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From Ambartsumian to our days

PLASMA DIAGNOSTICS OF PLANETARY NEBULAE

A. F. Kholtygin

Diagnostics for the rarefied plasmas in gaseous nebulae are reviewed, beginning with the pioneering
papers of V. A. Ambartsumian. These papers, as well as the diagnostic techniques which have been
developed on the basis of ideas contained in them, are discussed. Diagnostic techniques for homoge-
neous, as well as inhomogeneous, plasmas are described.
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1. Introduction

Research on gaseous nebulae has always played an enormous role in astrophysics, and continues to do so.
Some nebulae can be seen in the sky as extended luminous objects surrounding or close to bright hot stars and are
known as diffuse nebulae, of which the best known representative is the Orion nebula. It is now well known that
diffuse nebulae are regions of ionized gas surrounding young hot stars of spectral class O and they are often referred
to as ionized hydrogen regions (HIl regions).

Nebulae of the other-- planetary-- type are compact luminous objects surrounding weak stars, which are the
nuclei of planetary nebulae. At present, the number of observed planetary nebulae in our galaxy is approaching two
thousand. Many planetary nebulae have also been found in other galaxies, including spiral (M31, M33, etc.) as well
as irregular and elliptical galaxies.
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The spectra of gaseous nebulae differ significantly from those of stars. They consist of a weak continuum
spectrum and a large number of intense emission lines, of which the lines of hydrogen and ionized and neutral helium
dominate in the visible range. However, the brightest lines in the spectra of nebulae, with wave&8@jh& and
14959 A were not identified for a long time, since they did not show up in the spectra of elements studied in
earthbound laboratories. For this reason they were assumed to belong to an unknown element, nebulium. They were
thus denoted by, and N, (the nebulium 1 andnebulium 2 lines).

The nature of the nebular emission in these lines was understood only after the development of quantum
mechanics. In 1928 the American astrophysicist Bowen showed [1] thit ded N, lines are forbidden lines of
the G* ion and are transitions from metastable levels of this ion. He also showed that the\BrigBt 3729 A
doublet in the spectra of nebulae is associated with forbidden transitions of singly ionized okygérisQliscovery
was an indication of the low density of both matter and radiation in nebulae.

Rosseland established that the source of the radiation from nebulae is reprocessed ultraviolet radiation from
hot stars located in the nebulae. At the end of the 1920's two basic mechanisms were proposed for the formation of
the radiation from nebulae. The first was developed by the American astrophysicist Menzel and the Dutch astronomer
Zanstra. This mechanism (recombination) begins with the ionization of atoms by ultraviolet radiation from the star
which excites the nebular luminosity (sometimes several stars, in the case of diffuse nebulae). The subsequent
recombination of the ions and capture of electrons into excited levels leads to cascade transitions to the ground state
of the atoms through intermediate excited states. The low densities of the gas in nebulae means that the chain of
cascade transitions is essentially uninterrupted. The cascade radiative transitions mainly generate radiation in the
lines of the most abundant elements, hydrogen and helium. This fact served as the basis of Zanstra's method [2] of
determining the temperature of the central stars of planetary nebulae based on the intensities of the emission from
nebulae in the Balmer series of hydrogen.

The second mechanism, proposed by Bowen, explains the forbidden line emission from nebulae. According
to this mechanism, metastable levels of the ions of oxygen, nitrogen, and other elements are excited during collisions
with electrons. When the degree of ionization of hydrogen and helium in nebulae is high owing to the UV radiation
from the stars which excite them, the nebulae contain many electrons with energies greater than 2-3 eV, which are
capable of exciting the metastable levels.

In this paper we examine the situation which held in the beginning of the 1930's, when Ambartsumian's papers
on the physics of gaseous nebulae began to appear, and briefly describe the development of that branch of the physics
of gaseous nebulae associated with the use of Ambartsumian's methods for analyzing the forbidden line emission from
nebular plasmas to determine the physical conditions in these nebulae. Owing to the limited space, we shall deal
only with planetary nebulae, although the methods of spectral analysis developed by him also apply to and are used
for a much more extensive range of objects.

The content of Ambartsumian's papers on nebulae are discussed briefly in section 2 of this review. The results
of his 1933 paper [3] are discussed in section 3 in the light of the current state of research in this area of science.
The general techniques for diagnostics of astrophysical plasmas, as well as the results of their use for determining
the physical characteristics of planetary nebulae, including inhomogeneous ones, are described section 4.
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2. V. A. Ambartsumian's papers on gaseous nebulae

Ambartsumian's papers on the spectra of planetary and diffuse nebulae (all are collected in Volume 1 of his
Scientific Paperq4]) were published in the 1930's. This was a time when theoretical astrophysics was being founded
and research on gaseous nebulae was at its leading edge.

