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STOCHASTIC DATA IN ASTRONOMY. Il. SEARCH FOR HARMONIC COMPONENTS
OF TIME SERIES WITH VERY LARGE GAPS

A. F. Kholtygin,?, A. B. Shneiwais' T. E. Burlakova,? and Yu. V. Milanova’

This is an analysis of certain aspects of using the CLEAN algorithm for Fourier analysis of short segments of

time series and of time series consisting of short segments of lafgteeparated by very long irregular
gaps. Itis assumed that the time series contain a harmonic component of amplitude A with a period longer
than the length of the longest of the segments of the time series plus white noise with dishé&tsl@bNty

plots are constructed for determining the ranges of the parametgpg for which the CLEAN procedure can

be used to determine the valueswpthe frequency, ang, the phase of the harmonic component, with a given
accuracy. The results of this analysis are used to search for harmonic components in the variatioy of the H
line profile in spectra of the triple sta¥ Ori A obtained in 2004 with the BTA telescope at the Special
Astrophysical Observatory of the Russian Academy of Sciences.
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1. Introduction

The most effective way of studying the structure of astronomical objects is to made spectral observations over a
long period with high time resolution. In the course of the observations, the integratde(tfld} from the object under
study is measured over time intervatsté AT ) within a wavelength interval\(A + A\ ). Because of random errors in
the measurements, the observed flux is a two dimensional random function.

The quxesF(ti ,7\j) are measured for a discrete set of observation t{tnesand a set of Wavelengtt{é\j}, where

the specific values of; and A; are determined by the stellar magnitude of the object, the conditions under which it

is being observed, and the properties of the detectors (spectrographs and CCD detectors). Because of the finite duration
of the time intervalAt for each observation (exposure), the choice oftfhevhich we shall take to be the midpoint

of the exposure interval, is of some importance.
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The set of all valuesF(ti ,7\j) is known as the dynamic spectrum of the object under study. One of the main
problems in analyzing dynamic spectra is to identify periodic components in the variation of line profiles. Solving this
problem reduces to analyzing the time seﬁe(é,?\j) for all values ofA; lying within the confines of the line profile.

When the length of the time series is sufficient, identifying harmonic components in the variations of line profiles
is a routine task [1,2]. Unfortunately, it is not always possible to obtain long time series because of weather conditions
and difficulties in getting the required amount of observation time. For these reasons the observed time series are too
short or consist of short segments of time series separated by long temporal gaps. Here it often happens that the period
of the harmonic variations in the line profiles are longer than any segments of the series.

This paper examines the question of how accurately the characteristics of the harmonic components of the
variations in line profiles can be determined, under the assumption that these components are actually present in a series
that is being studied. In the second section we state the problem in a more precise form. Section 3 is a preliminary analysis
of model time series which contain harmonic components with periods longer than the length of a time series or of the
segments of that time series. Model short series and series with long gaps are analyzed by constructing reliability plots
[3] in Section 4. In Section 5 the proposed method is used for analyzing some observations of the tripldCsystem

A made with the BTA telescope in 2004. The conclusions of this paper are summarized in a final section.

2. Statement of the problem

We assume that a series of measurements have yielded \Fo(ﬁudsj) of the fluxes from the observed object,

with i = 1,...mwhere m is the number of observations madejand,...n wheren is the number of wavelengths; within

the profile of the line being studied. In order to search for harmonic components of the variation of the line profiles let
us construct a set of centered time seﬁé&)\j )= F(t,)\,- )- IE()\,- ), where If()\j): [zin;lF(ti ,)\j)]/m is the average flux

at wavelength} | over the entire time of the observations. For the CCD matrices customarily used in flux measurements,
we can assume that the time serg,\,) and G(t,A,) are independent fok # 1 .
We assume that the functicﬁ(t,M) can be represented as a combination of harmonic components and white
noise:
L
G(t')\j):kzlAkCOS(ZTth"'q)k)"'O-NN , 1)
where A, v, and ¢, are, respectively, the amplitudes, frequencies, and phases of the harmonic components (which
depend on the chosen value »f), L is the number of harmonicf\ is a normally distributed random quantity with

zero mathematical expectation and unit dispersion,agpds the standard deviation of the white noise. Agt, = max(A, ),
with k=1, ...,L, be the maximum amplitude of the harmonic components.

