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Preface

This book contains the peer-reviewed extended abstracts of the 9th International Conference on Electro-
magnetic and Light Scattering by Non-Spherical Particles. The host of the Conference is the Sobolev As-
tronomical Institute of St. Petersburg University.

The conference is part of two series of conferences started in 1995 (Amsterdam) and 1996 (Bremen).
This is internationally recognized conference that covers all aspects of single and multiple light scattering
with special emphasis on scattering by non-spherical and heterogeneous particles.

The aim of the series of conferences is to bring together experts in theory, computations, experiments
and those working on specific applications (astronomical, geophysical, environmental, material science), to
foster collaborations.

The book includes 72 accepted contributions. The Conference proceedings will be published in a special
issue of the Journal of Quantitative Spectroscopy and Radiative Transfer (JQSRT).

I am very thankful for all the referees for carefully reviewing, and to all contributors for their assistance
during the edition of this book, especially for preparation the manuscripts in TEX.

Nikolai Voshchinnikov
(Editor)
May 14, 2006
St. Petersburg
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Far-field analysis of surfaces containing nano-contaminants on microstructures 3

Vladimir V. Berdnik, Victor A. Babenko, and Valery A. Loiko,
Light scattering by ensemble of correlated two-layered particles 7

Sergey Bondarenko, Yuriy Shkuratov, Gorden Videen, Hester Volten, and Olga Muñoz,
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Far-field analysis of surfaces containing microstructures with
nano-contaminants

P. Albella, F. Moreno, J. M. Saiz, and F. González

Grupo de Óptica. Departamento de Fı́sica Aplicada. Universidad de Cantabria
Avda. de los Castros SN, 39005 Santander, Spain

tel: +34 942 201868, fax: +34 942 201402, e-mail: albellap@unican.es

Abstract

Particles or structures of size comparable to the incident wavelength and located on flat sub-
strates may hold much smaller defects, whose detection and characterization is numerically
analyzed. For metallic scattering systems, calculations based on the Extinction Theorem of
the physical optics show that geometrical information about the defect can be obtained by
partially integrating the backscattering patterns.

1 Introduction

In previous works, the authors of this research have extensively studied light scattering by particles on
substrates from both numerical and experimental points of view [1]. Here, a modification of such system
is proposed by introducing a very small defect onto the well characterized regular shape scattering object,
representing either a contaminant or a growing nano-structure. From a practical point of view, detection and
sizing of very small defects on microstructures located over substrates by some reliable and non-invasive
method, could be useful in quality control technology and in nano-scale monitoring processes. In this context
the objective of this work is to present a detailed numerical study of the scattering (specially backscattering)
pattern distortions produced by the presence of nanometric-scale defects on the surface of microstructures of
size comparable to the incident wavelength and located on flat conducting substrates. In order to characterize
the defects from the scattering pattern analysis, the authors propose the use of methods based on the study
of the asymmetry introduced in the patterns by these defects.

2 Theory and Results

The scattering system is 2D (Fig. 1) and consists of an infinite cylinder with a defect in the form of a gaussian
bump and resting on a flat substrate. This system is illuminated by a monochromatic Gaussian beam of
wavelength λ and width 2ω0, linearly polarized perpendicular to the plane of incidence (S-polarized).

The scattered field is obtained by numerically solving the Maxwell’s integral equations through the Ex-
tinction Theorem formulation applied to the 2D geometry [2]. 2D geometries do not restrict the physical
understanding of the proposed electromagnetic problem and they have the advantage of ensuring the pos-
sibility of having a partition small enough as to get convergent results while limiting the computing time.
Several geometries may be proposed. The simplest is the completely homogeneous system, where the sub-
strate, cylinder and defect have all the same refractive index. An heterogeneous system is, for instance, that
of a cylinder with a single defect of different optical properties.
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Figure 1 shows the system geometry and the main parameters of the problem, like the angular position
of the defect, ϕ. Note that for the backscattering configuration θs = −θi.

Figure 1: System geometry.

One of our interests is to show how the backscattering pattern corresponding to a perfect conducting
cylinder of D = 2λ, changes when the defect size, form and position are changed, and also try to find some
link between them. Figure 2a shows how the backscattering pattern changes when a small defect (h = 0.2λ)
is present on the cylinder.

Figure 2: (a) shows the backscattered intensity vs the incident angle θi, for a cylinder size, D = 2λ with
a defect of height 0.2λ and width 0.16λ. (b) shows σbr vs defect position for three defect heights, h =

0.1, 0.15, 0.2λ and width 0.16λ.

Because the symmetry in the backscattering patterns is, to some extent, lost, we have introduced a new
parameter, σbr to account for these relative variations. It is defined as,

σ±br =
σ±b − σ±b0

σ±b0
=
σ±b
σ±b0
− 1 (1)

where σ±b is the backscattering intensity integrated over either the positive (0◦ to 90◦) or the negative (0◦ to
−90◦) quadrant. Subscript 0 stands for the perfect cylinder configuration (no defect).
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This parameter shows an oscillating behavior as a function of the angular position of the defect (Fig. 2b).
It has been observed that the amplitude of the oscillations at its maximum and minimum values is directly
related to the defect absolute size and position. Given the strong connection between cylinder and sphere
in this scattering plane, these results suggest that the measurement of σbr could be used for surface control
purposes.

Similar results for different systems, materials (either conductors or dielectrics), defect forms and sizes
have been obtained, as well as for different types of heterogeneous systems.

Acknowledgments
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Light scattering by ensemble of correlated two-layered particles

Vladimir V. Berdnik,1 Victor A. Babenko,2 and Valery A. Loiko2

1Institute of Aerospace Instrument-Making, Lipatov str., 2, 420075, Kazan, Russia
2B.I. Stepanov Institute of Physics, F.Scaryna avenue, 68, 220072, Minsk, Belarus
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Abstract

Scattering of light by an ensemble of spatially-correlated spherical concentric two-layered
particles is investigated. It has been shown that anomalously drastic spectral dependence
of scattering index can be implemented for a system of small non-absorbing two-layered
particles. Spatial correlation in the arrangement of particles can result in manifestation of
a darkening effect and enhancement of the anomalous dependence of scattering index on
wavelength.

1 Introduction

Process of interaction of radiation with natural and artificial systems of densely packed and spatially-
correlated particles is of great interest due to its practical importance for the problems of astrophysics,
medicine, optoelectronics etc. In particular, the problem of the anomalous scattering of light by opal glasses
draws attention [1–3]. The scattering occurs on an ensemble of spherical particles. The size of particles is
much less than the wavelength of visual light, the relative refractive index of particles is close to unity. The
volume concentration of particles is typically small.

The phenomenon of the anomalous scattering in opal glasses is observed. At the anomalous scattering in
opal glasses an index of the power function describing dependence of extinction coefficient on wavelength
has a high value. According to the experimental data it can be equal eight–nine, while under the theory of
light scattering by a homogeneous spherical particle this index does not exceed four. The phase function at
the anomalous scattering regime implementation is stretched in the back direction.

To explain the phenomenon of the anomalous scattering the two approaches are proposed [1–3]. One of
them is based on a model of inhomogeneous (two-layered) particle. The dipole moment of such a particle
can be equal to zero and the scattering is determined by the quadrupole and other higher moments. At the
other approach it is supposed, that the particles are homogeneous and partially ordered. Analysis of the
dependence of scattering index on the wavelength was carried out in a limited range of particle parameters.
It has not allowed explaining the features of scattering by an ensemble of two-layered spatially correlated
particles.

In the present study the modeling of the anomalous scattering by the ensemble of correlated concentric
two-layered spherical particles and analysis of features of light scattering depending on parameters and
concentration of particles are carried out.

