
m ,

,
                                                                                                                  �

0

                                                                                                                      0

                                                                                                                     ¥
                                                                                                                R  for a nonabsorbing  semi- infinite light scattering

                                  medium should be found numer i cally in this more simple case. They depend on the

                                  phase matr ix of a rando m medium in question. However, they do not depend  on the

                                  single scattering albedo

0

                                                                                                                      w  and the optical thickness t . Another interesting feature o

                                  these functions   is their weak  dependence on the microstructure parameters  (size,

                                  shape, and chemical composit io n of particles) of a medium under study in the broad

                                  range of angular parameters ymm ,,

0

.
 This is due to the randomiza tion both polar iza tion

                                  states and propagation direct ions of photons in highly scattering nonabsorbing  semi-

                                  infinite layers irrespe ctively to the local optical properties of a medium, where the

                                  propagate.

                                  4. Approximate equations for weakly absorbing media.

                                  Numer ical calculat ions show that expansions  (27) - (29) can be applied only for

                                  extremely narrow  range of values of   the probabilit y o f photon absorption

                                                                        ( )

                                                                                                   4

                                                                   0

                                                                                        10

                                                  1
                                                                                                 -

                                                                                  <

                                                       -

                                            = b

                                                            w

                                    b . This limits the power of the asymptotic theory for   real   life

                                  problems in a great extent.

                                                           Different methods   to overcome this problem can  be  used. The most straight

                                  forward approach calls for the de riva tion of higher order terms in expansions (27)-(29)

                                  (Minin, 1988). However, we will use here another method, which was initial ly applied

                                  in the scalar radia tive transfer theory (Rozenberg, 1962,1969; Zege et al, 1991;

                                  Kokhanovsky et al., 1998; Kokhanovsky, 1999).  According to this alternative

                                  approach,  expansions (27) - (29) are substituted by the  following functions:

14

                                                   y
                                         e

                m 2

                              1

                                             -
                                   -

                        = ,   ye
                                                                 s

                                                                                 -
                                                                      = ,

                                                                                                              ( ) ( ) ( )

)

,

,

�
exp(

,

,

�
,

                                                                                                                      ,

                                                                                                      �

0

0

0

0
y
m
m
y
m
m
y
m

                                                                                                                 m Wy
R

                                                                                                    R -

=

¥

                                                                                                         ¥

,        (33)

where

                                                                                    ( ) ( ) ( ) ( )

0

0

0

0

1
0

                                                                                                     0

,

,

�
                                                                                                        ,

                                                                                            ,

                                                                               �
m
m
y
m
m

                                                                                                          y

                                                                                               m

                                                                                      m TK
K

R

                                                                            W

�

�

-

¥

                                                                                                                      = ,                           (34)

( )

g
k

y

-

=

1

3

4

                                                       (35)

and we assumed tha 1=X  (see Eq. (31)).

                         Approximat e formulae  (33)  transform to exact asymptotic results (27) - (29) as

                  0

        ®
  y , providing that 1=X . However, they do  allow to  calculate  rad iative and

polar iza tion characteris tics for more wide class of  absorbing and light-scattering media

(up to 1.0

                                            05

                                          .

                                     0¸

                               »

                       b , depending on the optical characteris tic  in questio n ).

                         Thus, one can show that Eqs. (17), (18)  can be presented  in following  forms:

                                                                 ( ) ( ) ( )

,
exp

)

,

(

�
,

,

                                                                                                            �
                                                                                      ,

                                                                         ,

                                                             �

0

0

                                                                                 0
t
m
m
y
m
m

                                                                                        y

                                                                            m

                                                                   m ky
T

                                                                                                           R

                                                           R --

-

                                                                                                   =

                                                                                                                ¥

                     (36)

                                                                                                      ( ) ( ) ( )

0
0

0

                                                                                                                      0

                                                                                                              ,

                                                                                                  �
m
m

                                                                                                                 m

                                                                                                        m

T
K

K
t

                                                                                                T

�

�

= ,                                            (37)

where we accounted for Eqs. (33) - (35) and the approximat e equality

                                                                             ( ) ( )

( )

( ) ( )

0

0

0

2

                                                                                                             0

1 m
m

                                                                                                       m

                                                                                m

T
y

                                                                                               T
K

K
e

                                                                                        K

                                                                      K

                                                                 m

�

�

                                                                                          �

                                                                         �

-
-

                                                                                                                      » .                                 (38)

The value o f

t

                                                                                                                      t ky
                                                                                                                    k
y

e

                                                                                                                e
e

                                                                                                    t

-

-

-

-

-

                                                                                                        =

2

2
                                                                                                                       1

                                                             (39)

is the global transmittance, defined as (van de Hulst, 1980)

( )

0

11

0

                                                                                                                    1

                                                                                                                    0

1

0

0

,

                                                                                                               4 mm
m
m
m

                                                                                                                       m T
d
d

                                                                                                    t ò ò

                                                                                                        = .                                          (40)

Eq. (40) fo llows fro m Eq. (37) accounting for the  integral relatio n  (Wauben, 1992):

15

( )

1

2

1

0

01

=
ò
m
m
m K
d ,                                                 (41)

                                  where

                                                                      ( )

                                                                         m

                                                                01

                                                          K  is the first component of the escape vector

( )
m

0

K

�

.

                                                           Note, that the global transmittance, given by Eq.  (39) could be transformed to

                                  the fo llowing simple form ( Zege et al, 1991):

( )
y
x

y
t

+

=
sinh

sinh

,

                                  where tk

                                                           x = . Eqs. (36), (37) are much simpler than the  init ial asymptotic  for mulae

                                  (17), (18). They allow to calculate the refle ction and transmis sion matrices of thick

                                  weakly absorbing disperse media by simple means, if the solut ion of the problem for a

                                  semi -infinite medium wi th the same phase matrix as for a finite layer under

                                  consideration  is available. This reduction of a general problem to the case of a semi-

                                  infinite medium is o f a general importance for the radia tive transfer theory.

                                                           Note, that Eqs. (36), (37)  can be  written in  following forms:

                                                                 ( ) ( ) ( )

),

(

)

(

)
exp(

]

,

,
�
exp[

,

,
                                                                                                            �

                                                                                     ,

                                                                         ,
                                                             �

0
0

0

0

0

                                                                                                                0

                                                                                  0

m
m
y
m
m
y
m

                                                                                                                      m

                                                                                       y

                                                                            m

                                                                   m TKKyxt

W
y

                                                                                                          R

                                                           R

�

�

-

-

-

                                                                                                   =

                                                                                                               ¥

 (42)

( ) ( ) ( )

0
0

0

0

,
�
m
m
m
m TK

K
t

T

�

�

=  .                                     (43)

                                  Parameters , ,and

                                                                           x y t depend on the asymmet ry parameter, the single scattering albedo

                                  and the optical thickness only. They can be found from the Mie theory(va n de Hulst,

                                  1957). Matrices

                                                                                                      ( )
y

                                                                                                                 m

                                                                                                         m ,

                                                                                                              ,
                                                                                            �

                                                                                                                      0

                                                                                                0

                                                                                                ¥
                                                                                           R

,

( )

0

�

, ,

W m m y  (see Eq. (34)) and the escape vector

( )
m

0

K

�

                                  in Eqs. (42), (43) fo llow fro m the solut ion of the vector radiat ive transfer equation for

                                  semi -infinite nonabsorbing media.