We introduce the quantitgy = A./U, whereU=A_../N is a characteristic of the degree to which the noise
component contributes to the signal being studigds>1 corresponds to the case of a small contribution from the white

noise.
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Two problems can be formulated. The first is to identify the harmonic components at a given level of significance
g<<1 for the hypothesis of a strong peak in the noise component in the real series of observations. The second is the
same as the first, but for model time series on a time grid determined by the real series with model harmonic components
and with parameters for the harmonic components obtained by solving the first problem. In this case the solution of the
model problem should confirm the reliability of the isolation of harmonic components from the real series at a given level
of significance. This method has been described in more detail elsewhere [3]. In this paper we restrict ourselves to the

case where a single harmonic component is present in model time keriek).(
For the harmonic analysis we shall use the CLEAN Fourier-analysis algorithm [1] with a modification proposed

in Ref. 2.

3. Fourier analysis of model time series.

3.1. Short time series.Let us construct a model time series including a harmonic component with a period longer

than the length of the time series using the parameters for observations of the tripl®$tArwe made with the BTA
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Fig. 1. Periodograms (Fourier power spectra) of model time series with frequency
Vg = 5.96d™ (periodT, = 4.03 +), amplitudé = 1.0, and phas¢ = 5.5 with a step

size of AT =0.003d for N =40, 80, 160, and 320 points in the time series (smooth
curve) and the noise level corresponding to a significance d¢gw€el0’ for the
hypothesis that a strong white-noise peak is present in the periodogram (dotted
line). The overall durationt of the segments of the time series are indicated in
each frame. The arrows denote the exact value of the frequency of the model series.
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telescope in 2004 [4]. We shall assume that over the entire observatioh, tr@bservations are made with a constant
time AT between them. We tak& = 0.003 day = 4.3 min, which corresponds roughly to 334 observations over a day.
This value ofAT is equal to the interval between the successive spectral observations of the trifleistaon the BTA
in 2004. (See Section 5.)

Figure 1 shows the results of our analysis of model time series with frequgne$.96d™ (period T,=0.168d)
for N = 40, 80, 160, and 320.

The resolution of a periodogram is usually assumed to be equal {€]1/ Thus, from a formal standpoint the
minimum frequency which can be found by analyzing a time series segment of Teisgih-v ., =%/T . ForN = 40
the length of the time series Ts=0.12d, which yieldsv,,;, =8.3d™}. At the same time, it can be seen from Fig. 1 that
although the conditiorv >v ,;, is not satisfied, the frequency of the periodic component has been determined quite
accurately.

Note that for phases of the periodic component which differ from the vam®5 we have used (e.g., for
¢ 0[35]), the CLEAN method is able to resolve the harmonic component of the time serie$ wittd. We thereby
conclude that even for short segments of time series, shorter than the length of the harmonic component of the series,
for certain values of the phase of this component its frequency can be determined. This point is discussed in more detail
in Section 4.1 of this paper.

An improvement in the frequency resolution can be seen in Fig. 1 as the ratio of the serie§ tertgth period
T, increases. However, even for a short time seNes @0), the frequency of the harmonic component is found quite
accurately. Figure 2 compares the model and recovered (over a time inteéfval bfl d) time series. It can be seen

that even for time intervals far from the analyzed time series, the time shift of the recovered series is only 0.1-0.2 periods.

3.2. Analysis of series with very large gapsLet us analyze the results of a determination of the characteristics
of a time series for observations consisting of short (less than the [eridg) segments of series separated by long
intervals. We assume that the time series to be analyzed consists of a set of m short segments of [Engtiparated
by large intervals of duratiol\T >>T .
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Fig. 2. A comparison of the model series (without a contribution from a noise
componeni) and the series recovered from the first 40 (left) and 80 (right) points
of the model withA/N=5 over a time interval = 1.1 d. The parameters of the
model series are given in the caption to Fig. 1.
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Fig. 3. Same as Fig. 1, but for two sequenges ) of time points witiN = 40,
separated by intervals &T =5d and AT =24.3d.

Figure 3 shows the results of an analysis of these model time series withandN = 40 for interval durations
T =5d and 24.3 d using the CLEAN method. As the time interval between the observations increases, the lobe of the

periodogram corresponding to the given harmonic component becomes narrower.