His first paper in this area [5] is devoted to determining the temperature of the nuclei of planetary nebulae.
He proposed an original method for determining the temperature based on comparing théegnengytted by the
nebula in the I line to the energyE, 4556 €Mitted in the HellA4686 line. Here it is assumed that all the UV photons
emitted by the central star of the nebula, and capable of ionizing hydrogen atoms and helium ions, are absorbed in
the nebula. This method, known Ambartsumian's methodyielded realistic estimates of the temperatures of the
central stars that are close to their modern values.

This understanding of the closeness of the mechanisms for formation of the spectra of nebulae and of stars
with emission lines in their spectra was typical of Ambartsumian. He used Zanstra's method for determining the
temperatures of Wolf-Rayet stars [6], obtaining an estinTate §5000 K) for the temperature of the star HD 192163
that is close to the modern value.

Ambartsumian also studied radiative transport in the continuum and resonance lines of nebulae assuming a
rectangular profile for the absorption coefficient in the line. He found that radiation pressurelia thee plays
a decisive role in the expansion of nebulae [7,8]. These papers attracted widespread interest and were the origin of
a detailed discussion of the role of radiation pressure in the gas dynamics of nebulae, as it turned out that radiation
pressure in the.a line causes an acceleration of the outer portions of a nebula by on the order of 1 km/s over 10
years, as well as a similar deceleration of the inner portions that has not been confirmed observationally.

The problem was elaborated by Ambartsumian's student, Sobolev, who showed that as photons diffuse out from
the line center, they reach the line wings, where the absorption coefficient is small. This effect leads to a reduction
in the radiative pressure force by roughly two orders of magnitude at the boundary of a nebula compared to that
calculated by Ambartsumian. In a nebula that is expanding with a velocity gradient, the radiative pressure in the
La line will be lower than for a stationary nebula owing to the Doppler shift of the photons in the spectrum line.

One direct result of the discussion initiated by Ambartsumian's papers was Sobolev's theory of radiative
transport in media with large gradients of their large-scale motions [9], which is today's standard apparatus for
interpreting the spectra of rarefied astrophysical objects.

In another paper Ambartsumian studied [10] the ionization of the gas in the shells surrounding hot stars. A
method was proposed for determining the radial mass concentrations of the luminous gas in a nebula based on the
energy emitted in the hydrogen Balmer lines [11].

Ambartsumian's paper [3] on the diagnostics of the rarefied gas in nebulae, which was noted above, is
especially important. He studied the process for populating the metastable levels of atoms. Ultimately, he derived
a formula relating the temperature of the gas in nebulae to the intensity ratio of forbidden lines observed in their
spectra. The method of determining the temperatures of nebulae from the intensity ratios of forbidden lines in their
spectra was proposed on the basis of these studies.

From the very beginning it was clear that this method is applicable for a wide range of other objects besides
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nebulae: the envelopes of nova and supernova stars, diffuse nebulae, the corona of the sun and other stars, and many
other objects.
Ambartsumian generalized his work of the 1930's in his b@bkpretical Astrophysic§12], which became
the first textbook in Russian on this subject. The classic course in theoretical astrophysics [13], which was the primary
textbook in this discipline for many years, grew out of this text. It was translated into several languages. Many of
Ambartsumian's ideas and methods were later included in SobGlewtse in Theoretical AstrophysicEL4].
In later years, Ambartsumian became involved in other areas of astrophysics; however, the ideas expounded
in the papers mentioned above became the basis of many areas of research on planetary and diffuse nebulae [15].
The limited length of this article does not allow us to trace the evolution of all the ideas regarding the physics
of gaseous nebulae advanced in Ambartsumian's articles from the 1930's. For this reason, we shall concentrate on
analyzing his 1933 paper [3] about the physics of forbidden line emission from nebulae, the content of which was

also summarized in his book [12].