                                                           It fo llows fro m Eqs. (36), (37), neglec ting the polar iza tion characteris tics of a

                                  light beam under study:

16

                                                               ( ) ( ) ( )

,
exp

)

,

(

,

                                                                                                                        ,

                                                                                   ,

                                                                       ,

0

0

                                                                               0
t
m
m
y
m

                                                                                                                   m

                                                                                    y

                                                                          m

                                                                  m ky
T

                                                                                                      R

                                                          R --

-

                                                                                                =

                                                                                                           ¥

                          (44)

                                                                          ( ) ( ) ( )

0

0

                                                                                                                 0

                                                                                          0

                                                                                  , m

                                                                                                                       m

                                                                                     m

                                                                             m K
                                                                                                        tK

                                                                    T = ,                                                             (45)

where

01

                                                                                                                       0
                                                                                                        11

                                                                                                     0

                                                                                    0

                                                                     11

                                           11

                                                                                                                ,

                                                                             ,

                                                   , K

                                                                                                                 K

                                                                                                R

                                                                              R

                                                                 R

                                                    R

                                        T

                           T =

                                                                                          =

                                                           =

                                  =

                                                                                                    ¥

                                                                                   ¥

 are first elements of the correspondent

matr ices and the vector K

                                                                                    �

                                                                                          respectively. Eqs. (44), (45) represent  well known results  of

the scalar radiative transfer theory (Zege et al, 1991).

                         Note, that formulae (42),  (43) can be simplified for nonabsorbing media ( y  = 0):

                                                                                                       ( ) ( ) ( )

,

,

�
,

,

�
,

                                                                                                              ,

                                                                                                   �

0

0

0

                                                                                                                       0
m
m
y
m
m
y

                                                                                                                 m

                                                                                                         m T
R

                                                                                                 R -

=

¥

                             (46)

( ) ( )

0

0

0

                                                                                                                  �
m
m T
K

K
t

                                                                                                                T

�

�

                                                                                                                        = ,                                                  (47)

where (see Eq. (39) as y  � 0)

( )

g
t

-

+

=

1

4

3

1

1

t

                                             (48)

and

                         ( )
                                              y

                                    m

                            m ,
                                 ,

                 �

                                         0

                     0

                     ¥

                R  is  the reflec tion matr ix of a nonabsorbing semi- i nfinite medium.

It fo llows for the spher ical albedo tr -= 1  of a thick cloud fro m Eq.(48):

( )

( )

g
g

                                                                                                                       r

-

+

-

=

1

4

3

1

1

4

3

t
t

.

Note that the asymmet ry parameter only slight ly depends on the size of droplets  in

visible and 1.0)

                                                          1

                                                        (

                                                75

                                              .

                                          0 »

                                                               - g . Thus, the rough estimation o f the spher ical albedo of a

cloud can be obtained wit h  the fo llowing equation:

t
t

+

=

10
r ,

which gives 8.0=r  at .40=t

17

                                                           It should be pointed out that the reflection f unction of an optically thick

                                  nonabsorbing layer can be w ritten in the f ollowing form (see Eq. (44)) in the framework

                                  of the scalar approximat ion:

( ) ( ) ( )

,

,

,

,

,

,

0

0

0

0

m
m
y
m
m
y
m
m T

R

R -
=

¥

                             (49)

                                  where
                                                                ( ) ( ) ( )

                                                                                  0 0 0 0

                                                                         , T

                                                          T tK K
                                                                    m m m m

                                                                                          =  and the value of t  is given by Eq. (48). This formula

                                  can be used to retrieve the global transmittance t,  the spher ical albedo r=1-t , and the

                                  extrapolated optical thickness )1( g-t  (King, 1987) of cloudy media in visible. Note,

                                  that the transmiss ion func tion
( )

0

,

Tm m  for optically thick la yers does not  depend on

                                  the azimuth and it  follows f rom Eq. (40) :

( ) ( ) ( )

0

0 0 0

, , , , ,

                                                                                                                    T R R
m m m m y m m y

¥

= - .

                                  5. The degree of polarization.

                                                           Let us apply Eqs. (46), (47)  to a particular problem, namely, to the  derivat ion

                                  of a relat ion between the spher ical albedo tr -= 1  and the degree of polar iza tion of

                                  reflected light
                                                                                            ( )

                                                                                                    0

                                                                                              m

                                                                                      P  at the nadir viewing geome try ( m = 1) for a nonabsorbing light

                                  scattering  medium. We will assume that a scattering layer is illuminated on the top by a

                                  wide unidirec tional unpola riz ed light beam. The value of
( )

0

m

P  is given simply by

                                                      ( ) ( )

                                                                                                        1,

                                                                    1,

                                                                                                  0

                                                                                   11

                                                               0

                                              12

                                                                                             m

                                                         m R

                                          R
                                    -  ( see Eqs. (7), (11))  in this case. Thus, it  follows from Eq. (46),

                                  (47):

( )

( )

( ) ( )
r

U

P

P

-

-

= ¥

1

1

0

0

0 m

m
m ,                                             (50)

                                  where

18

                                                                                                                    ( )

( ) ( )

( )
1,

1

0

11

0

01

01

0 m
m

                                                                                                                       m

¥

=

R

K

K

                                                                                                             U .            (51)

The value o f

                                                        ( )
                                                                         =
                                                  ¥ 0

                                                           m
                                              P

                                                                                                      ( ) ( )
1,

                                                                                                                   1,
0

11

                                                                                                              0

                                                                                              12
m

                                                                                                        m R
                                                                                         R

                                                                                   -   is the degree of polar iza tion for a semi-

infinite medium at the nadir obser v ation. Note that Eq. (50) was derived with ac count

for the equali ty  (Wauben, 1992) :

( )
0

1

02

=
K . Due to this equalit y,  the second

component of the Stokes vector for optically thick media c oincides with the value  of Q

for semi -infinite layers at the  nadir obs erv ation geometr y. This fact  can be used for the

retrieval o f the size  of particles fr om spectral measurements o

( )
l
Q  even if  the precise

infor mat ion on the optical thickness is not available. An accurate  estima tion of the

effe ctive radiu s of droplets can even be  obtained   from measurements o Q   at a single

wavelength in vis ible.

                         Both function

                                                                                          ( )

                                                                                                  0

                                                                                  01

                                                                                            m
                                                                            K  (see Fig.2) and )1,(
0

0

11
m

¥

R  (see Fig. 3.3b in the book

by Zege et al, 1991)  only slight ly depend on the size of scatterers. They can  be

represented by the f ollowing approximate formulae (Zege et al, 1991):

)

2

1

(

7

3

)

(

0

0

                                                                                                                      01
m
m +

=
                                                                                                                K
,
(52)

)

1

(

2

4

1

)

1,

(

0

0

0

                                                                                                              0

                                                                                                                  11
m
m

m

+

+

=

                                                                                                             ¥

                                                                                                        R
.
(53)

Thus,  it f ollows from Eqs. (51)-(53):

)

4

1

(

49

)

1

)(

2

1

(

54

)

                                                                                                                (

0

0

0

                                                                                                                        0 m
m
m

                                                                                                                   m

+

+

+

=
                                                                                                         U .                                        (54)

                         The dependence )(

                                                                                                  0

                                                                                             m
                                                                                   U  is presented in Fig. 3. One can see tha ]33.1,03.1[ÎU .