2 Basic relations

Let us consider a system of concentric non-absorbing two-layered spherical particles located in a homoge-
neous non-absorbing medium with a refractive index nm. The particles consist of a spherical homogeneous
core of radius Rc with the refractive index npc, enveloped by the spherically symmetric homogeneous shell
of radius Rs with the refractive index nps. Indicate the relative refractive indexes of the core and shell as
nc = npc/nm and ns = nps/nm, respectively.
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For sake of convenience of the numerical results presentation, we used the mean value of the relative
refractive index of particle na

na = nc

(
Rc

Rs

)3

+ ns

1 −
(
Rc

Rs

)3 . (1)

To calculate characteristics of scattering for a separate concentric two-layered particle we used the algo-
rithms described in [4]. To calculate the characteristics of scattering for ensemble of correlated particles the
interference approximation is used [5]. Under this approximation, the equations for the differential scattering
coefficient and the scattering coefficient can be written in the form

σh(γ) = wσ0l pl(γ)S 3(γ,w), (2)

σh = wσ0lu(Rs,w). (3)

Here

u(Rs,w) =

π∫

0

pl(γ)S 3(γ,w) sin γdγ, (4)

w = Nv/V is the volume concentration of particles of radius Rs; v = 4
3πR3

s is the volume of spherical particle
of radius Rs; N is the number of particles in volume V; σh(γ) is the differential scattering coefficient of a
medium; γ is the scattering angle; σ0l = Σs/v; Σs is the cross-section of scattering of a separate particle;

pl(γ) is the phase function of a separate particle, normalized by the condition:
π∫

0
pl(γ) sin γdγ = 1.

The structure factor S 3(γ,w) takes into account the interference of light in the system of correlated
scatterers. We described spatial distribution of particles of radius Rs by the Percus-Yevick approximation
for a system of hard spheres [6].

Parameter u(Rp,wc) characterizes the degree of particle interaction. The distinction of that parameter
from unity determines the degree of particle correlation. The dependence of u on radius Rs and refractive
index ns at na = 1 and Rc/Rs = 0.5 is shown in Fig. 1. The value of nc is determined by Eq. (1). The results
of calculations show, that under some characteristics of particles the value of u can be more than unity. It
means that the darkening effect takes place [7].

3 Results of calculations

Using the above equations, the spectral dependences of scattering index of non-absorbing particles σh(λ)
and the average cosine of the scattering angle g have been calculated.

σh(λ) = wσ0l(λ)u(Rs,w), (5)

g =

π∫

0

ph(γ) cos γ sin γdγ. (6)

Here ph(γ) is a phase function of an ensemble of particles; λ is the wavelength in a medium.
Spectral dependence of scattering index σh(λ) at weak dispersion of the relative refractive indexes of the

two-layered particle can be approximated by the power function

σh(λ) = Cλ−p, (7)
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Figure 1: Dependence of u on Rs/λ and ns at Rc/Rs = 0.5, λ = 0.5mm, na = 1, w = 0.4.

where C is the constant, p is the index. As it follows from Eq. (7)

p =
d(lnσh)
d(ln λ)

. (8)

The dependence of index p on wavelength λ and the mean value of relative refractive index of particle na

is presented in Fig. 2. Depending on na the value of p → 4 from the top or from the bottom. The results of
Fig. 2 are obtained at the volume concentration w = 0.4. Maximum value of parameter p in this case is close
to twenty. With the increasing of particle concentration, parameter p increases as well.

Calculations show, that the parameter p can accomplish the values distinctly more than four even at
a small concentration (weak correlation) of concentric two-layered particles. For example, at w = 0.05
parameter p can be close to seven.

4 Conclusion

The light scattering by the ensemble of small concentric two-layered spherical non-absorbing particles has
been investigated. To take into account the correlation of spatial distribution of particles the interference
approach was used. The possibility of the anomalous scattering regime implementation at small volume
concentration of particles is shown. The increasing of concentration leads to increasing of index of the
power function describing spectral dependence of scattered light.

The results explain the anomalous light scattering by the ensemble of correlated two-layered particles.
They can be used to solve the inverse problem of light scattering in the opal glasses.

Acknowledgments
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Figure 2: Dependence of p on λ/Rs and na at Rs = 0.13mm, Rc/Rs = 0.5, w = 0.4, ns = 0.95(a), 1.05(b).
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Photopolarimetry of particulate surfaces and particles in air-stream
at large phase angles

Sergey Bondarenko,1 Yuriy Shkuratov,1 Gorden Videen,2 Hester Volten,3 and Olga Muñoz4
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Abstract

We present first results of our photometric and polarimetric laboratory measurements of
particulate surfaces with different degree of compressing and particles in air-stream at a
phase angle range, from 7◦to 150◦. Two samples of natural materials, feldspar and red clay,
with different albedo and particle sizes were measured in blue light (λ = 0.44 µm) us-
ing two different instruments: Kharkov’s large-phase-angle photopolarimeter (for surfaces)
and Amsterdam’s instrument (for particles in air-stream). Our preliminary data show that
the maximum of positive polarization which is observed for particulate surfaces at large
phase angles is mainly due to contribution of single particle scattering. Increasing of the
polarization degree at large phase angles with increasing compression is observed.

1 Introduction

Polarimetric laboratory measurements at large phase angles are important for the development of remote-
sensing research of atmosphereless celestial bodies [1]. In particular, they allow one to estimate contributions
of single and multiple scattering to the formation of the positive polarization maximum. This also gives a
good opportunity to verify the applicability of the classical radiative transfer theory [2, 3] to calculate light
scattering by particulate surfaces like planetary regoliths. Experimental comparison of scattering properties
of representative particles in air-stream and corresponding particulate surfaces has been carried out with
the equipment at Kharkov National University (scattering measurements of surfaces), and the equipment
located at the University of Amsterdam (scattering measurements of particles in air-stream). In our paper
[4], we compare the light scattering measurements for the range of small phase angles, 7◦– 17◦, that is
common for both the Amsterdam instrument and the Kharkov small-phase-angle photometer/polarimeter.
Then, we carried out measurements in the common range 7◦– 60◦ [5] for the Amsterdam instrument and
the Kharkov large-phase-angle photometer/polarimeter. The measurements for the ranges 7◦– 17◦and 7◦–
60◦were done at so-called standard viewing/illuminating geometry when samples are observed from the
direction perpendicular to the sample surface. All these measurements allow a direct comparison of the
phase curves of intensity and the linear polarization degree of particles in air-stream and surfaces of the same
particles, showing that the backscattering effect of particulate surfaces is partially due to the contribution of
single scattering. In addition it was shown that the negative polarization of the surfaces is a remnant of the
negative polarization of the single scattering by the particles that constitute the surfaces. In this paper we
continue the described comparison using much wider common range of phase angles, 7◦– 150◦. This range
includes the positive polarization maximum.
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2 Instrument and samples

The Kharkov instrument allows us to measure phase curves of intensity and linear polarization degree for
powdered samples illuminated by unpolarized light. An image of the instrument is shown in Fig. 1. In this
paper we study samples in one spectral band with λeff = 0.44 µm (the bandwidth is approximately 10%).
Our polarimetric measurements have an accuracy of about 0.05%. The measurements were made when the
optical axis of the receiver containing a photomultiplier was deflected by 70◦relatively to the normal to the
sample surface (see Fig. 1). Rotation of the arm with the light source (a lamp, 20 W) can provide reliable
phase-angle measurements in the range 2◦– 150◦. The size of the powdery samples is near 20 mm. The
thickness of the samples is about 3 – 4 mm, which provides good approximation of a semi-infinite medium.
The samples were formed without and with compacting to study the influence of surface compression on
scattering properties. Albedo of the samples was determined at a phase angle of 2◦with respect to Halon [6].

Figure 1: General view of the Kharkov large-phase-angle photometer/polarimeter.