3. Atoms and ions in metastable states. Ambartsumian's view.

3.1. The accumulation of atoms in metastable stateCalculations of the populations of excited states of
atoms and ions are of decisive importance for determining the intensities of line emission in the spectra of nebulae.
Ambartsumian examined [12] the problem of determining the populations of two- and three-level atoms. The solution

of the first problem (Fig. 1, left) follows from the time-independent equation

R

Fig. 1. Scheme for formation of lines in the spectra of planetary
nebulae by electron impact excitation. Left: a two-level atom. The
thin smooth line represents radiati?e- 1 transitions; the dashed
line-- deexcitation of level 2 by electron impact; the thick smooth
line indicates electron-impact excitation of level 2. Right: a three-
level atom. The smooth lines indicate transitions from upper to lower
levels owing to spontaneous radiative transitions and deexcitation
by electron impact; the dashed lines, excitation of the levels by
electron impact.
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byony = (Ay1+ 8,1)n, =0. @)

Heren is the population in levek, A, is the Einstein coefficient for the probability of ti2e— 1 transition,
nb,, is the number of atoms undergoing a transition into metastable state 2 owing to collision§ per smand
na,, is the number of downward collisional transitions. For the reader's convenience we shall use modern notation
for the numbers of excitation and deexcitation evebts=ng,, anda, =ng,, whereq,, andg,, are the rates of
collisional excitation and deexcitation for tie— 1 transition, andn, is the electron density of the plasma.

Equation (1) determines the ratio of the populations in levels 1 and 2:

byony = (Ay1+@,1)n, =0. (%)

HereT is the kinetic temperature of the plasma, which equals the electron temp&dtrra nebula. From
here on, we follow tradition and speak of the electron temperature of the nebula. An important conclusion, that was
reached even before quantum mechanical calculations of the electron impact collisional cross sections and rates were
carried out and was deduced in Ref. 3, is that for a low density of gas in a nebulaj ywhenng,,, the energy
emitted in the forbidden lin€2 — 1 per second per unit volume of a rarefied plasma with electron demsity
temperaturel, depends only on the number of electron-impact excitation events; i.e.,

Epp = nenyfyohvy, . )

Equation (3) is standard for low density plasma physics and is widely used for estimating the intensities of
lines in the spectra of nebulae and other objects.

Ambartsumian also discussed the excitation of metastable levels in a model of a three level atom. In that case,
the populations of the levels in the absence of radiative excitation events are determined by the following balance

equations (Fig. 1, right):

MNell12Ny + (Agpt+ Nz )Nz = (Agg+ Nelpg+ Nelapz)Ny @
MeGlaaM + NellaNy = (Agy+ Agy+ N (Uag+ Gap))Ns.

The solution of these equations is

Ny _ Nebhp (Ag1+ Ago+ Nelg1* Nelizz) + Nethi3(Asp + Neliz)

%ﬁ (Ag1+ Nellyr) (At Agy+ Nelgy+ Nelizy ) + Nl (Agy+ Nellay) |

s _ NeCi2Nel23+ Ne (Ap1+ Mol + Nelp3) (5)
By (Aort Nelpy) (Ags+ Agpt Nellag + Nellzy) + Nellpz(Agy+ Nellay)

Under the rarefied plasma conditions of planetary nebulae, the contribution of the ra8liativetransition
and collisional deexcitation to the populations in levels 2 and 3 can be neglected. It then turns out that
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[E21 = Ne (G2 + Arz)Mhvyy, ©)
32 = NelaMh V3.

Rather than the enerdy, emitted by the nebula in thle - i line, in the following we use thine intensity
l- 1, is taken to mean the ratio, corrected for interstellar absorption, of the radiative flux in the given line to the

radiative flux in theHB line.

3.2. Determining the electron temperature from the lines of nebulium

Equation (6) implies that the intensity ratio of tBe- 1 and 3 — 2 lines is equal to

I3z Esp sté Q13E )

In the case of the customarily most intense forbidden lines of doubly ionized oxygen in the spectra of nebulae,
the ratio 1,,/13, =1 (N;+N,)/I ([O1l1]A4363 is the ratio of the combined intensity of the nebular liNesndN,
to the intensity of the [OIlIN4363 auroral line.

In order to find the intensity ratio (7) it is necessary to be able to calculate the yafip At the end of
the 1930's, when Ambartsumian derived Egs. (2)-(7), it was not possible even to estimate the electron-impact rates
of excitation of atoms and ions. Calculating these rates was a very complicated problem. The first realistic
calculations of the excitation cross sections fét Ky electron impact were done only in 1940 [16].

To estimateq, /q,,, Ambartsumian used the known relationship between the rates of electron impact collisional
excitation and deexcitation for the levels and assumed that the gatig/(0,0,,) is equal to unity. Then

G2 _ 92021 QVas/KTe - ghvag/KT, LPh _Vi2 (1+ ehv23/kTe): 0,9633000T,
Cths 93031 l3p Va3

®)

It should be emphasized that for at temperatures typical of nebulae, the dependence of Ithi, yatmor,
which is determined by an exponential facexp(hv,;/KT,), is very strong. Foll_=7000K this factor equals 111,
while for T =10000K it equals 27, and fof =15000K, 9.