Thus, the functi )(

                                                                                        0

                                                                                   m
                                                                         U  does not change drastically with the angle and can be

19

                                  subst ituted by a constant value (e.g., U=1.18). Note, that the function )(

0

m

U  is

                                  mult iplied by the global transmittance  rt -= 1   in  Eq. (50), the latter being a smal

                                  number for thick clouds considered here. Thus, one can see that small errors in the

                                  funct ion )

                                                                        (

                                                                                0

                                                                           m

                                                                 U  do not influence ve ry much the degree of pola riz ation calculated  with

                                  Eq. (50).

                                                           It  follows from Eq. (50)  that media with smaller values of the spher ical albedo

                                  polar ize light more effectively than media with larger val ues of  r and

                                                                                                  r

                                                                  P

                                    P /)

                                                                             (

                                                      )

                                         (

                                                                                     0

                                                  0
                                                                                m

                                            m

                                                                       ¥
                                                           » . The  inverse proportionality b etween the spheric al albedo r  and

                                  the degree of polar iza tion
( )

0

m

P  was discovered experim entally by Umov( 1905)

                                  almost one hundred years ago. Eq. (50)  can be considered as a manifestation of this

                                  important law, which  has important applications in the  pla netary spectroscopy (Hapke,

                                  1993).

                                                           It fo llows fro m Eq. (50):

( ) ( )

( ) ( )

0

0

0

0

1
m
m

m
m

U

P

P

P
r ¥

-

-

= .                                        (55)

                                  This for mula  can be used  for the retrieval  of the sphe rical albedo of a cloud fro

                                  polar iza tion measurements.

                                                           The accura cy of Eq. (50)  with 18.1=U  and  r=1-t, where t  is given by Eq.

                                  (48), is studied in Fig. 4. In this Figure,  data obtained from Eq. (50) and results of

                                  numer i cal solution of t he vector radiat i ve transfer equation for a nonabsorbing  cloudy

                                  media by doubling method (van de Hulst, 1980)

 are presented. The value of
( )

0

m

¥

P

                                  has   been obtained fro m the exact radi ative transfer calcul ations for a semi-infini te

20

layer. We have used the f o l lowing particle size distrib ution

( )
F a  to find the phase

matr ix o f a cloud layer:

                                                                                           ( )

( )
3

exp ,

ef
a

                                                                                    F a a

a
u
u
æ ö
+

                                                                                                        = H -ç ÷

ç ÷

è ø

                                              (56)

where  H  is the normalizat ion constant, m
a
ef
m
6

=  and 6=u (the cloud model Cloud

C1 ( Deir mendjian, 1969 )). Note, that the  particle size distr ibution  (56) is norma lized

as fo llows:

0

( ) 1

F a da

¥

ò

=                                                 (57)

 The optical thickness  of a cloud layer in our calcula ti ons was equal  to 8, 15, and 30.

Calculations of the phase matrix were perfo rmed with t he Mie theory at the wavelengt

443 nm, where light absorption by water droplets can be safely  neglected. The obtained

value of the asymmet ry parameter g (see Eqs. (30), (48) ) was equal to 0.8541 in the

case under investigation.

                         It fo llows fro m Fig. 4 that Eq. (50) indeed  desc ribes the transfo rma tion of

polar iza tion curves  with the optical thickness at 8³t . As matter of fact this

approximate  equation can be applied even  to medi a with smaller values of  the optica

thickness ( 5³t  , see Fig. 5). Thus, Eq. (50)  can be used for the  cloud optical

thickness retrieval fro m polar imetric observations. It should be pointed out that solar

angles

                                                   �
                                          85
                             0

                                    ³

                        J (see Fig.4) are to be a voided because the cloud can not be modelled as a

plane-parallel layer in this case.

                         Eq. (50) is easily generalized to account for the absorption of light in a cloud

medium. Namely, it fo llows fro m Eqs. (36), (37):

21

( )

( )

( )

)
exp(

1

0

*

0

*

0
y
x
t

U

P

P

-

-

-

=
¥
m

m
m ,                                  (58)

                                  where the global transmittance t   is given by Eq. (48)  and

( )

( ) ( )

( )

1,

1

0

*

11

0

01

01

0

*
m

m
m

¥

=

R

K

K

U   .                                 (59)

                                  Values of )

                                                                                (

                                                                                        0

                                                                             * m

                                                                           ¥

                                                                       P and )1,(

0

*

11
m

¥
                                                                                                                      R  represent the degree of polar iza tion and reflec tion

                                  function of a semi- i nfinite   absorbing cloud at the nadir viewing geometry.   Note, that

                                  Eq. (58) can be re written in the  following for m:

( ) ( ) ( )

*

0 0 0

,

P P
m z m t m

¥

= ,                                     (60)

                                  where  the value o

( )

( )

0 *

0

1

,

1 exp( )

U t x y

                                                                                                                        z m t
m

=

- - -

                                     (61)

                                  can be interpreted as  the  enhancement factor, which is  due to a finite depth of a cloud

                                  layer. It follows  from Eq. (61) that 1
z

= for semi -infinite layers (transmittance t  is

                                  equal to zero  in this case) as one can expect.  It f ollows fr om Eq. (60)  that zeroes o

                                  polar iza tion curves for semi- infinite and optically thick finite layers coincide(see Eq.

                                  (60)), which is supported by numer ical calcula tions wit h the radiat ive transfer code(see

                                  Fig.4). This is due to the fact that mult iple light scattering fails to produce the

                                  polar iza tion of incident   unpolar ized light. It only diminishes the  polarizatio n  of singly

                                  scattered light. Thus, the angles, where the polar iza tion is equal to zero for singly

                                  scattered light are preserved for semi -infinite layers as well.

                                                           The dependencies of the degree of polarization of a water cloud (mode C1 )  at

                                  the  fixed incidence  angles
�

�

�

0
angle
n
observatio

  the
and

37

,

30
=

= J

J  as

22

functions of the probability of  ph o ton absorption

0

1 w
b -

= , calculated with Eq. (60)

and vector radia tive transfer code at nm443 ,7 == lt , are presented in Fig.6. One can

see that the accuracy of Eq. (60) is better than 2% at 1.0<b  in the case under

investigat ion. Note, that Eq. (60) a 0=b  coincides with Eq. (50) as it should be.

6. Inverse problem

6.1 The sensit ivit y o f  rainbow scattering  to the size of droplets

                         Equations obtained can be used for the   parametrizat ion of the radiat i ve and

polar iza tion characteris tics of water clouds. They  can be applied to the solution of the

inverse problem as well.  Let us consider this last point in more detail.

                         It fo llows fro m F igs. 1, 7 that the degree of polarizat ion is the most sensi t i ve to

the size of par ticles in the region o f rainbow and glory scattering. Yet another region of

high sensi t i vity of the degree of polar iza tion to  the size  of particles is around  scattering

angle 90 degrees (see Fig. 1), where the polar i zat ion of light due to molecular scattering

has  the maximum.

                         The rainbow geometry is achieved if the sola r angle

0

J , viewing angle J  and

relat ive azimuth y  satisfy to the fo llowing equation(van de Hulst, 1957; 1980):

                                                                                                                     ( ) ( )
,
cos
cos
cos

1
cos

                                                                                                                       1

                                                                                  cos

                                                               cos
0

                                                                                                   0 r
q
y

J

J

                                                                                             J

                                                                           J =

-

-

                                                                                                         +

                                                         -

where
                              r

                        q  is the rainbow scattering angle, which depends on the refractiv e index  of

droplets  n. The value of
                                                                                          r

                                                                                     q  and is given by the f o l lowing simple equatio n  for spherica l

particles( van de Hulst, 1957):

23

3

1
arccos

2

3

4
arcsin

4

2

2

2

-

+

-

-

=

n
n

n

                                                                                                                    r
p

                                                                                                              q .                         (62)

                                  One can obtain at n=4/3:
�

138
»
r
                                                                                                                        q .