The Amsterdam light scattering setup for measurements of particles in air-stream allows us to measure
all 16 elements of the scattering matrix as a function of the scattering angle of ensembles of randomly ori-
ented particles under single-scattering conditions. The instrument allows measurements in the phase angle
range from 7◦to 175◦. A detailed description of the setup is given in [7, 8]. In this paper, we consider two
elements of the scattering matrix: the scattered intensity, F11and the degree of linear polarization for unpo-
larized incident light, – F12/F11. The measurements are carried out with a HeCd laser (0.442µm, 40 mW)
as a light source. The laser light is scattered by the ensemble of randomly oriented particles located in a jet
stream produced by an aerosol generator. The scattered light is detected with a photomultiplier that moves
along a circular ring in the center of which the particle stream is located. We compare the phase functions
obtained with both setups for two samples feldspar and red clay.
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3 Results and discussion

Results of our measurements are presented in Fig. 2. All samples show positive polarization branches with
maximum at large phase angles. For the surfaces the branches qualitatively resemble those of single par-
ticles, suggesting that for the surfaces the polarimetric “signal” is dominated by single-particle scattering.
We note that single particle branches have higher values of maxima which are located at smaller phase an-
gles than those of surfaces. This difference can be related to multiple scattering in the particulate surfaces.
Prominent differences are observed for polarimetric curves of compressed and uncompressed samples. The
compression was made with a glass plate. At this the sample porosity decreased almost in two times and
sample microtopography became much smoother. After compressing the polarimetric curves have much
more prominent maximum shifting to larger phase angles [9]. All the surfaces also reveal a prominent
backscattering effect. The brightness phase curves of the surfaces and single particles almost coincide with
each other at small phase angles, less than 20◦. Noticeable differences are observed between the curves at
large phase angles. As expected, single particles reveal significant forward scattering that is suppressed in
media by multiple scattering, especially in case of uncompressed samples.

Figure 2: Photometric and polarimetric phase curves for particulate surfaces (compressed and uncom-
pressed) and particles in air-stream measured at λ = 0.44 µm for feldspar and red clay powders. The intensity
is normalized to unity at the phase angle 10◦.

4 Conclusion

Photometric and polarimetric laboratory measurements of particulate surfaces with different degree of com-
pression and particles in air-stream at the large phase angle range from 7◦to 150◦, carrying out in blue light
(λ = 0.44 µm) with two different instruments: Kharkov’s large-phase-angle photopolarimeter (for surfaces)
and Amsterdam’s equipment (for particles in air), show that the maximum of positive polarization which is
observed for particulate surfaces at large phase angles is formed mainly due to contribution of single particle
scattering. Single particles reveal significant forward scattering which is suppressed in particulate surfaces
by multiple scattering. We observed an increase of polarization degree at large phase angles when increasing
compression.



14 Ninth Conference on Light Scattering by Nonspherical Particles

Acknowledgement

This work was partially supported by the Army Research Laboratory under the auspices of the U.S. Army
Research Office Scientific Services Program administered by Battelle (Delivery Order 0783, Contract No.
DAAD19-02-D-0001). In addition the study was supported by CRDF grant UKP2-2614-KH-04.

References

[1] Yu. Shkuratov, N. Opanasenko, E. Zubko, C. Pieters, G. Videen, and A. Opanasenko, “Polarimetry of
the lunar surface at large phase angles,” this volume, 247–250.

[2] B. Hapke, Theory of reflectance and emittance spectroscopy, (Cambridge Univ. Press. 450 p. 1993).

[3] M. Mishchenko, J. Dlugach, E. Yanovitskij, and N. Zakharova, “Bidirectional reflectance of flat, opti-
cally thick particulate layers: an efficient radiative transfer solution and applications to snow and soil
surface,” JQSRT 63, 409–432 (1999).

[4] Yu. Shkuratov, A. Ovcharenko, E. Zubko, H. Volten, O. Muños, and G. Videen, “The negative polariza-
tion of light scattered from particulate surfaces and of independently scattering particles,” JQSRT 88,
267–284 (2004).

[5] Yu. Shkuratov, S. Bondarenko, A. Ovcharenko, C. Pieters, T. Hiroi, H. Volten, O. Muñoz, and G. Videen,
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Abstract

Phase functions for randomly oriented ice crystal particles of cirrus clouds are calculated
as a series relative to multiplicity of internal collisions of light inside the crystals. It is
shown that the angular functions of this series are similar independently of crystal shapes,
and the coefficients of the series are mainly informative about the shapes. Prevailing role of
the term corresponding to one internal collision is emphasized. Three numbers describing
a distribution of the single-collision scattered light among the aureole and the halos of 22◦

and 46◦ prove to be the basic parameters to characterize scattering by cirrus clouds.

1 Introduction

Calculation of radiative properties of cirrus clouds consisting mainly of ice crystal particles is a challeng-
ing problem of the up-to-date atmospheric optics. These calculations are needed for interpretation of the
data obtained by various remote sensing techniques including space-borne radiometers and ground-based
lidars, for incorporation in contemporary numerical climate models, etc. The problem of light scattering by
one ice crystal particle of a given shape and orientation is solved numerically within the geometric optics
approximation by one of the ray-tracing codes [1–4] since these crystal particles are essentially larger than
wavelengths. In this way, a predominant part of computer resources is spent for an averaging of the solution
over particle orientations. Here, the particle orientations are usually assumed to be random, i.e. uniformly
distributed. We emphasize that the geometric optics approximation is a quite reliable basis for a numeri-
cal study of the problem. The wave phenomenon like diffraction and interference can be readily included
afterwards if needed [4].

However, the direct calculations of the scattering matrices for ensembles of ice crystal particles with
various shapes, sizes, and orientations meet two difficulties. First, if a crystal shape differs from the simplest
one like, for example, the hexagonal column or plate, the calculation of the scattering matrix is costly and
complicated. Second, our knowledge of shape distributions for ice crystals in cirrus clouds is, as a rule, quite
poor. Therefore, instead of the direct calculations, a statistical approach to the problem of light scattering by
cirrus clouds looks to be more promising.

2 Statistical approach

A basis for our statistical approach is the expansion of the phase function p(θ) for a randomly oriented ice
crystal particle relative to multiplicity m of the internal reflections inside the particle

p(θ) =

∞∑

m=0

am pm(θ), where
∞∑

m=0

am = 1 and 2π
∫ π

0
pm(θ)sinθdθ = 1 . (1)

Here, θ is the angle between the incident and scattering directions, pm(θ) is the partial phase function.
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By use of a ray-tracing code, the series (1) is easy obtained numerically in the course of the averaging
procedure over crystal orientations. Equation (1) permits a simple and clear physical interpretation. Let us
treat the light as a lot of photons in the same manner as they are treated, for example, in the radiative transfer
theory [5]. The photons propagate along straight lines as long as they collide with a facet. Any collision either
reflects or refracts the photon. The number m in Eq. (1) is interpreted as a number of internal collisions. Thus,
am means a probability for every photon hitting a crystal to abandon it after m internal collisions. The case
m = 0 corresponds to immediate reflection from any facet without penetration inside the particle. Then, for
example, the case m = 2 means refraction by the first facet, reflection by the second facet, and refraction by
and exit from the third facet, etc. The partial phase function pm describes the probability density to exit the
particle at the scattering angle θ after m internal collisions.

Since the physical reason for creating photons with the given multiplicity m is the same for any crystal
shape, the partial phase functions pm(θ) should be the similar functions for randomly oriented crystals, and
they should be weakly dependent on crystal shapes. Indeed, as for the photons with m = 0, it can be easy
proven that reflection from any convex randomly oriented particle does not depend on particle shape. These
photons exactly correspond to reflection from a sphere, and the function p0(θ) is determined by the Fresnel
reflection coefficients for a plane surface. For the assumed refractive index of 1.31, the calculated probability
a0 is equal to 6.29%, and the value a0 p0(θ) is shown in Fig. 1a.

Figure 1: a) phase function for a randomly oriented hexagonal ice plate (Q = height/diameter = 0.5) and its
components with zero (dashed) and two (dotted) internal collisions of photons, b) partial phase functions of
the halos of 22◦ and 46◦, c) cumulative contribution from photons with three and more collisions.

The photons with m = 1 play predominant role since they constitute up to 70% of the scattered light.
These photons correspond to a traverse through a wedge that is determined by the dihedral angle αi between
the first and second facets met by a photon. For a given crystal shape, a set of the dihedral angles αi is
known. It is expedient to expand the partial phase function p1(θ) relative to a set of the dihedral angles αi

p1(θ) =
∑

i

bi p1i(θ), where
∑

i

bi = 1 and 2π
∫ π

0
p1i(θ)sinθdθ = 1 . (2)

Here, like Eq. (1), bi means a probability to traverse through the i-th dihedral angle. As known, the photons
transmitted through a randomly oriented unbounded wedge are distributed within a narrow angular peak
called the halo. As for the ice crystal particles, the wedges are of finite sizes, and this circumstance leads
to a dependence of the halos p1i(θ) on particle shapes. However, this dependence is rather weak as illus-
trated in Fig. 1b for the conventional case of hexagonal cylinders where Q = height/diameter is the aspect
ratio. Thus, we conclude that these are the coefficients a1 and bi that depend essentially on crystal shapes.