Thus, having found the rati /I, from observations, it is possible to make a reliable estimate of the
corresponding electron temperatdie In this way Ambartsumian obtained an electron temperatui€ ef 7000 K
for nebulae and concluded that the temperature of the electron gas in nebulae is considerably lower than the
temperatures of their central stars. This valug & somewhat low from a modern perspective. However, given how
little information was available about the collisions of atoms with electrons in the 1930's, the accuracy of this estimate
seems amazing.

The reason that Ambartsumian's method still yields reasonable estimates of the temperature even in its original
simplified form is the strong (exponential) temperature dependence of the number of electrons capable of exciting
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Fig. 2. The electron velocity distribution in an equilibrium plasma with
temperaturel_ =1 0000 K (dashed curve) aiig= 15000 K (thick smooth
curve). The vertical dashed lines indicate the thresholds for excitation of the
D and'S levels of the & ion.

the upper levels of these atomic transitions.
As an illustration, Fig. 2 shows the electron velocity distribution function for electron temperatures of 10000
and 15000 K. The thresholds for excitation of theand’S levels of the & ion are indicated in this figure. They
serve as the upper levels for, respectively, the nebular Np@ndN,, and for the auroral [OIIIN4363 line. It is
obvious from the figure that the efficiency of exciting the levels Bf® electron impact, which is determined by
the fractions of electrons with energies above the excitation threshold, must depend strongly on the temperature.
The ratio of the intensities of the aurof@lll] A4363 line and the nebulafOlll] A4959+A5007 lines is
essentially determined by the ratio of the numbers of electrons with veloeitds370km/s and v = 940km/s,
respectively. Thus, the intensity ratio of the [OIlll] lines makes it possible to determine the temperature dependent
ratio of the concentrations of electrons with different energies in the plasma and, thereby, to estimate its electron
temperature.
The simple idea of using the relative intensities of lines in the spectra of gaseous nebulae for determining
the physical conditions in them was the seed from which grew the diagnostic techniques for rarefied astrophysical
plasmas which developed rapidly beginning in the 1940's.

3.3. Caollision strengths and improvements in the ratid,, /I ... Using modern data on the rates of atomic
processes, we now examine the accuracy of Ambartsumian's original formula for the intensity ratio of the nebular and
auroral lines of [OlIl].

We return to Eqg. (5) for the populations of the metastable levels. In the limit of low electron densities,
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Ne << Ay /G, , the line intensity ratio is

g:m%+£%+&% ©)
l3p Va3 Oa3 Ay

In order to compare this exact (in the limit of layy formula with the approximate Eq. (8) obtained assuming
that (9,0,,)/(9505:)=1 and A, =0, we have to calculate the ratig,/q,, for the typical temperatures
T, = 10000-20000 K of planetary nebulae.

The electron-impact excitation and deexcitation rqgwdqﬁ (for j > i) are given in terms of the correspond-
ing reaction cross section@; (v) and Oji (v), which depend on the velocitias of the electrons colliding with an

atom, by
Qj = Ioij @)ofl)do, a :J.O-ji (©)of(v)do, (10)
5o 0

where v, is the minimum (threshold) velocity of electrons capable of excitingi thej transition andi(v) is the
maxwellian velocity distribution of the electrons. (See Fig. 2.) Modern quantum mechanical calculations show that
the cross section§j; (v) and Oji (v) depend very strongly on energy. However, in the case of metastable states, the

cross sections averaged over energy have a simpler dependencarahare approximately inversely proportional
to the electron energy. Hence, they are usually written in the form

h?  Q
anm? g v?

Ojj (v)= (11)
where Q; is an dimensionless effective cross section (usually on the order of unity) that depends on the electron
velocity and is often referred to as the collision strength. The collision strengths for excitatid@eanidation are

equal i.e., Qj =Qj, while the deexcitation cross section (v) is given by a formula analogous to Eq. (11) with
] J m

g, replaced byg. Substituting Eq. (11) in Eq. (10), we obtain

— AO —hv; /kTe — AO
qu-giggzi<fhj>e : qj -Eiggzi<fhj>-

12)
Here the dimensional constant, = 8.6287 00 ®cn®s*K** and (Q;) is the collision strength averaged over a
maxwellian electron velocity distribution, usually referred to asedffiective collision strength It is often denoted
by Yj =(Q;).