                                  It fo llows fro m Eq.(62) at 0=J (nadir obser v ation):

0 r

J p q

= -

                                  or(see Eq. (62))

3

1
arccos

2

3

4
arcsin

4

2

2

2

                                                                                                                     0

-

-

-

=

n
n

n

                                                                                                                J .

                                  Solar rays incident at  angles close to the value of ,

0

J  given by this equation will

                                  produce the rainbow phenomenon at nadir observation. N ote that the angle
�

42

0
»

J  at

                                                       .

                                                 3

                                                 4

                                          =

                                    n

                                                           Eq. (62) was  obtained in the framework of the geometric al optics

                                  approxima tion, assuming tha ¥®la , where a  is the radius of a droplet and l  is the

                                  wavelength(van de Hulst, 1957). It should be point ed out that the position
max
q  of the

                                  maximal   light intensit y in the region of  rainbow  scattering at  finite ratios la       is

                                  related to the size of droplets and the angle
r
q  by the fo llowing equatio n  (Newton,

                                  1966):

( )

2 / 3
max

,
r

n
q q r-

= + W

                                  where

( )

( )

1 / 6

2

2 / 3

1 / 2

2

4

                                                                          2 3

                                                                                         ,   ( )

2

1

n

                                                                                   a

                                                                                                          n
n

                                                                              p

                                                            r

                                                                              l

-
æ ö

                                                                   = W = Y
ç ÷
è ø

-

and .

0188

.

1
»

Y  Note that 5.2)

3

4

( »
W  .

                                  Thus, the scattering angle for the rainbow maximum
r
q
q >
max
(see Fig.1).

24

                         One can see that the the position of the maximum o f the  rainbow intensit y and

polar iza tion depends on the rati

3

/

2
)

                                                                                                                 (

-
l
                                                                                                                        ef

                                                                                                                    a (van de Hulst, 1957). Thus, it is  diffe ren

for clouds with different microstructure. This dependence is confi rmed also by data in

Fig.7, where the degree of polar iza tion for clouds  with different si ze of water droplets

is presented.  The maximum of the degree of polarization moves to larger  solar angles

(at nadir obser v ation) with the size of particles . The sensi t i vity of the degree of

polar iza tion to the size of droplets increases due to this fact (see Fig.7). This is o

importance for the inverse problem s olu tion.

                         Note, that the possibilit y to obtain the size of droplets fro m the position of

secondary   maxima  in the region of rainbow scattering was studied in detail b

Breon and Goloub(1998). It follows from Fig. 1b that the angle of the secondary

maximum at

                                                                          �
                                                             155

                                                       »

                                               q  does not depend on the half-width parameter  u  of the  particle

size distribu tion. It depends only on the effec tive radius of droplets(see Fig.1a). Thus,

the value of
                                                 ef

                                             a   can be retrieved from measurements of  angular positions of bright

r ings of the rainbow pattern. However, the actual value of the degree of polar iza tion at

                           �
              155

        »
q  does depend on the value of the half-width  parameter u  (see Fig.1b) . This  is

the case for a secondar y minimum at

�
151

»
q (see Fig. 1b) as well. These

dependencies open possibili t i es for the determination of the value of u  fro m

polar imet ric measurements, which is an important addition to modern retrieval

algor ithms, based on the reflectance spectroscopy methods(Nakajima and King, 1990).

25

                                                           6.2 Semi - a naly t i cal retrieval algorith

                                                           Let us study the possibilit y to obtain the size  of particles fr om pola rime tric

                                  measurements at the   fixed viewing geometry � 0 ,37

0

=

= J

J ), where sensit ivit y of

                                  measured degree of pola riz ation to the value  of the ef fective radius of droplets is

                                  high(see Fig.7). Results can be easily generalized for the case of other solar and

                                  observation angles, which approximately satis fy to Eq. (62).

                                                           To start with, let us rewrite Eq. (58) in the f o llowing form:

                                                                                                   ( )

( ) ( ) ( )

( )

( ) ( )

[ ]

)

75

.

0

1
exp(

1

exp

*

0

0

0

2

3

0

1

0

0

                                                                                                           0
t
m
m

m
m
m

                                                                                                      m

+

-

-

-

+

                                                                                                                     =
¥

U
y
t

U

V
y
yV

P

                                                                                              P ,                            (65)

                                  where
                                                                                  ( )

                                                                                               g
                                                                                         -

                                                                       = 1

                                                                  * t
                                                             t  is the extrapolated optical length  and we accounted for

                                  approximate equal ities (see Appendix 1):

                                                                                                                       ( ) ( ) ( ) ( )
( )

0

2

3

0

1

0

0

0

                                                                                                                    * exp m
m
m
m Vy
yV

P

                                                                                                              P +
=

¥

                                                                                                                  ¥

,                                (66)

( ) ( ) ( )
( )

                                                                                                                    * 0

                                                                                                                       11 0 11 0 0 0

,1 exp

                                                                                                               R R yU
m m m

                                                                                                                    ¥ ¥

= - ,                                   (67)

                                  where 06.0

 ,

                                                                                                                    15

                                                                                                                  .

                                                                                                              1

                                                                                           ,

                                                                                   18

                                                                                 .

                                                                             1

2

                                                                                                  1
=

                                                                                                        =

                                                                       = V

                                                                                              V

                                                          U  at �37

0

=

J . One can find simple approx imations

                                  for parameters  t, , yg  in Appendix 2. The dependence of the function

( )

�

37
0

¥
P  on  the

                                  effe ctive size parameter at nm443=l  is presented in Fig. 8. It can  be approximated b

                                  the fo llowing equatio n (see Appendix 3) :

( )

0 1 / 3

1 2
ef ef

P a x
-

¥

= P - P ,                                        (68)

                                  where

1

.

38

13.7,

1
=

P

=

P  ,                                          (69)

                                              ( )

3

                                                                                                                        /

                                                                                                                    1

                                                                                                 2

                                                                              1

                                          0 -

                                        ¥
                                                                                          P

                                                                                   +

                                                                       P

                                                                 =

                                                                                                         ef

                                                     ef
                                                                                                     x

                                                a

                                    P

26

                     2

                                   ef

       ef

                               a

                         p

  r

                            l

              =  and  the result is given in percent.

                         The real part of the refrac tive index of water droplets does not change

considerably in the visible and near- i nfrared regions of the  electromagnet ic

spectrum(Halle and Quer ry, 1973). Also main features of Mie scattering depend on the

ratio l/a (van de Hulst, 1957),  but not separately on the size of particles and

wavelength(see Appendix 3).  Thus, we will assume that  the dependence (68) can be

also used for other wavelengths in visible and near infrared.

                         One can see that the degree of pol ari zation (65) at the fixed obse rva tion

geometr y depends mainly on two parameters, namely on the effect i ve size of droplets

      ef

 a  and the liquid water path
cL

                                                                                                                w

d

                                                                                                                       = , where c  is the vo lumetric concentration of

particles, d  is the density of water and L  is the geometrical thickness of a cloud ( see

Appendix 2). These two parameters

( )

w
a
ef
and

   can be found fr om spectra

measurements of the degree of pola riz ation, defined by Eq. (65).