Ice crystals, Borovoi 17

We note that the case of α0 = 0◦ corresponding to plane-parallel facets is also included in Eq. (2). In this
case, p10(θ) is not a halo but the Dirac delta-function in the forward direction. The photons with higher
orders of collisions should “forget” the shape of the crystal. Indeed, the partial phase function p2(θ) reveals
a relatively smooth dependence on scattering angles as shown in Fig. 1a. As for the cumulative contribution
P≥3(θ) =

∑∞
m=3 bm pm(θ), it is a small value that is close to a constant as illustrated in Fig. 1c. We note that

Fig.1 is a conventional histogram calculated with the bin of 4θ = 1◦. Here, the forward peak described by
the Dirac delta-function and by the coefficient b0 is omitted. In the ordinate axis, the linear scale instead of
the conventional logarithm scale is used to emphasize the weak difference between the comparatively small
magnitudes of the function P≥3(θ). We mention that the function P≥3(θ) has a singularity at the backward
direction θ = 180◦ that is revealed in the histogram as a sharp peak with 4θ ≈ 0.5◦. However, these pho-
tons constitute less than 1% of all scattered photons, and their role is negligible in radiation balance. This
phenomenon is considered elsewhere [6, 7], and this backscattering peak is omitted in Figs. 1a and 1c.

Thus, our statistical approach to light scattering by randomly oriented ice crystal particles is reduced
to either calculation of or modelling the coefficients am and bi while the functions pm(θ) and p1i(θ) are
considered to be more or less known. As for the inverse scattering problems, it is expedient to retrieve just
the coefficients am and bi from the experimentally measured phase functions because of the clear physical
interpretation of these coefficients.

Q 0.1 0.5 1.0 2.5 5 1.5∗

A0 6.29 6.29 6.29 6.29 6.29 6.29
A1 75.47 55.10 56.67 66.70 73.36 75.46
A2 87.03 89.33 87.27 82.91 84.95 83.36
A3 91.09 94.16 93.47 89.38 87.92 88.89
A4 93.78 96.06 95.31 94.54 92.50 92.67
A5 95.63 96.92 97.21 97.08 94.71 94.34
A6 96.85 97.75 98.27 98.14 96.96 96.18

Table 1: Cumulative probabilities (in %) for
photons to abandon ice crystals of different shapes
after m internal collisions.

Figure 2: Probabilities for photons to abandon a crystal after one internal collision and distributions of
the one-internal-collision photons among the aureole (bottom) and halos of 22◦ and 46% (middle and top,
respectively) for hexagonal ice columns and plates.

Table 1 presents the cumulative probabilities Am =
∑m

n=0 an calculated for ice hexagonal columns and
plates and for a droxtal (last column). The main conclusion followed from Table 1 is that about 90% of
photons abandon a crystal particle after the zero-th, first and second collisions. Higher orders of collisions
m ≥ 3 accumulate only about 10% of the scattered photons. The second conclusion is that the main part
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of scattered photons undergoes only one internal collision. This probability a1 is about 70% for a majority
of the particle shapes and it decreases to about 50% for the hexagonal columns of the aspect ratio of about
1. For the hexagonal column and plates, these one-internal-collision photons consist of only three terms:
b0 corresponds to traverses through plane-parallel facets (α0 = 0◦, θ0 = 0◦), and b1 and b2 correspond to
traverses through the wedges of α1 = 60◦ and α2 = 90◦ producing the halos of θ1 ≈ 22◦ and θ2 ≈ 46◦,
respectively. These coefficients are presented in Fig. 2.

We note that the halos calculated in the geometric optics approximation are weakly distorted by diffrac-
tion. But the Dirac delta-function in the forward scattering direction corresponding to the function p10 is
distorted essentially that creates a narrow angular distribution called the aureole. In addition, there are also
the shadow-forming beams [4] created by a jump of the incident wave along the contours of the particle
projections. These beams propagate in the forward direction behind the particle, and they undergo the same
diffraction resulting in the predominant contribution to the aureole. This contribution is trivially accounted
for since the scattering cross section for the shadow-forming beams is equal to the averaged projection area.

In conclusion, we indicate some applications of the above physical concepts to both direct and inverse
problems of the optics of cirrus clouds. As for the direct problems, if we have certain data about particle
shapes, we can model the phase functions for cirrus clouds by suggesting the parameters am and bi while
the functions pm(θ) and p1i(θ) are assumed to be more or less known. For the inverse problems, if we have
an experimentally measured phase function of cirrus clouds, we can estimate contributions from the aureole
and the halos of 22◦ and 46◦ retrieving the three coefficients a0, b1, and b2 . These three numbers contain
certain important information about crystal shapes. For example, as follows from Fig. 2, if the halos of 22◦

and 46◦ are watched with comparable brightness, one can conclude that such a phenomenon is caused by
thin plates if the cloud consists of only hexagonal columns and plates.

Acknowledgments

The work is supported by the Russian Foundation for Basic Research under the grant 05-05-39014.

References

[1] P. Yang and K. N. Liou, “Light scattering by hexagonal ice crystals: solutions by a ray-by-ray integration
algorithm,” JOSA, A14, 2278–2289 (1997).

[2] A. Macke, J. Mueller, and E. Raschke, “Single scattering properties of atmospheric ice crystals,” J.
Atmos. Sci., 53, 2813–2825 (1996).

[3] K. Muinonen, K. Lumme, J. Peltoniemi, and W. M. Irvine, “Light scattering by randomly oriented
crystals,” Appl. Opt. 28, 3051–3060 (1989).

[4] A. G. Borovoi and I. A. Grishin, “Scattering matrices for large ice crystal particles,” JOSA A20, 2071–
2080 (2003).

[5] S. Chandrasekhar, Radiative Transfer, (Dover, New York, 1960).

[6] A. Borovoi, I. Grishin, and U. Oppel, “Backscattering peak of hexagonal ice columns and plates,” Opt.
Lett. 25, 1388–1390 (2000).

[7] A. G. Borovoi, N. V. Kustova, and U. G. Oppel, “Light backscattering by hexagonal ice crystal particles
in the geometrical optics approximation,” Opt. Eng. 44, 071208 (2005).



Preferably oriented crystal particles, Burnashov 19

Light scattering by preferably oriented ice crystal particles

Aleksey V. Burnashov,1 Anatoli G. Borovoi,1 and Andrew Y. S. Cheng2

1Institute of Atmospheric Optics, Rus. Acad. Sci., pr. Akademicheski 1, Tomsk, 634055, Russia
tel: +7 3822-492-864, fax: +7 3822-492-086, e-mail: bvaleksey@iao.ru

2Laboratory for Atmospheric Research, Department of Physics and Materials Science,
City University of Hong Kong, 83 Tat Chee Ave., Kowloon, Hong Kong, SAR, China

Abstract

The scattering (Mueller) matrices for hexagonal ice plates of various aspect ratios are cal-
culated by the facet tracing method developed earlier. For horizontally oriented plates, the
Mueller matrices depending on the incident angle have been obtained. The peculiarities
inherent to the scattered light along the parhelic circle have been studied. A generalization
of the data for small flatter of these plates relative to the horizontal plane is discussed.

1 Introduction

The scattering matrices for ice crystal particles of cirrus clouds are conventionally calculated in a case
of randomly oriented particles. However, often 25%–35% of the crystal particles reveal their preferable
orientation near the horizontal plane with small flatter of about 1◦ − 2◦ [1]. This preferable orientation is
watched in the nature as the halo phenomena that have been classified and explained qualitatively many
years ago [2].