Using data from the tables of Golovatyi et al. [17], ToF 10'K we calculate the ratio
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92021 E_ Yio =79
Eﬁ =5 =109 13
03031 0 Yis (13)

This ratio has a very weak temperature dependence. TFel.2[10%K it equals 7.7 and foff, =1.5[10%K, 7.6.
When the collision strengths obtained by Seaton [14] are used, the ratio in Eq. (13) is equal to 8.9.

Thus, we can see that the ratio (13) differs significantly from the value assumed by Ambartsumian. Never-
theless, because of the exponential dependence of the ggiip, of the excitation rates on the parameter
hv,;/kT, =32970T,, whereT_is in degrees Kelvin, the error in the temperature determination is not too large.

Using Eq. (12) for the rates of the collisional transitions and taking theAgtq,=0.15[17], for R=1,/I_,
for the G* ion we obtain

g (49594 )+1(5007A)
1(43634)

=09+7.9¢%9", (14)

4. Diagnostics of the gas in nebulae

The ideas established in Ambartsumian's analysis of the processes for populating the metastable states of atoms
have turned out to be unusually fruitful for solving problems in plasma diagnostics.

The state of plasma diagnostics for gaseous nebulae in the mid 1940's is described in thbybioak
Processes in Gaseous Nebulag Menzel et al., which was translated into Russian [18]. The classics on the physics
of nebulae and the diagnostics of nebular plasmas in the 1950-1960's were Aller's book [19] and review [20]. In the
1980's Pottasch's book [21] provided a quite detailed discussion of plasma diagnostic techniques for planetary nebulae
and Kwock's book [22], which discusses these same questions in a way accessible even to undergraduates, was
published in 2000. The most complete modern discussion of diagnostic techniques for astrophysical plasmas is by
Osterbrock, whose book [23] appeared in a second edition in 2006 [24]. Interest in the theoretical analysis of the
processes for populating the levels of atoms by electron collisions continues, as evidenced by a just-published article
on this topic [25].

4.1. Elementary diagnostic techniquesThe elementary techniques are applied to the analysis of the emission
from homogeneous or almost homogeneous plasmas. A homogeneous plasma is one with constant values of the
temperature and density throughout and, therefore, is characterized by an average electron temperature Te and an
average electron densitie. In this case, the set of parameters describing the plasma state includes only the relative
abundances of the elements present in the plasma, along with the pardinetense. The methods for finding the
parameters of a homogeneous plasma, which describe the observed spectra of gaseous nebulae and other objects, are
described elsewhere [21,23,24,26,27].

302



log[(1(.4960.3) + 1(2.5008.2))/I(A4364.4)]

37 39 4.1 43 4.5 47 49 5.1 53

log(T)

Fig. 3. The [Olll] line intensity ratigl (4959R) +1(5007A))/ 1 (4363}) as
a function ofT_ for different values ohe [28]. The logarithm ohe is
indicated next to the corresponding curves.

4.1.1. Determination of the electron temperature.The lines of [Olll] are most often used for determining
the electron temperature of nebulae. In the limit of low electron denshgesl,os, the ratioR of the intensities of
the N, +N, and 4363 A lines is given by Eq. (14). The constant in front of the exponential factor equals 7.6 [22].
The small difference from this value &f given above are associated with differences in the atomic constants
employed. The constant term 0.9 in Eq. (14) is often omitted.

For higher ne, the role of deexcitation (superelastic collisions) must be taken into account. Figure 3 shows
the calculated [28] variation of the rafiowith Te. It is clear that for then, <10° cm? typical of planetary nebulae,
R is insensitive tne The dependence on ne must be taken into account for denser gases.

Line intensity ratios of other elements can be used to determine the temperature. Lines®oNthd=C
and Né* ions, which are isoelectronic witlzQas well as of the N& Ne™, Mg", N&™, etc., ions are used as electron
temperature indicators. The electron temperatures of a large number of nebulae have been determined from the
intensity ratios of forbidden lines. A large subset of these measurements can be found in Refs. 29-31.

4.1.2. Determination of the electron density.The ratiod, /I, of the intensities of doublets with close upper
levels having an energy differente ,;/kT, << 1K are often used for determining the electron densities in astrophysi-
cal objects. These include the [MI$202/5199, [Oll] A37293726 and [SlI] A67316716 lines, as well as lines of

other ions corresponding to transitions from the doublet Iéﬁlg;; and 2D3/2 of np’ configurations withn = 2 — 4.
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This method for determining the electron density was not examined by Ambartsumian, but the relevant
expressions can easily be derived from equations given in his papers. Béoeaysés small, the transition
probability A,,<<A,,, which means that, for smali, <<A,/q,, atoms from the excited state 3 mainly undergo
transitions to the ground state 1. This implies that excitation of level 3 essentially has no effect on the population
of level 2; that is, the populations of levels 2 and 3 can be treated independently, using Eq. (2) to determine their
populations.