                         Let us write Eq. (65)  in the fo llowing form

                                                                                    ( )

( )
( ) ( )

( )

( ) ( ) ( )

[ ]

)

75

.

0

1
exp(

                                                                                                       1
exp

*

2

3

1

0

l
t
l
l
l
l
l

                                                                                      l

+

-

-

                                                                                                            -

+

                                                                                                =

¥

U
y

                                                                                                                 Ut

V
y

V
y

                                                                                                                      P

                                                                    P
                                                                        mes

,                      (70)

where values of and , ,
                                                                               2

                                                                   1

                                                                          V

                                                               V U  depend on the scattering geometry but not on the

wavelength. For instance, taking two measurements of the degree of pola riz ation a

                   1

               l

 l =   (in visible) and
                                                                                                              2

                                                                                                         l

                                                                                            l = ( in  ne ar-infrared), one obtains the system of two

equations, which can form a base of the semi-analyt ical inver sion algorithm

( )

( )

( )

1

1

0

1
1 l
l

l
Ut

P

P
mes
-

=

¥
,                                         (71)

27

                                                                                                            ( )

( ) ( ) ( )

( )

( ) ( ) ( )

[ ]

)

75

.

0

1
exp(

1

exp

2

*

2

2

2

2

3

1

2

2

0

                                                                                                                   2
l
t
l
l

l
l
l

                                                                                                              l

+

-

-

-

+

=
¥

U
y

Ut

V
y

V
y

P

                                                                                           P

                                                                                                mes
,                   (72)

                                  where

                                                                1 2

                                                                          1.15,   0.06

                                                            V V
                                                                     = =  at

�

37

0

=

J   and
0

¥
P  is given by Eq.(68).  Here we

                                  accounted for the fact that

( )

.

0

1

»
l
y  Note, that values of
( ) ( )

0 0

1 2

,

P P
l l

¥ ¥

, and
( )

2
l
y

                                  do not depend on the liquid water path by definit ion.

                                                           It fo llows fro m Eq. (71) that  the global t ansmittance  can be fou nd from the

                                  fo llo wing equation:

( )

( )

( )
ú

ú
û

ù
ê

ê
ë

é

-

=
¥

1

1

0

1
1

1
l

l
l
mes
P

P

U

t .                                   (73)

                                   On the other hand,  the value o f
( )

1
l
t   is dete rmined  by Eq.(48) :

( )

( ) ( )

( )

1

1

1

1

4

3

1

1
l
l
t

l
g

t

-

+

=

                                  or( see Appendix 2)

( )

( )
( )
1

1

2 / 3

1

9 1.1

1 1 1

8
ef ef

                                                                                                                     t
w
g
da

l
l
r

=
æ ö

+ + -
ç ÷
ç ÷
è ø

.

                                  Thus, it fo llows:

( )

( )

1

1
1

)

(
l

l
t

t
a

B
w
ef

-

= ,                                        (74)

                                  where (see Eq. A2.2):

( )

2 / 3 2 / 3

8

                                                                                                 ( )

27 0.12 0.15 0.15 (1 1.1 )

ef

                                                                                                        ef
ef ef ef

da

                                                                                            B a
a
r a r
- -

                                                                                                                  =

+ - +

.

28

Here a  is the absorption coefficient of water ( see Appendix 2) and )(
1
l
t  is determined

fro m  Eq. (73). Eq. (74) can be used for the determinat ion of the liquid water path if the

effe ctive size of droplets
                                                                                           ef

                                                                                       a  is known. It is possible to obtain the  value of
ef
a  fro m

Eq. (72) and subst itutions:

                                                                                                       ( )

( )

( )
)

)

(
sinh(
sinh

2

2

2

                                                                                                              2
l
l
l

                                                                                                         l

y
x
y

                                                                                                    t

+

                                                                                                                       = ,

                                                     ( ) ( )

                                                             2 0 2 2

                                                                                 3(1 ( ))(1 )

                                                 x g

                                                         l w l l

                                                                     = - - ,

( )

))

(

1

(

3

)

(

1

4

2

2

0

2
l
l
w

l

g
y

-

-

= ,

                                          ( ) ( ) ( )( ) ( )
,

1

,

)

/

                                                                                                          2

                                                                                                       (

1

.

1

                                                                                           1

                                                                 2

                                                                       3

2

2

2
3

/

2

2

                                                 2
l
t
l
l
t

l

                                                                                                              p

                                                                      r

                                            l

                                     t g

                                                                                                                  a

                                                                           a

                                                                           w

                                                                                                                       ef

                                                                               ef

-

=

ú
ú
ú

û
ù

                                                                                         ê

                                                                                         ê

                                                                                         ê

                                                                                         ë

                                                                                         é

                                                                                                +

                                                          =

*

where w  is deter m ined by Eqs. (74), (73), (68)  and values o f
0
w  and g  are defined in

Appendix 2.

                         Thus, one can see  that there is only one unknown parameter in Eq. (72)   and

that is the effe ctive radiu s of droplets. Solving this single transcendent equation

numer i cally, one obtains the value of

ef
a , which subsequent l y can be used to find the

liquid water pat w  (see Eq. (74)). Knowing values of
ef
a  and w , it is easy to obtain

many other parameters of cloudy media, including their transmittance, optical thickness,

reflect ion functio n  and spherical  albedo. It should be pointed out that the degree of

polar iza tion only weakly depends on the half-width of the particle size distrib ution(see

Fig. 1b) at the main rainbow. This simplifies the solutio n  of the inverse problem for the

effe ctive radius retrieval.

                         Spec ral measurements at several wavelengths can improve the accurac y of the

algor ithm. However,  remarkably, as we have discussed before,  there is even possibili ty

29

                                  (Kokhanovsky, 2000) to find the size of particles and liquid water path from

                                  measurements of the reflec tion function and the degree of polariz ation at the single

                                  wavelength(see Fig.7).

                                  7. Conclusions

                                                           We presented here a system of simple equa tions, which can be used for

                                  parametr iza tions of radiative and  p ola riz ation charact eristics of cloudy media. The

                                  range of applicabili ty  of asymptotic theory for weakly absorbing optically thick media

                                  (see Eqs. (27) ˘ (29) ) was  extended.

                                                           The algor ithm o f the inverse problem solution was  proposed. It is based on

                                  spectral measurements of the degree of pola riz ation of reflected light in visible and

                                  infrared at the rainbow geometry

                                                           The reflec tion of light fro m the  the  surface and scattering by  molecules and

                                  aerosols  was  neglected in this study. However, they can be easily  taken into account

                                  (van de Hulst, 1980; Breon and Goloub, 1998). The method described can  also be used

                                  for  mul tiple light-scattering disperse media other than water clouds. It is also applicable

                                  with slight modifications for the retrieval of the spectral dependenc e of the imagi nary

                                  part of the refrac tive index of droplets, which can differ f rom the refr active index o

                                  pure water due to var ious sources of contamin ation.

                                                           8. Acknowledgements

                                                                                    This work was financially supported within the INTAS program(grant

                                  99/652) .

30

Appendix 1. The degree of polarization of light reflected from semi-infinite media

                         The task of this Appendix is to propose phenomen olog ical  analy t i cal relations

between reflec tion and po lar iza tion characte ris tics of semi-infinite plane-parallel media

with weakly absorbing par ticles  and the same charac ter istics for semi-infinite  media

with nonabsorbing particles. The phase matrix of both media is assumed to be the same.

