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Two-dimensional structure of accretion columns in the radiation-diffusion
limit is calculated for two possible geometries (filled and hollow cylinder) for
mass accretion rates Ṁ ranging from 1017 to 1.2× 1018 g s−1. The observed
spectral hardening in the transient X-ray pulsars with increasing Ṁ can be
reproduced by a Compton-saturated sidewall emission from optically thick
magnetized accretion columns with taking into account the emission reflected
from the neutron star atmosphere. At Ṁ above some critical value Ṁcr ∼ (6–
8)×1017 g s−1, the height of the column becomes such that the contribution
of the reflected component to the total emission starts decreasing, which
leads to the saturation and even slight decrease of the spectral hardness.
Hollow-cylinder columns have a smaller height than the filled-cylinder ones,
and the contribution of the reflected component in the total emission does
not virtually change with Ṁ (and hence the hardness of the continuum
monotonically increases) up to higher mass accretion rates than Ṁcr for the
filled columns.

1 Observations

After the discovery of X-ray pulsars in 1971 [1] it was realized that in bright
pulsars the radiation plays a crucial role in braking of the accreting matter onto
the surface of a neutron star with strong magnetic field. It is now well recognized
that once the radiation density above the polar cap starts playing the role in
the accreting matter dynamics, an optically thick accretion column above the
polar cap is formed [2] (see [3] for the latest investigation). The characteristic
height of the column increases with accretion rate, most of the emission escapes
through sidewalls, and it can be expected that above some X-ray luminosity the
dependence of the observed properties of the continuum emission on the X-ray
luminosity can become different from that in the low-luminosity regime.

Indeed, a similar bimodality is observed in the dependence of the X-ray
continuum hardness on luminosity. This dependence can be studied using,
for example, data from all-sky monitors such as RXTE/ASM and MAXI,
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i.e. without dedicated spectroscopic observations which are necessary to measure
CRSFs. Following this approach, we measured the hardness ratio as a function
of luminosity in the accreting pulsars GX 304–1, 4U 0115+63, V 0332+53,
EXO 2030+375, A 0535+26 and MXB 0656–072 using the data from different
energy bands of RXTE/ASM. The result is shown in Fig. 1. To convert the
ASM count rates into X-ray luminosities, we used published distances to the
sources (GX 304–1: ∼2 kpc [4]; 4U 0115+63: ∼7 kpc [5], V 0332+53: ∼7 kpc [6];
EXO 2030+375: ∼7 kpc [7]; A 0535+26: ∼2 kpc [8]; MXB 0656-072: ∼3.9 kpc [9])
and their broadband X-ray spectra from the archival pointed observations with
INTEGRAL and RXTE available to us. One can see that at lower fluxes the
hardness ratio increases with flux. At a certain flux, however, a flattening
of the hardness ratio is observed in 4U 0115+63, V 0332+53, EXO 2030+375,
A 0535+26 and MXB 0656–072. This “turnover” occurs at the flux roughly
corresponding to luminosities (3–7) × 1037 erg s−1. In GX 304–1, which does not
show such a turnover, this “critical” luminosity has simply not been reached
during the outbursts registered by RXTE/ASM.

A similar dependence of spectral properties on the X-ray flux at luminosities
below ∼1037 erg s−1 was also reported from spectroscopic observations of the
transient Be-X-ray pulsar GRO J1008-57 [10].
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Figure 1: The ratio of the fluxes in 5–12 keV and 1.33–3 keV ranges (referred to as
“hardness ratio” in text) measured with RXTE/ASM for six transient accreting pulsars
as a function of the total ASM flux in the 1.33–12 keV range.
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2 Numerical simulations of accretion column
in radiation-diffusion approximation

2.1 Boundary conditions

We introduce cylindrical coordinates r, ϕ, z centered at the columns axis and
z = 0 at the neutron star surface. The initial velocity of the falling matter
at high altitude above the surface of the neutron star is v0 = 1010 cm s−1. At
the cylinder base (z = 0), the velocity is v = 0. As a boundary condition at
the column side surface we used the relation between the radial energy flux
and the energy density U in the form Fr(r0, z) = 2cU(r0, z)/3, which roughly
corresponds to the conditions expected in the scattering atmospheres in the
Eddington approximation.

2.2 Basic equations

The cylindrical symmetry of the problem makes it essentially two-dimensional.
The steady-state momentum equation (ignoring gravity, which is very good
approximation as discussed, e.g., in [2]) for accretion braking by the radiation
with energy density U reads (S · ∇)v = −1

3∇U . The mass continuity equation is
S = ρv = const. The integration of momentum equation yields

U = 3S(v0 − v). (1)

Following [11], the energy equation can be written as

∇ · F = −S · ∇
(
v2

2

)
, (2)

where we has neglected the flow of internal energy of the falling matter.