As for quantitative data concerning the halos, they are rather poor. Thus, in the paper by Takano and
Liou [3] only intensities of the scattered light are presented. In this paper, the scattering (Mueller) matrix
is calculated in a special case of hexagonal ice plates that are undergone small flatter less than 5◦. We note
that unlike randomly oriented particles, the Mueller matrix of preferably oriented crystals depends on the
incident angle, i.e. a new variable appears. This circumstance leads to awkwardness of the desired solutions
and makes difficulties for their representation. We have developed a fast algorithm based on facet tracing
that allows us to calculate all elements of the scattering matrix and, hence, to study the halo phenomena.

2 Scattering by horizontally oriented hexagonal ice plates

As known [3], the light scattered by a horizontally oriented hexagonal ice plate is localized along four circles
called the parhelic, subparhelic circles, circumzenithal and subcircumzenithal arcs or circumhorizontal and
subcircumhorizontal arcs. As an illustration, Fig. 1 shows all 16 elements of the Mueller matrix for a fixed

Table 1: Distribution of the scattered energy between two or four circles, %.
100 200 300 340 400 500 560 600 700 800

SubParhelicCircle 1.61 3.27 9.79 26.25 22.77 17.33 14.56 12.91 9.16 5.58
SubCircumhorizontalArc −− 0.11 0.09 −− −− −− −− −− −− −−

SubCircumzenithalArc −− −− −− −− −− −− −− 0.01 0.01 −−

CircumhorizontalArc 12.24 23.56 19.94 −− −− −− −− −− −− −−

CircumzenithalArc −− −− −− −− −− −− −− 3.15 5.82 2.81
ParhelicCicrle 83.32 72.98 70.09 73.64 77.13 82.6 85.39 83.84 84.91 91.53

1
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Figure 1: Mueller matrix for a horizontally oriented hexagonal plate: aspect ratio (height/diameter) = 0.4;
the incident angle Θ = 20◦.

incident angle. Here, the incident angle is counted off from the zenith everywhere in this paper, and the
aspect ratio is conventionally defined as Q =height/diameter.

We have calculated the distribution of energy of the scattered light among these circles depending on the
incident angle that is presented in Table 1.

Fig. 2a : Θ = 20◦ . Fig. 2b : Θ = 75◦.

Figure 2: Intensity of the scattered light along the circles: aspect ratio is equal to 0.4.

This scattered energy as functions of the scattering angles is drawn in Fig. 2 for two incident angles. As
it is seen in Table 1 and Fig. 1, the energy of the subcircumzenithal and subcircumhorizontal arcs are small
and these circles are of no practical interest.
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3 Halo of the parhelic circle

For the problems of radiative transfer, the parhelic circle is of main importance. The parhelic circle reveals
four bright spots. They are the sundogs appearing near the sun and the parhelions of 120◦ and 240◦. While
the scattering angles of the parhelia are constants, the sundog positions depend on the incident angle (see
Fig. 3).

Figure 3: Sundogs for the horizontally oriented hexagonal plate of the aspect ratio of 0.4 depending on the
incident angles.

The energy of these spots, i.e. the integrals of the peak functions shown in Figs. 1 and 2, also depend
on the incident angle. We have calculated these values for various aspect ratios. These data are presented in
Table 2.

Table 2: Energy of a sundog and a parhelion for various aspect ratios and incident angles.
Incident Q = 0.4 Q = 0.25 Q = 0.1 Q = 0.05

angle 1200P Sundog 1200P Sundog 1200P Sundog 1200P Sundog
5 0.23 0 0.64 0 2.63 0 5.48 0
10 0.94 0 1.97 0 5.47 0 1.66 0
15 1.79 0 3.48 0 1.18 0 0.25 0
20 2.44 0 5.35 0 2.67 0 1.32 0
25 3.72 0 5.61 0 2.29 0 1.31 0
30 4.68 0.11 4.51 0.15 0.75 0.2 0.88 0.22
35 4.87 3.08 2.47 3.85 0.42 5.22 0.47 5.39
40 4.53 6.81 0.84 8.26 0.11 10.74 0.12 11.03
45 4.07 10.22 1.18 12.13 0 12.9 0 16.23
50 2.53 13.27 1.36 15.41 0 18.5 0 18.88
55 1.18 15.92 0.68 18.19 0 21.05 0 21.44
60 0.24 18.23 0.39 20.46 0 22.73 0 23.22
65 0 20.26 0 22.13 0 24.01 0 24.54
70 0 19.98 0 23.6 0 25.11 0 25.61
75 0 23.67 0 24.84 0 26.01 0 26.43
80 0 25.12 0 25.92 0 26.73 0 27.01
85 0 26.47 0 26.86 0 27.28 0 27.42

Thus, we can propose a new method to retrieve the aspect ratio of the hexagonal plates from an experi-
mentally measured ratio of (sundog energy)/ (parhelion energy).
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4 Preferably oriented hexagonal ice plates

According to the data by Noel and Sassen [1], small magnitudes of flatter are often occurring. In this case,
an impact of the flatter on the Mueller matrix is reduced to only a small smearing of the above four circles
relative to the zenith direction. Figure 4 shows this smearing at the flatter of 5◦.

Figure 4: Scattering in the forward (a) and backward (b) hemispheres by a hexagonal ice plate of the aspect
ratio of 0.4 and the incident angle of 20◦ in the case of a small flatter of 5◦.
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Abstract

A physical interpretation of a linear regression analysis found by a statistical method for
the Stokes parameter in [1] is proposed. The linear regression law found for the first two
Stokes vector components (Is,Qs) by the statistical approach is investigated in terms of the
well-known decomposition of the electromagnetic field in two independant beams: a fully
polarized one and an unpolarized state of the beam. The link between the mathematical
uses of the statistical laws into the physical meaning of the outputs is made through the
coherency matrix elements.

1 Introduction

Microphysical characteristics of small particles found in any environment (Earth’s atmosphere, circumstel-
lar shells, interstellar medium or biological material) are difficult to infer from the optical studies of these
particles (see reviews in [2] and [3], for example). The morphology of the particles is probably the most
constraining one of their microphysical description as the representative size and refractive index of these
particles can depend on this characteristic [4]. Generalised methods to characterise the shape of small parti-
cles from their optical properties after scattering of the electromagnetic field are proposed since several years
by the application of statistical rigorous methods (see [5], for example). Rough spherical grains composed
of water-ice and silicate in near-infrared spectrum of the light, λ = 1.9 µm and λ = 3 µm, were studied in [1]
with statistical methods. The particle size parameter x was fixed to 1, x = 2πa/λ (a is the radius of a sphere
whose volume is equal to that of a surrounding sphere of the rough grain, λ is the wavelength of the incident
radiation). The rough grains were generated by Monte-Carlo method, the full Stokes vector components
(Is,Qs,Us,Vs) of the scattered light were calculated for each process with the DDA public numerical code
[6], for an unpolarized incident eletcromagnetic field.

The statistical sample created by this method allowed the authors to obtain a linear relationship between
the first two Stokes vector components (Is,Qs), the other components being statistically not significant. The
physical meaning of this linear relationship is now investigated further.

2 Linear statistical regression analysis

The linear relationship derived from the linear statistical regression analysis, applied to the scattered Stokes
vector components, takes the expression:

I2
s = β0 + β1Q2

s , (1)

where β0 is the intercept and β1 is the slope of the linear regression. The parameters β0 and β1 are varying
quantities with the scattering angle, the roughness of the particle, and the composition of the particle.
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The physical meaning of the parameters β0 and β1 is not straightforward in terms of the degree of
polarization for example. Only at the scattering angle θs = 90◦ where β0 is zero, β1 can be identified directly
to the inverse of the square degree of linear polarization (see results in [1]).