Thus, they differ only in the value of the single scattering albedo bw -= 1

0

.

                         It fo llows fro m Eq. (33) in the scalar case:

                                                                                            ( ) ( ) ( )

( )

,

,

,
exp

,

,

                                                                                                                ,

                                                                                                     ,

0

0

0

                                                                                                             0
y
m
m
y
m
m

                                                                                                                  y

                                                                                                       m

                                                                                               m yU
R

                                                                                   R -

=

¥

                                                                                        ¥

               (A1.1)

where

                                                                                                                 ( ) ( ) ( ) ( )

0

0

0

0

1
0

0

,

,

,

, m
m
j
m
m
j
m

                                                                                                                    m K
K

R

                                                                                                          U

-

¥

=   .          (A1.2)

The dependence (A1.1) at 18.1,37,0

                                                                                                 0

=

=

                                                                                                       = U�
                                                                                                                  � J

                                                                                            J  is presented in Fig. A1.1 together

with results obtained with exact calculat ions. One can see that the accuracy of Eq.

(A1.1) is high up to 05.0=b .  Note,  that Eq. (29) can be applied only a .001.0<b

                         The same type of approxima tion can be used for the degree of pol ari zation:

                                                                                                      ( ) ( ) ( )

( )

,

,

,
exp

,

,

,

                                                                                                              ,

0

1

0

0

                                                                                                                      0
y
m
m
y
m
m
y

                                                                                                                 m

                                                                                                         m yV
P

                                                                                             P

¥

                                                                                                 ¥

=              (A1.3)

where 15.1

                             1

                                  =
                        V  at

�

                                                                                            �
                                                                                                                 37

                                                                                                ,

                                                                                        0

                                                                          0

                                                                                                          =

                                                                                 = J

                                                                    J . However, this equat ion has a poor accuracy a

                      02

                    .

                0

         ³

  b (see Fig.A1.2), where the f ollowing modified for mula  should  be applied:

31

                                                                                                            ( ) ( ) ( ) ( )
( )

,

,

,

,

,
exp

,

,

,

                                                                                                                    ,

0

2

3

0

1

0

0

0

y
m
m
y
m
m
y
m
m
y

                                                                                                                       m

                                                                                                              m Vy
yV

P

                                                                                                   P +
=

¥

                                                                                                       ¥

 (A1.4)

                                  where 06.0

                                                                                       ,

                                                                               15

                                                                             .

                                                                         1

                                                                                              2

                                                              1

                                                                                                    =

                                                                   = V

                                                         V  at �

� 37

,

0

0

=

= J

J . Note, that constants

2

1
, V

V  are found by

                                  fitting Eq. (A1.4) with results of the vector  radiative transfer equation so lut ion. The

                                  accurac y of Eq.(A1.4) is studied in Fig. A1.3. It is high up to .1.0=b  It should be

                                  pointed out that Eq.(A1.1) can be also modified  in  a  full  an alogy with Eq. (A1.4) to

                                  improve its  accuracy  at 05.0>b .

32

Appendix 2. Local optical characteristics of cloudy media

The ex tinc tion coefficien

                                                                                                         ext

                                                                                                  s , the asymmet ry parameter g , and the absorption

coefficient

                                                abs

                                         s   of cloudy media can be found f rom the  following ge omet rical optics

equations, which account also for wave corrections ( Kokhanovsky, 1999):

2 / 3

                                                                                                                       3 1.1

1

                                                                                                                  2 ( )

                                                                                                  ex

ef ef
c

                                                                                                                      da

                                                                                            s

r
æ ö

                                                                                                           = +
ç ÷
ç ÷

è ø

                                             (A2.1)

2 / 3

1

                                                                                                      0.88 0.15 ,

2( )
ef

ef

                                                                                         g aa

r

                                                                                               = - +                                      (A2.2),

                                                                                                  ( ) ( )

))

/

8
exp(

1

(

34

.

0

1

                                                                                                    1

                                                                                     25

                                                                                   .

                                                                              1

ef

                                                                                                                        ef

                                                               abs
a

                                                                                                                    a l

                                                                                                              a

                                                                                            a

                                                        s -

-

+

                                                                                                         -

                                                                         =  ,                       (A2.3)

where the effe ctive radius
                                                                                               ef

                                                                                          a   is equal to the ratio of third and second mo ments of the

particle size distribu tion, 2 /

                                                                                               ef ef

                                                                                                                     a

                                                                                       r p l

                                                                                                     = , l
pc
a /
4

= , c  is the liquid water content, d is

the density of water, c  is the imagina ry part of the refra ctive index of particles and l

is the wavelength.  It was assumed that the real part of the ref ractive index of water is

equal to 1.34.  Thus, the spectral dependence )( ln  was neglected.  Note, that Eqs.

(A2.1) - (A2.3) can be used to calculate the single scattering albedo

ext
abs

s
s

w -

= 1
0

                                   (A2.4)

and the simila ri ty parameter

)

1

(

3

1

4

0

g
y

-

-

=
w

.                               (A2.5)

The simple express ion for the optical thickness L
ext
s
t =  fo llows fro m Eq. (A2.1):

33

2 / 3

3 1.1

1 ,

2 ( )
ef ef

w
da

t
r

æ ö

= +
ç ÷
ç ÷
è ø

                                  where w=cL  is the liquid water path.

                                          Comparis ons with the Mie theory show  that the accuracy o f Eq. (A2.1) is better

                                  than 5%  for water droplets with the effe ctive radius in the range 4-16 micrometers  at

                                   l  < 2.2 mm . It is up to 10% in the same spectral range for values of the absorption

                                  coefficient and co-asymmetr y parameter 1-g.  It is sm aller than 5% for both 1-g and
abs

s

                                  at l  < 1.2 mm .  The dependence o f
( )
l
y  obtained with Eqs. (A2.1)-(A2.5) and Mie

                                  calculat ions for spher ical p olydispersio ns of water droplets with the gamma particle size

                                  distr ibut ion (57)  is presented in Fig. A2.1 at effective radii ma
ef

m

4
=  and m
a
ef

m

16
= .

                                  The half-width parameter of the particle size distribution u  was equal to 6. The data for

                                         ( )

                                           l

                                    c  were  taken fro m Halle and Quer ry(1973). One can see that the accuracy of Eqs.

                                  (A2.1)-(A2.3)  is high. The error is smaller than 7% up to mml 8.1= . The error o

                                  geometr ical optics equat ions (A2.2) and (A2.3)  increases for clouds with  small

                                   ( )

                                                                    m

                                      a

                                          ef

                                                               m

                                                          4
                                                    <   and large

                                                                                                                      ( )
m

                                                                                                                        a
ef

m

16
>  droplets. This is due to limi t a tions 1
ef

r>>  and

                                                              1

                                             ef

                                   ar << , used for derivatio n s of Eqs. (A2.2) and (A2.3) (Kokhanovsky, 1999).

                                  However, ver y small and large values of average radii of  droplets are of  a rear

                                  occurrence in natural water clouds (Han et al, 1994).