Then, assuming that the ratio of the transition energies,/hv,; =1, the line intensity ratio is given by

o1 _ (np/ny)hvy, Ay zﬁgz%l %"’ Ne a1/ As1

. 15
la1 (N3/n)hviz Agp F030s1 CL+ Nl /Aoy (15)

Using Eqg. (12) we obtain

U _ o 1+ /@) T,
T @) (16)

Here R, = Y3,/Yy3 is the limiting value of the ratio, /I,
Y1,/Y13=0,/9; . When the) = 5/2 level lies below thd = 3/2 level (e.g., for the Cand N* ions), R =6/4=1.5.

for low ne. In the LS coupling approximation, the ratio

When the levels are otherwise positioned (for theo8), R =2/3.

The densityn{!) = g3Aq; /(A Y13), while n® = g,A0 /(A Y12). Given the weak dependence of the effective

collision strengths o, the densitiesng) and nf,z) can be regarded as insensitive to the electron temperature.
Let NN = min(ngl), nff)) and n"® = max(ng), ngz)). Then, forn, << n™", the ratioR = R, and forn, >> nI",

R=0,A,1/9;As;. The latter is obvious, since at high electron densities the populations of the levels follows a

Boltzmann law, and the ratin, /n; = (g,/ds)exp(hv,s/KT.)= g, /gs . Within the intervalni™” < n, < n"™®

, the ratio
R is sensitive to the electron density and can be used to determine it.
Substituting the transition probabilities and collision strengths for th@®©[28] in Eq. (16) and carrying

out some simple transformations, we obtain

I 3729 20421+ 207\/T_e/ne .
3727 1+22/T, /ne

(17)

For highne, electron impact transitions between levels 2 and 3 become important. These transitions can be included
by using the exact solution of the population balance equations (5) for a three-level atom. Then

|3729=0.421+57\/i/ne ) (18)
l3727 1+13J/T, /n,

In this way we see that including collisional transitions between levels 2 and 3 does not change the form of the doublet
line intensity ratio as a function df, andne or its limiting values for very low and very higle However, the
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1(13729.9)/1(x3727.1)

logn,

Fig. 4. The [Oll]1(37294)/1(3726A) line intensity ratio as a function of
ne for different values of Te [28].

coefficients in front of the ratio\/T_e/ne in Eg. (18) do vary significantly. When the collision strengths given in
Ref. 14 are used, these coefficients change to 31 and 10, respectively, and the coefficient in front of the fraction on
the right hand side of this equation changes to 0.35. This is illustrated in Fig. 4 which shows the calculated [28]
line intensity ratio for the forbidden [OIl] doublet as a function of ne.

Lines of the @ and S ions are mainly used for determining ne in planetary nebulae [29,30,32]. The most
complete catalog of electron densities in planetary nebulae is given by Stangellini et al. [33].

4.2. Combined diagnostics ohe and T, The models of two and three level atoms with which the
determination of the plasma parameters of gaseous nebulae began, provide only a crude description of the actual
picture of excitation of atomic and ion lines by electron collisions. Even in the well studied case of the excitation
of the nebular lines of doubly ionized oxyge®",Gaccounting for the fine splitting of the levels of the loiRtterm
(which was regarded as a single level by Ambartsumian and many others) and adding the populations of the metastable
°S? level of the 22p° configuration makes it necessary to examine a six-level atomic model. A more complete
description of the spectra of atoms and ions including transitions in the hard ultraviolet and x-ray regions of the
spectrum often requires consideration of an atomic model that includes tens of levels. Thus, a modefobthe Fe
with 80 levels has been discussed [34].

The shift to multilevel atomic models requires the solution of a system with a large number of steady state
balance equations. In addition, other processes besides electron collisions, in particular photo- and dielectronic

recombination into high levels and cascade transitions involving them, can be involved in filling metastable levels.
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When electron collisional and ion recombination transitions are taken into account, the steady state equations
which determine the populations of the leve]sof a given atom or ion X can be written in the compact matrix

form
Tn=nn"a, (19)

wheren is the population vector for the levels of the atom ands the recombination rate vector. The maffFix
has the form

O -(Aq+neQy), i<k,
-1 N
Ty =0 Akj"'”eZijv i =Kk,
=1 ez _

(20)

Finding the level populations by solving the system of Egs. (19) requires knowledge of the densitieX & ¥ie
ion and, thereby, solving the ionization equilibrium equations for the X atom.