4. Reliability function for time series

We now describe the method for constructing reliability plots for determination of the harmonic parameters of time
series following our earlier paper [3].

Suppose that applying the CLEAN algorithm to the time series being analyzed has yielded components with
parametersy, A°, andg. Let us construct a sequence of model time series with a fixed y&luef the amplitude of

the harmonic component and valuesvofand ¢ within the intervalsv ;, v <v,, and ¢ i, <9 <., chosen so as

min
to encompass all possible values\wofand ¢ for the given process. In particular, the valuesofie within the range
O<¢d<2m.

On the other hand, we restrict the frequencies of the harmonic component to the 'mtE[Ge(B,l(}. This
interval encompasses all the possible values for the harmonic components of the variations we are studying in the line
profiles of stars in early spectral classes associated with rotational modulation of the profiles and nonradial pulsations
(NRP) of these stars [5-12].

A model time series is analyzed for all values in the gvidb( using the CLEAN algorithm and parameters,

A", and ¢.D are found that may differ from the input parameters A°, and . We determine the errors in the

determination of the parameters of the model seigs= |v—vE|, AA=‘AO—AD , and A =‘¢ —¢D‘ :

We now choose an accuracy criterion for a determination of a given parameter that reduces to establishing the

maximum possible deviation between the exact and determined value of each of the parameters for the process being
analyzed. This is, it is assumed that if the errors in determining the parawiétesd’, and ¢.D of the found harmonic

component do not exceed the chosen maximum deviations, then this component is present in the process being analyzed.
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If, on the other hand, the error in determining even one of the parameters exceeds the maximum permissible, then it is
assumed that this harmonic component cannot be recovered on this time grid with a sufficient degree of accuracy.

We define three criteria for the accuracy of determining the parameters of a time series:
Criterion A: |v —VEI <0.1, |(A°—AD)/A°| <0.1 and ‘cl) —¢D‘ <0.1,

Criterion B: v-v <02, |(A°- A%)/ A% <02 and [p -9 <02,

Criterion C: ‘v —VD‘ <05, (AO— AD)/AO‘ <05 and ‘d) - ¢D‘ arbitrary.

Here A is the amplitude of the generated model series. Time is measured in days, frequde'ﬁc)arimi phase
¢ in radians. Criteria A and B make it possible to judge the frequency, amplitude, and phase of the unknown periodic
process with a fairly high degree of reliability, while criterion C only says that a periodic process is present in a given
time series, but that a reliable determination of the characteristics of this process requires further analysis and, possibly,
a larger number of points in the series to be analyzed.
Using these criteria for determining the accuracy with which the paramefers®, ande are determined, we

introduce the reliability functionR(v, 9, K,U,q), defined as

R, 6,K.U,q) = kriterion K satisfied,
4 %) kriterion K notsatifaed. )

The values of the reliability functiorR(v, ¢, K,U,q) depend on the choice of accuracy criterién the ratio
U=A/N, and the assumed significance legel

We now illustrate the use of the reliability function with the following example. Assume that the Fourier analysis

of some time serieB(t) has resolved a harmonic component with frequan@mplitude A°, and phase. If the value

of the reliability function R(v,$,K,U,q)=1, then we can regard this component as having been resolved in accordance
with the accuracy criteriof at a level of significance. If, on the other handR(v, ¢, K,U,q) =0, then we shall assume

that this component cannot be resolved with the given accuracy. Note, however, that this component might be detected
if a less rigorous accuracy criteridd, a larger ratio&/N, and (or) a higher level of significancewere specified.

The degree of reliability with which an unknown harmonic component is resolved from a time series at a given
level of accuracy is conveniently illustrated with the aid of reliability plots, which indicate the value of the function
R(v,®,K), q) as a function ofv ande. According to a comment in Ref. 2, it is also desirable to verify whether the
frequency of the found harmonic component lies at the maximum of a spectral window near which the reliability of the

determination of the parameters of this component decreases.