34

Appendix 3. Degree of polarization of singly scattered light at the rainbow

maximum

                         The degree of pola riz ation of light singly scattered by a droplet with the radius a

can be found f rom the following general equa tion:

2

1

2

1

G

G

G

G

P

+

-

= ,                                           (A3.1)

where

                                                 2

                                           4

                                                  j

                               j

                                               i

                        G

                                           r

                                    =  ( j=1,2 ) is the gain relat i vely to an isotropic scattering (van de Hulst,

1957),

                                        2

                                                   a

                                            p

                          r

                                          l

                                 = ,

                                                                  j

                                                               i  is the dimensi onless Mie intensi ty  (van de Hulst, 1957). Note, that

the index j  characte rizes the state of polarization.

                         The size of droplets in clouds is much larger than the wavelength l   of the

incident solar light. Thus, the ray optics can be used for the calcula tion of  intensit ies

j
i

and gains

                                          j

                                   G  instead of the Mie theory. The ray optics, however, breaks down for light

rays singly internally reflected inside in droplet  and propagated after the scattering

event  in the direc tion specified by angles close to the value of the rainbow angle (see

Eq. (62)). The function

                                                                                           ( )
                                                                                                    q
                                                                                                  ,

                                                                                              x

                                                                                 G

                                                                                        j

                                                                                                               can be presented in the following general  form at the

main rainbow (van de Hulst, 1957):

                                                                                               ( ) ( ) ( )
*
                                                                                                        , , ,

R

                                                                                            j j j

                                                                                     G G G

                                                                                                   r q r q r q

                                                                                                                     = + ,                                     (A3.2)

where

                                      ( )
                                               ,

                                 R

                                 j

                           G r q  is the gain due to rainbow rays and

( )
* ,

j

G r q  represents the

contribution of p u rely geome tric al optics scattering (e.g., the reflection of light by the

sur face of a droplet) in the scattering dir ection specified by the angle q . This

35

                                  contribution does not depend on the size of droplets in the spectral regions, where water

                                  can be considered as a nonabsorbing medium.

                                                           One can obtain at the angle of the rainbow maximum
max

q (van de Hulst, 1957):

( )

1 / 3
max

( , )
R
j j

G x n
q r

= F ,                                         (A3.3)

                                  where

                                                                     ( )

                                                                        n

                                                                  j

                                                          F  is the well-known function (va n de Hulst, 1957) of the refractive index of

                                  particles n.  Thus, it fo llows from Eqs. (A3.1)-(A3.3):

( )

1 / 3
max 1 / 3

A B

P

M N

r
q
r

+

=

+

,                                              (A3.4)

                                  where * * * *

                                                                              1 2 1 2 1 2 1 2

                                                                                                     ,   , ,   N

                                                           A G G B M G G
                                                                  = - = F - F = + = F + F . Eq. (A3.4) can be used

                                  for parametrizations of the  degree of pola riz ation of singly scattered light at the

                                  maximum o f rainbow. This equation is  simplified taking into account tha

1 / 3

M

N
r

<<1

                                  at large size parameters:

( )

3

/

1

2

1
max

-

Q

-

Q

= x

P q ,                                         (A3.5)

                                  where

                                                                1

                                                                                  /

                                                                            A N
                                                          Q = ,

                                                                                                       2

/

                                                                                                                        B N
                                                                                                 Q = - . One can see that the degree of pol ari zation at the main

                                  maximum o f the rainbow can be approximated by a linear  function of the parameter

                                                           1 / 3
                                                   r
                                                        -

                                   W = (or 1 / 3

                                                                                      ef ef

                                                                                                     r
                                                                                                          -

                                                                                W =  for spher ical p olydisper sions).

                                                           It is safe assume that the general dependence (A3.5) is valid for semi-infini te

                                  nonabsorbing media as well. This is due to the fact that the polar i zat ion of light in

                                  cloudy media is due to single scattering of photons by droplets. The multip le light

                                  scattering reduces the degree of pol ari zation practically not changing its general

                                  dependence on the size of droplets. It means that values of

1

Q  and

2

Q  will be smaller

                                  than in the case of single light scattering. Nu mer ical calculations (see Fig. 8) show tha

36

Eq. (A3.5) do can be applied for the calc ulation of the degree of po lar ization in the

vicinit y o f the maximum o f the main rainbow for semi-infinite nonabsorbing meida.

37

References

                                  Arking, A., and J.D. Childs,1985: Retrieva l of clouds cover parameters fro m

                                  mult ispectral satellite images, J. Appl. Meteorol. ,  24 , 323-333,

                                  Breon, F.-M., and P. Goloub, 1998: Cloud droplet effective radius from spa ceborne

                                  polar iza tion measurements, Geophys. Res.  Let ., 25, 1879-1883.

                                  Chandrasekhar, S. , 1950: Radiative Transfer , Oxford: Oxford Press .

                                  Cofeen, D. L,.  and J. E. Hansen, 1974: Polar i zat ion studies of planetary atmospheres, in

                                  Planets, Stars and Nebulae Studied with Photopolarimetry, ed. b  T. Gehrels, Tucson:

                                  The Universit y of Ar izona Press, p. 518-581.

                                  de Haan, J.F. ,1987: Effects of Aerosols on the Brightness and Polarization of Cloudless

                                  Planetary Atmospheres . PhD thesis, Free University  of Amsterdam.

                                  de Rooij , W. A.,  1985, Reflection and Transmission of Polarized Light by Planetary

                                  Atmospheres, PhD thesis, Utrecht.

                                  Deir mendjian, A. , 1969: Electromagnetic Scattering on Spherical Polydispersions ,

                                  N.Y.:Elsevier.

                                  Deschamps, P.-Y., et al. 1994:The POLDER Mission: Instrument characteristics and

                                  scientific objec tives, IEEE Trans. , GE 32 , 598-614.

                                  Domke H., 1978 : Linear Fred h olm integral equations for radi ative transfer problems in

                                  finit e plane-parallel media: II. Embedding in a semi-infinite medium, Astron. Nachr.,

                                  299, 95-102.

                                  Hale, G. M., and M. R. Querry , 1973: Optical constants of water in the 200-nm to 200-

                                  m m wavelength region, Appl. Opt. , 12 , 555-563.

38

Han,  Q.,  et al.,1994: Near global s urvey of eff ective droplet radii in liquid water clouds

using ISCCP data, J. Climate , 7 , 465-497.

Hansen, J. E., 1971a: Multip le light scattering of polar i zed light in planetar y

atmospheres. Part II. Sunlight reflected by terrestrial water clouds, J. Atmos. Sci., 28,

1400-1426.

Hansen, J. E., 1971b: Circular polariza tio n  of sunlight reflected by clouds, J. Atmos.

Sci., 28 , 1515-1516.

Hansen, J.E., and J. Hovenier, 1974: Interpretation of the polarization of Venus, J.

Atmos. Sci. , 31 , 1137-1160.

Hapke,  B., 1993, Theory of Reflectance and Emittance Spectroscopy ,  Camb ridge:

Cambr idge Universit y Press..

Hovenier, J. W. ,1971: Mult iple scattering of polarized light in planeta ry a tmospheres,

Astro n . & A s trophys. , 13 , 7-29

King, M.D. , 1981: A method for determining the single scattering albedo of clouds

through observation of the internal scattered radiation field, J. Atmos. Sci. ,  38 , 2031-

2044.

King, M.D. , 1987: Determinat ion of the scaled optical thickness of clouds from

reflected soar radiat ion measurements, J. Atmos. Sci. , 44 , 1734-1751.

King, M.D., et al, 1992:Remote sensing of cloud, aerosol, and water vapour properties

fro m the moderate resolut ion imaging spectrometer ( MODIS), IEEE Trans. ,  GE, 30 , 2-

27.