For resonance lines and transitions involving low-excited ion lines of the astrophysically significant elements,
the contribution of recombination to the populations of levels excited by electron impact can be neglected and the
right hand side of the system of Egs. (19) can be set equal to zero. In that case, Egs. (19) only determine the relative

populations nk/n(xm+) of the levels. In order to obtain the absolute magnitudes of the populations, the value of

n(X™), the total density of theX™ ion, must be specified and the system of Egs. (19) has to be supplemented
by the equation

> ne :n(X m*). 21).

k

The increase in the number of equations included in the system of steady state equations leads to an increase
in the number of transitions for which line intensity ratios can be calculated. The following ratios have been
calculated [35]:

A 1(16618)+1(1667A
A (495&)35 | (5)007A) R ((4959&%+ | E5007A)) ' (22)

Figure 5 shows the range of possible values of the rRfiasdR, for the electron temperatures and densities typical
of planetary nebulae.

When the line intensities of several ion species are found, it is also possible to simultaneously deéermine
andT, as illustrated in Fig. 6. The axes of this plot correspomktand T, while the curves indicate the values
of T_ andne for which the intensity ratios of the lines indicated in the figure are equal to the observed line intensity
ratios in the spectrum of the planetary nebula NGC702the Hnd T, are the same throughout the entire emitting
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Fig. 5. The intensity ratioR andR, of the [Olll] lines as functions oF andne.
The values of logeincrease from 4.0 to 7.0 with a step size of 0.5 on going from
bottom to top.

plasma, then all the curves should intersect at a single point. In fact, because of the inhomogeneity of the nebula,
there is a substantial spread in the valueg, aindne, so this method can only provide estimates for these parameters.

The set of methods for determining the parameters of low density plasmas based on the intensities of forbidden
lines in their spectra has also been used since the 1950's for analyzing the physical conditions in the coronae of the

sun and other stars, whence it has come to be known a®rba approximatior{36].

4.3. Diagnostics of inhomogeneous plasmasThe improvement in the quality of spectral observations
associated with the launch of the Hubble telescope and the operation of large telescopes with mirror diameters of
8-10 m has led to the discovery of extreme inhomogeneity in planetary nebulae. It appears that images of nebulae
contain a large amount of very small-scale details [37] associated with compact regions in the nebulae within which
conditions differ from the average over these nebulae. It is currently possible to obtain spectra of compact regions
in nebulae with sizes smaller than an arc second and, therefore, to perform detailed diagnostics of these small regions
[38].

Researchers had assumed that nebulae are highly inhomogeneous even before detailed images with a high
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Fig. 6. A combined determination of the electron denséynd electron
temperaturd_ for the nebula NGC7026 [21].

angular resolution became possible. In the 1950's and 1960's it was suggested that small scale fluctuations in the
temperature and density occur in nebulae [39-41] in order to explain some features of the spectra of nebulae that were
not consistent with a model of a homogeneous plasma with constant temperature and density, and a method was
proposed for calculating the spectra of nebulae taking these fluctuations into account. It was pointed out [42] that
variations in the electron density can also have a significant effect on line intensities.

A method of accounting simultaneously for the effect of small fluctuations in the temperature and density
of the gas in nebulae on their spectra has been proposed [43-45]. It was shown that the energy radiated in a given

line by an inhomogeneous nebula can be represented as the energy emitted in this line by a homogeneous nebula

with average vaIueﬂTe andnie for the entire nebula, multiplied by a correction factor which depends on the amplitude
of the fluctuations in the electron temperature and density.

The applicability of this approximation is limited by the assumption that the amplitude of the fluctuations
in T, andn_ is small. Calculations [43,44] show that this smallness can be interpreted very broadly. Even for
deviations from the average temperature and density of +25% in nebulae, the difference in the total energies emitted
in visible and UV lines calculated assuming a small amplitude for the fluctuations in the electron temperature and
density and with exact integration of the variable emission coefficients over the entire volume of the nebula was less
than 3-5% in most cases.

The overall amplitude of the temperature variations in a nebula is made up of large scale variations associated
with a relatively slow reduction in the average temperature with increasing distance from the central star (characteristic
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dimensions comparable to the size of the nebula itself) and small scale variations with dimensions considerably
smaller than those of the nebula. Calculations [46] show that the amplitudes of the large scale variations are small.
At the same time, in order to match the observed and theoretical intensities of lines in the spectra of nebulae it is
necessary in many cases to use large-amplitude variatiais ifihus, the main contribution to the amplitude of the
temperature variations in nebulae is from small-scale variations (fluctuations).