However, the whole mathematical relationship between I2
s and Q2

s obtained by the linear regression
should be closely connected to the usual description of the coherency of the components of the Stokes vector.
The main reason of this link established by the authors came from the meaning of β0. This parameter as the
intercept of the linear regression is independant of Qs and then is expected to contribute to the unpolarized
part of the total scattered electromagnetic field. Its value is equal to zero around θs = 90◦ that confirms
this interpretation. However, for other scattering angles when β0 is non zero valued and non negligeable
compared to I2

s , β1 is not directly interpretable as the inverse of the square degree of linear polarization.
In order to establish a clear physical interpretation of the mathematical parameters β0 and β1, the authors

use the 2 × 2 coherency matrix J closely related to the Stokes parameters (see [7]).
The main steps of the development are:

J =
1
2

[
Is + Qs Us + iVs

Us − iVs Is − Qs

]
(2)

Remembering that Is in Eq. (1) is the total irradiance of the electromagnetic field, and that Us = Vs = 0
from the regression analysis, then Eq. (2) can be rewritten as follows:

J =
1
2


√
β0 + β1Q2

s + Qs 0
0

√
β0 + β1Q2

s − Qs

 . (3)

Using Eq. (52) in [7] (p. 630) to estimate the total degree of polarization P:

P2 = 1 − 4 DetJ
TrJ

, (4)

where Det and Tr mean determinant and trace of the matrix, respectively, we deduce:

P2 = P2
l =

1
β1 + β0/Q2

s
, (5)

where in our case the total degree of polarization P equals the linear polarization Pl since the contribution
of the circular polarization of the scattered electromagnetic field to P is null with Vs = 0.

The degree of linear polarization is finally expressed uniquely with the parameters β0 and β1.

3 Conclusions

Beside the valuable use of the statistical approach proposed in [1], a more direct physical interpretation is
now available. The solution found for the degree of polarization is not restricted to the study case presented
here. The solution includes a priori particles of arbitrary shapes and complex refractive index. The full
details of the developments from Eqs. (2) – (5), as well as a possible extension of this method for more
generalized solutions should be soon proposed by the authors.
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Abstract

The Pattern Equation Method has been extended to scattering problems of electromagnetic
waves from 3D conducting objects coated with dielectric materials. Numerical results of
computation of scattering patterns from arbitrary axially symmetric objects are presented
thus accuracy and efficiency of the method are shown.

1 Introduction

The scattering problem of electromagnetic waves from three-dimensional (3D) conducting objects of ar-
bitrary shape coated with dielectric materials is of great scientific interest in radiophysics, optics, radio
astronomy etc. [1–3].

In this paper the generalization of the Pattern Equation Method (PEM) for solving electromagnetic
waves scattering problems from objects coated with dielectric materials is presented thus it is supposed that
the boundary of scatterers may be have a piecewise-smooth.

First proposed in [4], the PEM was later applied to a number of diffraction and scattering problems such
as the electromagnetic scattering from 3D impedance and dielectric objects [5, 6].

The PEM is based on a reduction of an initial boundary problem for the Helmholtz equation to an
integral-operator equation of the second kind with respect to the scattering pattern (spectral function of a
wave field). Thus, the generalized Sommerfeld-Weil representation of diffracted field have been used as an
integral of plane waves in which the spectral function is the scattering pattern. Further, the required function
is represented as expansion onto some basis and then this expansion is substituted in the integral-operator
equation. So, the received equality is projected, in general, onto some another basis. Under the certain
restrictions on geometry of the problem, which can be strictly established, the received infinite linear system
of the algebraic equations is solved by the method of a reduction, i.e. truncation.

2 Problem statement

Consider the electromagnetic wave scattering problem of an incident primary monochromatic
(
eiωt

)
field

~E0, ~H0, from an arbitrarily shaped 3D compact conducting object bounded by surface S 1 coated with a
dielectric covering with external surface S 2. The outer (Ve) and inside the dielectric covering (Vi) media
are an isotropic, homogeneous, and linear with electrical permittivity and magnetic permeability ε0, µ0, and
ε = ε0εr, µ = µ0µr, respectively, where εr and µr are the relative permittivity and permeability of medium
Vi. Let the following boundary conditions be met at S 1 and S 2:

(
~Ei × ~n

)∣∣∣∣
S 1

= 0,
(
~n × ~H

)∣∣∣∣
S 2

=
(
~n × ~Hi

)∣∣∣∣
S 2
,

(
~E × ~n

)∣∣∣∣
S 2

=
(
~Ei × ~n

)∣∣∣∣
S 2
, (1)

where ~n is the outward unit normal to S 1 and S 2; ~E = ~E0 + ~E1, ~H = ~H0 + ~H1 are the total external fields;
~Ei, ~Hi are an unknown fields inside the dielectric covering (Vi); and ~E1, ~H1 are the secondary (diffracted)
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fields. The fields ~E1, ~H1 satisfy the system of homogeneous Maxwell equations elsewhere outside S 2 (within
the medium Ve):

∇ × ~E1 = −ik0ς0 ~H1, ∇ × ~H1 =
ik0

ς0
~E1, (2)

and the radiation condition at infinity. In the domain Vi, the fields ~Ei, ~Hi satisfy the system

∇ × ~Ei = −ikς ~Hi, ∇ × ~Hi =
ik
ς
~Ei, (3)

where k0 = ω
√
ε0 µ0 is the free-space wave number; k = k0

√
εr µr; ς0 =

√
µ0/ ε0 is the characteristic

impedance of the outer medium Ve; and ς = ς0
√
µr/ εr is the characteristic impedance of the medium Vi.

3 Reduction of boundary-value problem to system of algebraic equations

According to the PEM standard scheme [5, 6], we search for the scattering pattern function, that is, the
function that defines the dependence of the diffracted field on angles (θ, ϕ) in spherical coordinates (r, θ, ϕ)
for the far zone (for k0r � 1), where the following asymptotic relations are valid:

~E1 =
exp(−ik0r)

r
~FE(θ, ϕ) + O

(
1/ (k0r)2

)
, ~H1 =

exp(−ik0r)
r

~FH(θ, ϕ) + O
(
1/ (k0r)2

)
.

Here, ~FE(θ, ϕ), ~FH(θ, ϕ) are the patterns for electrical and magnetic fields, respectively.
Under solution of the initial problem, the basic point of the PEM is to obtain an infinite system of alge-

braic equations with respect to unknown expansion coefficients of the scattering pattern into series in terms
of vector angular spherical harmonics [7] that compose the orthogonal basis in the spherical coordinates.
The series of the patterns for electrical and magnetic fields have the following form:

~FE(θ, ϕ) = −
∞∑

n=1

n∑

m=−n

anmin
(
~ir × ~Φm

n (θ, ϕ)
)
−
∞∑

n=1

n∑

m=−n

bnminς0~Φ
m
n (θ, ϕ), (4)

~FH(θ, ϕ) = −
∞∑

n=1

n∑

m=−n

anmin
1
ς 0

~Φm
n (θ, ϕ) −

∞∑

n=1

n∑

m=−n

bnmin
(
~ir×, ~Φm

n (θ, ϕ)
)
, (5)

where
~Φ(θ, ϕ) = ~r × Pm

n (cos θ) · exp(imϕ) (6)

and anm, bnm are the unknown expansion coefficients of the scattering pattern (Pm
n are the associated Leg-

endre functions).
Basing on [6] and using Maxwell’s equations we can get the required expressions of these coefficients

(anm, bnm). Further, using decompositions of the fields ~E1, ~H1 , and ~Ei, ~Hi in terms of the vector spherical
harmonics and representations of coefficients anm, bnm in terms of the boundary values of the fields, we
obtain the following system of PEM:

(
anm, a1

nm

)
=

∞∑

q=1

q∑

p=−q

(
G(13,53)

nm,qp a2
qp + G(14,54)

nm,qp b2
qp + G(15,55)

nm,qp a1
qp + G(16,56)

nm,qp a1
qp

)
,

a2
nm = a0

nm +

∞∑

q=1

q∑

p=−q

(
G31

nm,qpaqp + G32
nm,qpbqp

)
, b2

nm = b0
nm +

∞∑

q=1

q∑

p=−q

(
G41

nm,qpaqp + G42
nm,qpbqp

)
, (7)
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(
bnm, b1

nm

)
=

∞∑

q=1

q∑

p=−q

(
G(23,63)

nm,qp a2
qp + G(24,64)

nm,qp b2
qp + G(25,65)

nm,qp a1
qp + G(26,66)

nm,qp a1
qp

)
.