Knibbe, W.J.J., 1997: Analysis of Satellite Polarization Observations of Cloudy

Atmospheres , PhD thesis, Free Universi ty  of Amsterdam.

39

                                  Kokhanovsky, A.A., and E.P. Zege ,1996: The determination of the effective radius of

                                  drops and liquid water path of water clouds from satellite measurements, Earth

                                  Research from Space ,  2 , 33-44

                                  Kokhanovsky, A.A., T. Nakajima, and E.P. Zege, 1998: Physically-based

                                  parametr iza tions of the shortwave radiat i ve character ist ics of weakly absorbing

                                  optically thick media: applica tion to liquid water clouds, Appl. Opt. , 37,  4750-4757.

                                  Kokhanovsky, A. A., 1999, Light Scattering Media Optics: Problems and Solutions ,

                                  Wiley-Praxis, Chichester.

                                  Kokhanovsky , A. A., 2000, The determinatio n  of the effect i ve radius of drops in water

                                  clouds from po lar ization measurements, Physics and Chemistry of the Earth, Part B, 25 ,

                                  471-474.

                                  Kondratye v , K. Ya., and V.I. Binenko ,1984: Impact of Clouds on Radiation and

                                  Climate , Leningrad: Gidro meteoizdat.

                                  Konovalov,  N.V. , 1975: About accuracy of the radiat i ve transfer equation solu tio n   for

                                  a plane-parallel layer of a large optical thickness under strong anizotropic scattering,

                                  Preprint of Institute of Mathematics, Academy of Sciences of USSR, Moscow, 1975,

                                  24pp.

                                   Liou, K. N. , 1992: Radiation and Cloud Processes in the Atmosphere,  Oxford: Oxford

                                  Univ. Press.

                                  Minin, I.N., 1988 : Radiative Transfer Theory in Planetary Atmospheres,  Moscow:

                                  Nauka.

40

Nakajima, T., and M.D. King ,1990: Determinat ion of the optical thickness and

effe ctive particle radius of clouds fr om reflected solar rad iation measurements. Part 1.

Theory, J. of Atm. Sci. , 47 , 1878-1893.

Newton,  R. G., 1966: Scattering Theory of Waves and Particles , N. Y.: McGraw-Hill.

Rozenberg, G.V., 1962: Optical character ist ics of thick weakly absorbing scattering

layers, Doklady AN SSSR, 145, 775-777.

Rozenberg ,G. V., 1969: Absorption spectroscopy of dispersed materials, Soviet Physics

Uspekhi,   2,  666-698, 1969.

Shurcliff W. A., 1962: Polarized light . Cambridge: Harvard University Press.

Tynes H. H. et al., 2001: Mueller matrix for multiple light scattering in turbid media:

comparison of two independent methods, Applied Optics, in press.

Uchiyama, A., Asano S., Shiobara M. and M. Fukabori, 1999:  Ground ˘ based Cirrus

observations. I. Obser v ation system and results  of frontal Cirrostratus Clouds on June

22 and 30, 1989,  J.  Meteor. Soc. Japan, 1999, 77, 522-551.

Umov, N., 1905: Chromat ische Depolar iza tion durch Lichtzerstreuung. Phys. Z., 6, 674-

676.

Van de Hulst, H.C. ,1957: Light Scattering by Small Particles , N.Y.: Wiley.

Van de Hulst, H. C. ,1980: Multiple Light Scattering: Tables ,  Formulas and

Applications , N.Y.:Academic Press.

Wauben ,W. M. F., 1992,  Multiple Scattering of Polarized Radiation in Planetary

Atmospheres , PhD thesis, Enschede.

Yanovitsk ij, E.G., 1997: Light Scattering in Inhomogeneous Atmospheres , N.Y.:

Springer-Ver lag.

41

                                  Zege, E.P., A.P.Ivanov, and I.L. Katsev,1991: Image Transfer Through a Scattering

                                  Medium , N. Y.: Springer-Ve rlag.

42

                                                                                                             FIGURE CAPTIONS

Fig.1a The degree of polar iza tion of light scattered by a polydispersi o n  of spheric al

water droplets characte rized by  the gamma  particle size distrib ution  descr ibed by Eq.

(56)  with the half-width parameter 6=u  and the effe ctive radius 16 and ,10,8,6,4=

ef
a

micrometers as the function of the scattering angle at .443 nm=l

Fig.1b The same as in Fig. 1a but at 6=

ef
a  micr ometers and  different values of the

half-width parameter u=2, 4, 6, 8, 10,12.

Fig. 2 The dependence of the escape func tion

01

K  on the cosine of the observation angle

for the Henyey- Greenstein phase function (Yanovitskij, 1997)  with  the asymmetry

parameter 8.0,75.0,5.0,0=g . Results of calculations with Eq. (52) are presented by a

dashed line.

Fig.3 The dependence

                                                                                         ( )

                                                                                                0

                                                                                           J
                                                                                  U  according to Eq.(53). The dashed line represents the

average value of .18.1=U

Fig.4 The degree of polar iza tion of light reflected fr om a water cloud at nadir

observation (the cloud model C1) at nm443=l  and different values of the optical

thickness 30,15,8=t  according to exact calc ulati ons (lines) and Eq. (50) at .18.1=U

(symbo ls).

Fig.5 The degree of polar iza tion of a water cloud (model  C1) at

                           nm

               443

        =

 l , �
                                                            � 37

                                                               ,

                                                       0

                                                                      0

                                                                            =

                                                 = J

                                         J  as the function of  the inverse optical thickness, calculated

with Eq. (50) at 18.1=U  and exact calcula tions wit h a doubling code(symb ols).

43

Fig.6 The degree of polar iza tion of a water cloud (model C1) at

                           nm

               443
        =

 l , �

                                                            � 37 ,

                                                                                  30

                                                               ,

                                                       0

                                                                      0

                                                                            =

                                                 = J

                                         J , 7=t  as a function of the probability of  ph o ton
absorption, calculated with the exact radiat ive transfer code(lines) and

Eq.(60)(symb ols).

Fig.7  The degree of polar iza tion of light reflected from a semi-infinite water cloud at
nadir observation  and  nm443=l  and  diffe rent values of the effective radius

                   4, 6, 8, 12,16

     ef

 a m
                                                          m

             = , obtained wi t h  the exact code. The half -width parameter of the
particle size distribu tion is equal to 6 .

Fig. 8. The dependence of the degree of polar i zat ion of semi-infinite cloud on the
effe ctive radiu s of particles a nm443=l , � 37,0

0

=

= J

J  according to exact
calculat ions (symbo ls ) and Eq. (68).

Fig. A1.1 The dependence of the reflect ion functio n  of the semi-infinite cloudy media

( model Cloud C1) according to exact calc ulations (circles),  Eq. (A1.1)(approximate,
new) and Eq. (29) (approximate, old).

Fig. A1.2 The same as in Fig .A1.1 but for the degree of pola rization(see

Eq.(A1.3)(approximate, new) and Eq. (29) (approximate, old).

Fig. A1.3 The same as in Fig. A1.2, but the approximate Eq. (A1.4)    has been used.

Fig. A2.1 The dependence of y on the wavelength according to exact Mie calcul ations
for a polydispersions  of spheric al water droplets with t he same particle size distribution
as in Fig.1. The data obtained with Eqs. (A2.1)-(A2.5) are also presented.