The intensities of lines excited by electron impact depend very strongly on the amplitude of fluctuations in
T., while the intensities of recombination lines are insensitive to these fluctuations. For fluctuafignsitim an
amplitude of +10% from the average temperature, the intensity of the [€1907 line can increase by a factor of
1.5-2 relative to that for a plasma with a uniform temperature, while the intensities of the purely recombipation H
and [Cll] A4267 lines are essentially invariant [44].

The technique of plasma diagnostics with fluctuations in both the temperature and density of atoms has been
analyzed [44]. A maximum likelihood principle is used to find the optimum values of the parameters [47]. In doing
this, the substantially different measurement accuracies for the intensities of different lines in the spectra of gaseous
nebulae are taken into account [48,49]. The intensitje®f strong lines (comparable to that of th@ khe) are
measured considerably more precisely than those of the weak lindgHB)<1). Whereas the error in measuring
the intensities of strong lines is less than 5% [50], the corresponding error for weak lines may be as high as 30-50%
or more. This circumstance is not usually taken into account in determinations of the parameters of nebulae.

This diagnostic technique for inhomogeneous plasmas proposed in Refs. 43 and 44 has made it possible to
obtain a very good description of the spectra of nebulae. The differences between the observed and modelled line
intensities is less than 5-10%. In addition, this method can be used to find the global characteristics of an entire
nebula, and not just for a particular ion, as happens with the elementary diagnostic techniques. The use of this method
for calculating ionization models of nebulae is described in a recent paper [51].

If, on the other hand, the deviations in the temperature and density from their averages cannot possibly be
assumed small, then it is necessary to consider the actual distributions of a differential measure of the emission over
the plasma volume. In this case, the set of parameters describing the state of the plasma must be supplemented by
parameters that describe the distribution of the differential measure of the emission. A similar approach to the
diagnostics of inhomogeneous plasmas has been described elsewhere [52].

4.4. Diagnostics of nebular plasmas and the carbon problenDespite many years of work and the resulting
understanding of the basic processes by which the spectra of nebula are formed, some unsolved problems remain. The
most long-lived of these is the so-calledrbon problem Essentially it is the following: when the abundance of
carbon is determined from the intensities of recombination lirerhbination abundancg primarily the purely
recombination [CII]A4267 line, the resulting value is sometimes an order of magnitude or more higher than the
abundances determined using the intensities of electron-impact excited linesdHiSiofal abundances With
further study it turned out that the carbon problem is just as much a nitrogen and oxygen problem, since the
abundances of these elements obtained from recombination and collisional lines bear the same relation as for carbon
[53].
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Beginning with Ref. 39, the reason for the large difference between the recombination and collisional
abundances has been seen to be the existence of temperature fluctuations. It was shown [49] that the intensities of
weak recombination lines may be overestimated. This idea is supported by a model calculation [48] of the process
for measuring the intensities of weak lines. We note that the problem of excess measured intensities of weak lines
has been encountered repeatedly by researchers on planetary nebulae [20].

A solution of the carbon problem in terms of the combined action of two effects has been proposed [43]. The
first arises in fluctuations in the electron temperature, which lead to an increase in the intensities of collisional lines
and, accordingly, to a reduction in the carbon abundance determined using these lines relative to that obtained with
a model of the nebula without electron temperature fluctuations. The second effect is an enhancement in the
intensities of weak recombination lines, which leads to an overestimate of the recombination abundances.

It has been assumed that greater accuracy in measurements of the intensities of recombination lines would
finally solve the carbon problem. Unfortunately, this hope has not been justified. The accuracy of the line intensity
measurements has increased by 1-2 orders of magnitude, but the discrepancies between the recombination and
collisional abundances remain [38]. The existence of small condensates (size ?1000 a.u.) with a hydrogen deficit and
an elevated content of CNO and heavier elements in nebulae has been proposed as a solution to the problem [38].
Condensates of this sort are regarded as the main source of radiation in the recombination lines. Note, however, that
estimates [53] show that the degree of ionization of the elements CNO in these condensates may be too low to produce

significant recombination line radiation.

5. Conclusion

Our brief review shows that the ideas of V. A. Ambartsumian about the possibility of determining the parameters
of a rarefied plasma using emission line intensities have fallen on fertile ground. The diagnostic techniques for
rarefied plasmas which originated in an analysis of the spectra of gaseous nebulae have grown into an extensive branch
of plasma physics, including astrophysical plasmas, and are used in almost half of published papers dealing with the
analysis of the spectra of a wide class of astrophysical objects, from stars and the interstellar medium to the
intergalactic gas.
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