The radiative transfer equation for the components of the radiation energy
flux in cylindrical coordinates yields

Fr =
− c

3κ⊥ρ
∂U
∂r

1 + 1
3κ⊥ρ

1
U

∣∣∂U
∂r

∣∣ , Fz =
− c

3κ‖ρ
∂U
∂z − 4

3Uv

1 + 1
3κ‖ρ

1
U

∣∣∂U
∂z

∣∣ , (3)

where the denominators are introduced to use the modified diffusion appro-
ximation [12].

The system of equations (1)–(3) was solved numerically for accretion rates onto
one pole in the range 1017–1.2× 1018 g s−1for the geometry of filled cylinder with
radius r0 and the hollow cylinder with wall thickness 0.1r0 (see [13] for details).
The column structure at different accretion rates is shown in Fig. 2.
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Figure 2: Contours of constant Q (0.9 to 0.1, from top to bottom). The hollow cylinder
geometry calculated for Ṁ17 = 1 (a) and Ṁ17 = 5 (b). The filled cylinder geometry for
Ṁ17 = 1 (c) and Ṁ17 = 5 (d).

3 Hardness ratio variations

3.1 Saturated Compton spectrum of sidewall emission

The LTE treatment of the spectrum of the sidewall emission from accretion
columns is clearly a strong oversimplification. To take into account the scattering
on electrons in the optically thin boundary of the column, we can use the model
calculations of the radiation transfer problem in a semi-infinite plane-parallel
atmosphere with strong magnetic field. In this case the emerging spectrum will be
formed in the saturated Compton regime, with the mode 1 photons (extraordinary,
i.e. polarized perpendicular to the k−B-plane, where k is the photon wavevector
and B is the magnetic field vector) predominantly escaping through sidewalls [14].
The intensity of mode 2 (ordinary, i.e. polarized in the k −B plane) photons is
comparable to that of mode 1 photons only at large angles to the normal, µ′ ∼ 0,
and thus insignificantly contributes to the total flux from the unit surface area
due to the geometrical factor.

In this regime, the specific intensity of extraordinary photons at energies far

below the cyclotron resonance can be written as I ′ν = (1 + 2µ′)2
√

3
5

hνν2g
c2τ0

e−
hν
kT [14],

where µ′ = cos θ′ is the angle between the normal to the atmosphere and the
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escaping radiation direction in the plasma reference frame, τ0 is the characteristic
optical depth of the problem, νg = eB

2πmec
is the electron gyrofrequency in the

magnetic field. By expressing the characteristic optical depth τ0 through the
emergent radiation flux Φ using (34)–(37) from [14], we find

Iν =
I ′ν

1 + 2µ′
=

3

10π

(
hν

kT

)2 Φ

ν
e−

hν
kT . (4)

Therefore, we are in the position to calculate the emerging spectrum from
the column in this approximation using the solutions for the column structure
obtained above. To do this, it is sufficient to substitute the total radial energy
flux at each height of the column Φ → Fr(z)/2 (Fr(z) in Eq. (3) is known from
our numerical calculations), and temperature T → T (z) estimated deep inside the
column (at the optical depth ∼1), so that T (z) = (U(z)/ar)

1/4.

3.2 Account for the reflected component

Now we should take into account the fact that the electrons in the optically
thin part of the column are moving with high velocity v0 ∼ 1/3c, and thus the
emission beam of the column (4) should be Doppler-boosted towards the neutron
star surface and reflected from the neutron star atmosphere, as discussed in [15]
and [16]. The reflection coefficient in the case of single Compton electron scattering
in strong magnetic field is determined by the ratio λ(ν) = κsc/(κsc + κabs), where
κsc and κabs are the scattering and absorption coefficients for photons in the
strong magnetic field, respectively. Since the calculated X-ray albedo turns out
to be very similar for both extraordinary and ordinary photons and is virtually
insensitive to the photon incident angle to the magnetic field, below we shall use
its mode-averaged value for the angle π/4.

Let α be the angle between the photon wavevector and the plasma bulk velocity
vector. The critical value α∗ within which the radiation from the height z will be
intercepted by the neutron star (in the Schwarzschild metric and with taking into
account the difference between the polar axis and the column cylinder side) is

α∗(z) = arcsin

 RNS√
(RNS+z)2+r2

0

√
1− rS/

√
(RNS+z)2+r2

0

1− rS/RNS

− arctan
r0

RNS+z
,

where rS = 2GM/c2 is the Schwarzschild radius (cf. [16]).