In this system a1
nm, b1

nm and a2
nm, b2

nm are the unknown expansion coefficients of the field ~Ei, ~Hi inside
the dielectric covering. This field represents the sum of a field, past through a surface S 2 and a field caused
by the equivalent surface current at S 1, Gi j

nm,qp (i = 1 . . . 6) and a0
nm, b0

nm are the matrix elements and the
coefficients of the right part of system, which are represented in surface integrals on S 1 and S 2.

When the scatterer is an axially symmetric body, the algebraic system (7) is significantly simplified and
the matrix elements of system (7) are expressed in terms of single integrals.

For the verification of applicability of the method of a reduction to the received infinite system (7), the
estimations of the matrix elements and the right part of system for large values n and q can be made (see,
for example, [3, 4]). It allows us to specify rigorous restrictions on geometry of the scatterers.

4 Numerical results

To check the accuracy of the proposed approach we study the scattering characteristics of several bodies such
as spheroid and superellipsoid. For sphere, the PEM unlike many other numerical methods allows to get the
expressions of the expended coefficients of the scattering pattern in the explicit form. These expressions are
coincided with well known expressions for coated sphere from a theory of Mie series [1]. Let us consider
therefore results of calculations of scattering characteristics of bodies of non-spherical shapes.

In Fig. 1a, the scattering pattern of electrical field (the component FE
θ ) is shown for the coated spheroid

with the semiaxes of the core k0a1 = 7.4, k0c1 = 12.6 and outer object k0a2 = 7.474, k0c2 = 12.726 (curve
1) and the impedance spheroid with the semiaxes k0a = 7.4, k0c = 12.6 and impedance Z = 28.103i
(curve 2). The coating layer of the spheroid has the parameters: εr = 4, µr = 1. The size of an equivalent
impedance Z was calculated under the formula [5]: Z = i

√
µ/ ε tan kt, where t is a covering thickness.

The case of normal falling of a plane wave with a vector ~E0 along an axis Ox was considered. Calculations
were carried out in both cases at N = 35. It is seen that the impedance approximation allows to carry out
the calculations with enough good accuracy in spite of the fact that in the considered problem the form of
scatterer appreciably differs from spherical and has rather big curvature.

Figure 1: The scattering patterns for spheroid (a) and superellipsoid (b) in the plane ϕ = [0, π].
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At last, in Fig. 1b, the result of calculation of the scattering pattern of the superellipsoid with a dielectric
covering whose surface is formed by rotation of a curve x2m

a2m + z2m

c2m = 1, m = 8 is shown under normal
incidence of a plane wave with size parameters: k0a1 = 7.4, k0c1 = 12.6, k0a2 = 7.474, k0c2 = 12.726. The
parameters of the covering are εr = 4, µr = 1. The sizes of a superellipsoid were selected by the maximum
diameter submitted above spheroid. The digit 1 designates results of calculation for of a superellipsoid with
a covering and the digit 2 — for impedance superellipsoid with the semiaxes k0a = 7.4, k0c = 12.6 and
impedance Z = 28.103i at N = 36. The considered body is very close by geometry to the finite circular
cylinder of radius a and height 2 c. It is seen that even under so thin covering the impedance approximation
allows to calculate with comprehensible accuracy only main lobes of the scattering pattern.

5 Conclusions

In this paper, the PEM has been extended to the solution of the electromagnetic wave scattering problems
by single conducting bodies coated with dielectric covering. Under consideration the wave scattering prob-
lem in a strict electrodynamics statement and in impedance approach approximation the comparison of the
scattering characteristics of some bodies such as spheroid and superellipsoid has been done. Basing on pre-
sented results, we could make a conclusion that the impedance approximation is adequate enough even for
scatterers rather small sizes (D/λ about 3-4 where D is the greatest size of scatterer) if thickness of a cover-
ing is insignificant, and the surface of scatterer has no sharp changes of radius of curvature. If the scatterer
has a piecewise-smooth boundary the impedance approximation allows to calculate with comprehensible
accuracy only main lobs of the scattering pattern.
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Abstract

We present the results of computations of the linear and circular polarizations ratios for
a semi-infinite sparse disordered medium composed of polydisperse, randomly oriented
oblate spheroids with varying effective size parameter and aspect ratio. The real part of the
refractive index is fixed at 1.4, while the imaginary part is set at 0 and 0.01. Our computa-
tions demonstrate that the polarization ratios (and, therefore, the degree of depolarization
of the backscattered radiation) depend on particle size, shape, and absorption as well as on
illumination geometry.

1 Introduction

In this work we continue the analysis of the effects of particle nonsphericity on the characteristics of co-
herent backscattering when the incident light is linearly or circularly polarized [1, 2]. The interest in such
polarization states of the incident light stems from the fact that they are often encountered in practice, e.g.
in radar and lidar observations. Such observations of particulate media are inevitably affected by coherent
backscattering [3– 5], and the polarization ratios measured in the exact backscattering direction can yield
essential information on the microphysical properties of discrete random media. It is, thus, interesting to
analyze how these characteristics can be affected by particle shape. Here, we present and discuss the results
of computations of the linear and circular polarization ratios for a semi-infinite sparse disordered medium
composed of polydisperse, randomly oriented oblate spheroids with varying effective size parameter and
aspect ratio.

2 Basic formulae

Let the scattering medium be a plane-parallel slab composed of randomly distributed, independently scatter-
ing particles. This slab is illuminated by a parallel beam of light incident in the direction (θ0 ≥ π/2, ϕ0 = 0◦)
and R is the Stokes reflection matrix for exactly the backscattering direction (π − θ0, π). The matrix R has
the block-diagonal form,

R =



R11 R12 0 0
R12 R22 0 0
0 0 R33 R34
0 0 −R34 R44


. (1)

In accordance with the theory of coherent backscattering [5], the matrix R may be decomposed as

R = R1 + RM + RC, (2)
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where R1 is the contribution of the first-order scattering, RM is the diffuse multiple-scattering contribution
composed of all the ladder diagrams of orders n ≥ 2, and RC is the cumulative contribution of all the cyclical
diagrams. The matrices R1 and RM can be found by solving the vector form of the Ambarzumian’s nonlinear
integral equation [6]. Then the matrix RC can be obtained from the exact relations derived in [7].

In the case when the incident light is linearly polarized in the vertical direction (I0 =[I0 I0 0 0]T ), the
linear polarization ratio µL and its diffuse counterpart µdif

L , defined as the ratios of the corresponding cross-
polarized and co-polarized backscattering specific intensities, are as follows:

µL =
R1

11 − R1
22 + RM

11 − RM
22 − RM

33 + RM
44

R1
11 + R1

22 + 2RM
11 + 4RM

12 + 2RM
22

, (3)

µdif
L =

R1
11 − R1

22 + RM
11 − RM

22

R1
11 + R1

22 + RM
11 + 2RM

12 + RM
22

. (4)

When the incident light is circularly polarized in the anti-clockwise sense as viewed by an observer
looking in the direction of propagation (I0 =[I0 0 0 I0]T ), the circular polarization ratio µC and its diffuse
counterpart µdif

C , defined as the ratios of the corresponding same-helicity and opposite-helicity backscattered
specific intensities, are given by

µC =
R1

11 + R1
44 + 2RM

11 − RM
22 + 2RM

44

R1
11 − R1

44 + RM
11 + RM

22 − RM
33 − RM

44

, (5)

µdif
C =

R1
11 + R1

44 + RM
11 + RM

44

R1
11 − R1

44 + RM
11 − RM

44

. (6)

The general analytical properties of the polarization ratios for spherical and randomly oriented nonspherical
particles have been studied in [8, 9].

3 Numerical results and discussion

In order to study the dependence of the polarization ratios on particle shape, we have chosen the model of
randomly oriented oblate spheroids distributed over equivalent-sphere radii according to a power law. The
computations have been performed for the real part of the particle refractive index mR = 1.4, the imaginary
part of the refractive index mI = 0 and 0.01, the effective variance of the size distribution veff = 0.1, and
different values of the effective size parameter xeff and spheroid aspect ratio 1 ≤ E ≤ 2. In our computations
we have used the T-matrix approach [10] and the numerical iterative solution of Ambartsumian’s nonlinear
integral equation described in [6, 8].