4.1. Reliability plots for short time series. Reliability plots for the time grids described in Section 3.1 and
accuracy criteria A, B, and C are shown in Fig. 4 for the model series with an added noise cofbrebt and
q = 10-7. The black regions of the figures indicate the rangesarfde for which the reliability functionR(v, ¢, K, q) =1.
Within those regions the parameters of the model series can be recovered with the specified accuracy.
The chosen value AA/N = 5 is typical for harmonic components of the variation of line profiles in the spectra
of hot stars [4,5,13]. It should, however, be noted that our calculations have shown that the values of the reliability

function only depend weakly on the rafidN as far asA/N =1, and only for smaller values of this ratio will the region

230



mna i

T g BT
A B
-
i My
[ a LS B
& ]
2 2
Srrrre e i %ryyrev il
i i | )
14 i 14
- ‘ LB
A
: W
4
2

FT vy e b Sy ey re i Yyryyrgw £

Fig. 4. Reliability plots for determining the parameteendo by
analyzing short time series. Charts A (upper row), B (middle row),
and C (bottom row). In each row the left chart corresponds to a time
series ofN = 40 uniformly distributed time readouts with
AT =0003d (Vpyi,=83d™"), the center chart, tt = 80
(Vmin = 4.2d™), and the right chart, t8= 160 @, = 2.1d™"). The
charts have been constructed for a level of significapeel0’
andA/N= 5.
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of (v,¢) for which R(v, ¢, K,q) =1 decrease sharply. WheN < 5 this region essentially disappears, which means that
it is impossible to resolve regular components from the segments of very noisy time series. Given the weak dependence
of the reliability function on the ratid/N for A/N =3-5, in the following we shall only consider reliability plots for
AIN=5.
Formally, the lower boundary of the range of frequencies of the harmonic components which can be resolved from

a time series of duratiofi is v, =1/T,d*, where T is measured in days. (See Section 3.1.) Substituting our values

of N = 40, 80, and 160 in this expression, we find, respectifeh@.12d, v . =8.3d™, T=0.24d, v, =4.2d}, and

min = min
T=0.48d, Vpp =2.1d".

At the same time, Fig. 4 shows that even when criteNids used along with a very low value @f 107, it is
possible to recover the parameters of a harmonic component specified on gritls=wit@, 80, and 160 with sufficient

accuracy in the regiow <v although only for selected values wiande. ForN = 40, the actual boundary of the

min
region in which the frequencies of harmonic components can be determimﬁ%‘ is6d?.

Note that, according to Section 3.1, the parameters of the harmonic component of the model tinTé=sé@ies (

\Y =5.96d'1) being analyzed there lie within the region where the reliability funcibn ¢,K,q)=1.

IncreasingN to N = 80 andN = 160 reduces the lower boundary of the frequencies of the harmonic components
which can be determined ts 2.5d* and =1.5d?, respectively, but does not eliminate the patchiness in the reliability
chart. This indicates that there are large ranges of the parametéry \fithin which the parameters of harmonic
components cannot be resolved in any way.

The presence of such forbidden regions oft() is related both to the forced centering of the time series and to
the extremely low value ofj=10" that we have used in constructing the reliability plot. A less rigorous criterion for
resolving a harmonic component (going from criterion A to criteria B and C) leads to the almost complete disappearance

of the lacunae in the reliability plots at frequenciesv ., for N =80. At the same time, for a short segment of a time

min

series withv >v even when criteria B and C are used the region within which the paramgter8Q() are reliably

min

determined remains extremely small.

4.2. Reliability plots for short segments of time series separated by long gapsgure 5 shows the reliability
plots for the time grids described in Section 3.2 with a large/gjap the accuracy criteria A, B, and C for model series,
a noise componerd/N = 5, andq=10". Our calculations show that adding white noise causes essentially no change
in the region of reliably determined parameters for the harmonic component compared to the case without a noise
component, A/N =,

It is clear from this figure that, although the rangevo$ where the parameters of the harmonic component can
be determined with a given accuracy is considerably greater than the same region for a time series consisting of a single
segment, the regions of undetermined parameter values remained very large. Note that adding an additional segment of
the series, although separated by a large gap, leads to reduction in the minimum frequency for which it is still possible

to resolve a model component in the model time series.
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Fig. 5. Reliability plots for determining the parameteand¢ for series

with a large gag ,, = 3d. Charts A (upper row), B (middle row), and C
(bottom row). In each row the left chart corresponds to a time series of
N = 40+40 uniformly distributed time readouts withT =0.003d,
separated by a gan, the center chart, th = 80 + 80, and the right
chart, toN = 160 + 160.g=10" andA/N = 5.
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5. Search for regular components of the variations in line profiles in the spectrum of the st&Ori A

We made spectral observations of the triple sysi€dni A as part of a program to search for rapidly varying line
profiles in the spectra of stars in the early spectral classes [5] on the night of January 10-11, 2004 on the 6-m telescope
at the Special Astrophysical Observatory. The NES quartz echelle spectrograph, fixed-mounted in the Naismith focus with
a 204&2048 pixel CCD detector (Uppsala CCD), was used. The characteristics of the measurements and the parameters
of the star are described elsewhere [4].