Let Σ be the surface of the column, Σ′(ϕ, z) be a point on the surface
and dΣ = r0dϕdz be the elementary area. The flux from the surface element
at frequency ν (in conventional notations) reads fν(Σ′) = dE(Σ′)/(dtdνdΣ) and
can be separated into three parts in accordance to the angle relative to the
observer. Photons escaping with angles α > α∗ to the column are directly seen
as the proper column radiation f colν . The second part includes the radiation f refν

intercepted by the neutron star and reflected from the neutron star surface with
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X-ray albedo λ(ν). The third part fabsν is the radiation absorbed and re-radiated
by the neutron star atmosphere. Then we can write

fν(Σ′) =

1∫
−1

dfν(Σ′)
d cosα

d cosα

=

cosα∗∫
−1

dfν(Σ′)
d cosα

d cosα+ λ(ν)

1∫
cosα∗

dfν(Σ′)
d cosα

d cosα+ (1−λ(ν))

1∫
cosα∗

dfν(Σ′)
d cosα

d cosα

= f colν (Σ′) + f refν (Σ′) + fabsν (Σ′).
(5)

The integrands [16] in the cylindrical coordinates with account for the axial
symmetry (Iν(Σ′) = Iν(z), giving by (4)) have the form

dfν(Σ′)
d cosα

= Iν(z)
2D3

γ
sinα

(
1 +

πD

2
sinα

)
,

where the Doppler factor is D = 1/(γ(1 − β cosα)), γ = 1/
√

1− β2 is the
plasma Lorentz factor and β = v/c. Then for the total radiation from the column
at frequency ν we obtain

Lν =

∫∫
Σ

fν(Σ′)dΣ = 2πr0

zmax∫
0

(
f colν (z) + f refν (z) + fabsν (z)

)
dz

= Lcolν + Lrefν + Labsν ,

(6)

where zmax is the upper limit of the computational area. The observed X-ray flux
from one column is Fν = (Lcolν + Lrefν )/(4πd2), where d is the distance to the
source. For the illustrative purposes, we assume d = 5 kpc. Taking into account
the radiation absorbed by the neutron star atmosphere Labsν will add more soft
photons to the total spectrum.

Since we are observing both the direct and reflected radiation from the column,
the total change in the hardness of the spectrum depends on the fraction of
the reflected radiation in the total flux. This, in turn, depends on the height
of the column. We have calculated the total flux as the sum of the direct and
reflected component as a function of Ṁ with taking into account the photon ray
propagation in the Schwarzschild metric of the neutron star with a fiducial mass
M = 1.5M� and radius R = 10 and 13 km. The magnetic field of the neutron
star is set to 3 × 1012 G, so that the CRSF energy is about 35 keV. The result
is presented in Fig. 3. It is seen that the hardness ratio

HR =

12 keV∫
5 keV

Fνdν

/ 3 keV∫
1.3 keV

Fνdν
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Figure 3: Left: the total spectrum of direct sidewall and reflected from the neutron
star atmosphere from the optically thick filled accretion column for mass accretion rates
Ṁ17 = 2, 3, 5, 8 and 12 (from bottom to up, respectively). Right: the hardness ratio HR
of the total spectrum. Shown are calculations for the neutron star radius RNS = 10 km
(squares) and RNS = 13 km (circles).

first increases with the mass accretion rate (X-ray luminosity), but starting from
Ṁcr ∼ (6−8)×1017 g s−1, it gets saturated. This is in agreement with observations
shown in Fig. 1.

For the hollow cylinder accretion columns which have smaller height
(see Fig. 2), the fraction of the reflected component in the total emission does not
virtually change with mass accretion rate within the calculated range, therefore
the hardness ratio of the total spectrum monotonically increases with Ṁ in this
range. Note also that in this case the spectrum is harder than in the case
of the filled column because the reflected (harder) emission dominates in the
total spectrum.

4 Summary and conclusions

Therefore, our model calculations lead to the following conclusions:

1. The spectral hardening in X-ray pulsars with positive CRSF energy dependence
on X-ray flux can be explained by increasing of the Comptonization parameter
y in the slab atmosphere of the accretion mound. It is in this regime
that positive correlation of the cyclotron line is observed, for example, in
Her X-1 [17].

2. At high accretion rates, the radiation-supported optically thick accretion
column grows above the polar cap, the sidewall emission from the column
is formed by extraordinary photons in the saturated Compton regime. The
spectrum of this emission gets harder with increasing mass accretion rate.

3. With further increasing mass accretion rate the height of the column increases,
such that the fraction of radiation reflected from the neutron star atmosphere
starts decreasing. As the reflected radiation is harder than the incident one,
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the spectrum of the total emission (direct plus reflected) stops hardening (and
even becomes slightly softer).

4. In the frame of this model, the saturation of the spectral hardness in the
case of a hollow cylinder geometry of the accretion column can be achieved
at much higher accretion rates (roughly, scaled with the relative thickness of
the column wall, b), because the characteristic height of the column in this case
is correspondingly smaller than that of the filled column.
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