Over the entire observation time ef2"50™ 40 spectra of the stars were obtained with an exposure of 180 s.
Taking the readout time of the CCD into account, the time resolution was 260 s. The time interval between successive
spectra of the star was th®T =0.003d we have used in constructing the model time series.

The signal/noise ratio in a single pixel was 500 for the blue region of the sped&06Afand 800 for the red
(6000A). The CCD images of the echelle spectra were initially reduced using MIDAS. To study the variability in the
line profiles, the processed spectra were normalized to the continuum constructed in each echelle order. Difference profiles
(individual line profile minus the average profile) were constructed for resolving variable details of the line profiles. The
average profile was obtained using all 40 spectra Ofi A.

A preliminary analysis [4] of the spectra 6fOri A revealed the possible presence of a harmonic component with

a frequency ofv =5.9 d™ in the variations of thélell 14686, Heh4713,and H3 lines. In this section we examine the

V, km/s

Fig. 6. Dynamic spectra of the variations in thHlide profile in the spectrum

of 5 Ori A. (Left) unsmoothed variations in the profiles, (center) smoothed with

a gaussian filter of width 0.1 A, and (right) with a width of 0.2 A. The interval
between successive spectra was 4 min. The time axis (hours) is directed upward
and the radial velocities are in km/s. The dark regions in the figures correspond
to less bright portions compared to the average profile (valleys) and light
regions, to brighter portions (humps).
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reliability with which the harmonic component was resolved using the reliability function method described in Section
4. For greater reliability of the analysis, we concentrate on analyzing the variations if time lgrofiles, since these
variations were greatest for that line.

As an illustration, Fig. 6 shows some dynamic difference profiles of fhknkl in the spectrum o®% Ori A. The
deviations of the individual profiles from the average is shown in all the spectra by grey shading. For clarity the
wavelength scale has been converted into Doppler shifts from the line center. The left frame shows the original variations
in the profiles, while the center and right frames show the data as smoothed by gaussian filters \&f width and
0.2 A, respectively.

Regular variations in the profiles of the H line can be seen in these figures. The humps of the profiles (the light
regions in the density plot) shift from violet to the red wing of the profile. When the filter width is increased, théyegular
of the variations in the profile show up more distinctly.

In order to search for regular components of the variations in the profiles we have carried out a Fourier analysis
of the variability in line profiles in the spectrum &Ori A. A modification [2] of the CLEAN algorithm [1] was used

Nu Nu
H q =1le-4

Nu

HB q =1e-5

oo

()]

-200 0 200 -200 0 200 -200 0 200
V, km/s

Fig. 7. Fourier power spectra of the variations in tfdité profiles in
the spectrum ob Ori A for significance levelg=107-10".
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to remove false peaks from the Fourier spectrum.

Figure 7 shows contour plots of the square of the modulus of the amplitude of the Fourier transform (Fourier
spectra) for the Bl line with different significance levelg for the hypothesis that a strong peak is present in the
periodogram of the noise component of the time series. To each level of significance there is a corresponding value of
the numbequ of readouts in the periodogram such that the probability that the maximum value of the white noise in
the periodogram exceeds the Iebgl as well as the value of In constructing the density diagram for the Fourier power
spectrum, all values in the periodogram less ﬂdg‘irmorresponding to the significance lewglwere eliminated. Only
readouts of the periodogram significant at a layelre thereby included in the plots.

In addition, in constructing the periodograms we have only used those values of the frequamcieSoppler
shifts V for which the reliability functionR(v, ¢, K, q) =1, whereg is the phase of the harmonic component corresponding
to a given value oV.

A broad peak at frequency =5.9d™? can be seen in the figure. The large width of this peak is related to the
comparatively narrow resolution of the Fourier spectrum owing to the small duration of the observation period, as can
be seen clearly in Fig. 1. As q is reduchtgl, increases, while there is a reduction in the width of the peak in the

periodogram corresponding to the resolved harmonic component.

P=1v= 41 s greater than the duratioh = 2"50™ of the observations, so it cannot immediately be identified
with a period of regular variations in the profiles. Thus, we shall refer to this quantity as the quasi-period of the regular
variations in the profiles.

It is usually assumed that the accuracy with which a frequency of the harmonic component is determined is

Av =1T, which is greater thaw itself. At the same time, our analysis given above shows that when a harmonic

component with frequency =5.9d! is present in the time series being analyzed, for those frequencies and phases such
that the reliability functionR(v, ¢,K,q)=1, its frequency is determined with a greater accuracy corresponding to the
chosen criterionK .

As an additional argument in favor of the hypothesis that a harmonic component is present in the variations of
the line profiles, we note that the recovered time series well reproduces the behavior of the variation8 lime¢herdfile
in the real time series, as can be seen clearly in Fig. 8.

At present we can state that the variations in the difference profiles ofjtlineHn the spectrum af Ori A can

be approximated by segments of a sinusoid with frequere.9d™ and, therefore, a period dt =4"1, at least for
V =-200+100km/s. Figure 7 shows that raising the level of significasqdeom 10-7 to 10-2 leads to an increase in

the range of wavelengths (Doppler shifts) in thglide profile for which the possible presence of a harmonic component

with frequencyv = 5.9d™ can be revealed.
Proceeding from our study of the possibility of determining the parameters of a harmonic component of the
variation in line profiles foN = 40 (Fig. 4), it is obvious that these parameters can be found only within narrow ranges

of phase for the harmonic component (and the related ranges of Doppler shifts).

The absence in the Fourier spectrum of maxima associated with a harmonic component with a peﬂbcﬂomf
Doppler shiftsv different from those in Fig. 7 may not be a real effect, but be related to unfavorable values of the phases

of this component for Fourier analysis. Thus, we may reach a preliminary conclusion that this harmonic component may
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Fig. 8. A comparison of the original time series of the variations indHekel

profile in the spectrum @& Ori A (January 10/11, 2004) with the reconstructed
series obtained using the found parameters of the harmonic component and
U=4 in the range of Doppler shifts V = -142.5 to -135 km/s from the line
center.

appear in the variations of theg3Hine profiles in the spectrum &fOri A for all Doppler shifts relative to the line center.
Variations in the profiles with a phase of the harmonic component that changes continuously along the profile
are typical for the variability of profiles associated with nonradial photospheric pulsations of the star [14]. We have
previously [4] found that the variability of line profiles in the spectrumd ddri A is associated with a quadrupole
(I = 2) mode based on a wavelet spectrum analysis of variations in line profiles in the spectrum of this star. The present
studies provide additional evidence for this proposition.
In order to confirm the reality of the period found here, as well as the nature of the observed variations in the
line profiles suggested by the authors, it is proposed that spec&aOdf A be taken over 2-3 nights, which would

encompass 4-6 cycles of the nonradial pulsations.

6. Conclusion

The following conclusions follow from this study of the features of Fourier analysis with the CLEAN algorithm
of short time series, shorter than the period of a harmonic component in the series and time series consisting of short
segment of time series separated by large gaps, as well as from an analysis of spectral observations of the triple star
3 Ori A:

1. For certain values of the phases of the harmonic component of the time series being analyzed, it is possible
to determine its frequency, amplitude, and phase quite accurately based on a Fourier analysis of short segments of time
series with lengths shorter than the period of the harmonic component.

2. Fourier analysis of time series consisting of short segments (of length shorter than the period of the harmonic

component of the series) separated by long gaps revealed a substantial increase in the range of parameters over which
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the parameters of the harmonic component can be determined compared to analysis with just one short segment of the
series.

3. The K line profile in the spectrum af Ori A is variable with a variability amplitude of 0.5-1%. Evidence

has been obtained of a possible harmonic component with a periaadhofn the variations of the [line profile. This
component of the variations in thelHine profile may be related to quadrupole-motle= (2) nonradial photospheric

pulsations of stars in th& Ori A system.

This work was supported by RFFI grant Nos. 05-02-16995 and 06-02-17096 and a grant from the President of the
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