Figures 1 and 2 depict the calculated dependences of µL (left) and µdif
L (right) versus size parameter and

aspect ratio for θ0 = 0◦ (upper row) and 89.5◦ (lower row) with mI set at 0 and 0.01, respectively. One can
see that in the case of normal incidence, the polarization ratios µL and µdif

L are essentially independent of
particle shape for both values of mI. With increasing effective size, at first they begin to increase, approaching
maximum values at xeff ≈ 6, and then begin to decrease. But in the case of grazing incidence (θ0 = 89.50), an
essential dependence of µL and µdif

L on the aspect ratio appears for xeff ≥ 6 and E ≤ 1.2. Note that the values
of both µL and µdif

L do not deviate from zero significantly for xeff ≤ 4, 1 ≤ E ≤ 2, and xeff ≥ 4, E ≤ 1.2.
This means that there is very little linear depolarization in these cases. Let us also notice the following.
In the case of normal incidence and in the absence of absorption, µL < µdif

L for all values of xeff and E
considered. This means that coherent backscattering weakens the linear polarization ratio (or the degree of
linear depolarization of backscattered light). For grazing incidence and/or mI = 0.01 and very small values
of xeff , µL > µ

dif
L . But with increasing effective size and/or increasing aspect ratio E, the µL becomes smaller

than the µdif
L .
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Figure 1: Linear polarization ratios µL (left-hand column) and µdif
L (right-hand column) versus effective size

parameter xeff and aspect ratio E for oblate spheroids with mR = 1.4, mI = 0 for angle of incidence θ0 = 0◦

(upper row) and θ0 = 89.5◦ (lower row).

 0  2  4  6  8 10 12 14 16
Xeff

 1
 1.2

 1.4
 1.6

 1.8
 2

E

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8 10 12 14 16
Xeff

 1
 1.2

 1.4
 1.6

 1.8
 2

E

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8 10 12 14 16
Xeff

 1
 1.2

 1.4
 1.6

 1.8
 2

E

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8 10 12 14 16
Xeff

 1
 1.2

 1.4
 1.6

 1.8
 2

E

 0

 0.2

 0.4

 0.6

 0.8

 1

Figure 2: Same, as in Fig.1, but for mI = 0.01.
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Figure 3: Circular polarization ratios µC (left-hand column) and µdif
C (right-hand column) versus effective

size parameter xeff and aspect ratio E for oblate spheroids with mR = 1.4, mI = 0 for angle of incidence
θ0 = 0◦ (upper row) and θ0 = 89.5◦ (lower row).
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Figure 4: Same, as in Fig.3, but for mI = 0.01.

Figures 3 and 4 show the results for µC and µdif
C . The calculated dependences of µC and µdif

C on xeff , E,
mI, and θ0 are qualitatively similar to those for µL and µdif

L , but quantitatively they are stronger. Besides, µC is
always greater than µdif

C , which implies that coherent backscattering always increases circular depolarization
of the backscattered light. This result was early predicted theoretically in [9].

Thus, the results of our computations show that the polarization ratios depend substantially on illumina-
tion geometry, degree of particle asphericity, particle size relative to the wavelenght, and imaginary part of
the particle refractive index.
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Abstract

Both the Discrete Sources Methodand the Null-field Method with Discrete Sources have
been extended to model light scattering by particle near a plane surface in Total Internal
Reflection Microscopy. Numerical results obtained on the base of both methods are com-
pared and demonstrated reasonable agreement. Comparison with experimental results will
be shown in the oral presentation.

1 Introduction

Techniques based on evanescent wave scattering became recently of great interest. Evanescent wave scatter-
ing is used in microscopy, particle sizing, medical optics, etc. One of these techniques is the total internal
reflection microscopy (TIRM). Nowadays, TIRM is the most powerful tool for the precise measurement of
weak colloidal interactions as double layer forces, van der Waals forces, magnetic interactions, and deple-
tion forces. Compared to other methods to measure colloidal interactions like the surface force apparatus
or atomic force microscopy, TIRM is the most sensitive one. In TIRM-based experiments typically a laser
beam propagating in the glass-prism hits the prism-water interface with an angle very close to the angle
of total internal reflection. As a result, an evanescent field appears close to the surface. Colloidal particles,
dispersed in water start to scatter evanescent light and its intensity is registered by a detector. The scattering
intensity contains information about particles and media properties and their distance from the surface. In
TIRM the precise knowledge of dependence of the scattered intensity on the particle-surface distance is
required. For this purpose modern modeling methods can be used. Both Null-field Method with Discrete
Sources (NFM-DS) and Discrete Sources Method (DSM) have already been applied to model evanescent
light scattering [1], [2]. Our aim was to apply different methods to model real TIRM experiments, carried
in Stuttgart University [3]. For this purpose, we extended both numerical algorithms of DSM and NFM-DS
to satisfy the specificity of the measurement setup. Such features, like the numerical aperture of the objec-
tive lens and polarizer, separating the chosen polarization of the scattered light has been implemented into
the numerical schemes. The light scattering results obtained from both methods demonstrated very good
agreement. We also intend to present comparison of modeling and experimental results in oral presentation.

2 Scattering theory

The detailed theory of DSM and NFM-DS has already been discussed in several papers. We will describe
it just briefly. Interested reader can find more details in following works by Doicu et al. [4], Eremin [5] and
Wriedt [6]. The mathematical statement of the boundary value problem (BVP) for both methods consists
in Maxwell’s equations, boundary conditions at the interface and particle surface and infinity conditions
to provide the unique solution. The main idea of the DSM is to construct an approximate solution as a
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linear combination of Discrete Sources fields with amplitudes. As DS dipoles or multipoles situated in a
supplementary domain are used. The approximate solution is constructed to satisfy all the conditions of
the BVP statement, except the boundary conditions at the particle surface. Unknown amplitudes of the DS
can be found from these surface conditions. After the amplitudes of the DS are determined, the far field
pattern can be calculated [5]. In the frame of NFM-DS different surface current densities are presented as
a linear combination of the discrete sources deposited inside the particle. For this different types of the
discrete sources can be used. The discrete sources are placed on a certain support in an additional region
with respect to the region where the solution is required [4]. Unknown amplitudes of discrete sources are
computed by using the null-field condition for the total electric field on the particle surface. Due to specificity
of the numerical algorithm the elements of the far field pattern can be calculated analytically, which gives an
essential advantage in computational efforts. We will mostly use another scattering characteristic: a scattered
intensity, which takes a form

IP,S (θ0, θ, ϕ) =
∣∣∣FP,S
θ

(θ0, θ, ϕ)
∣∣∣2 +

∣∣∣FP,S
ϕ (θ0, θ, ϕ)

∣∣∣2 , (1)

where FP,S
θ,ϕ

(θ0, θ, ϕ) are the components of the far field pattern for P and S polarized incident wave, in a
spherical coordinate system θ, ϕ [1].

With presence of a polarizer separating the desired polarization of the scattered light the intensity (1)
takes following forms:

IPP =
∣∣∣FP · ex

∣∣∣2 =
∣∣∣FP
θ cos θ cosϕ − FP

ϕ sinϕ
∣∣∣2 , IS S =

∣∣∣FS · ey
∣∣∣2 =

∣∣∣FS
θ cos θ sinϕ + FS

ϕ cosϕ
∣∣∣2

IPS =
∣∣∣FP · ey

∣∣∣2 =
∣∣∣FP
θ cos θ cosϕ + FP

ϕ cosϕ
∣∣∣2 , IS P =

∣∣∣FS · ex
∣∣∣2 =

∣∣∣FS
θ cos θ cosϕ − FS

ϕ sinϕ
∣∣∣2 .

Here, indication PP is used for P-polarized illumination and detection of P-polarized light, PS - for P-
polarized illumination and detection of S-polarized light, SS and SP are used accordingly for S-polarized
illumination. In the paper we will also examine the objective response function, which is plotted as a function
of particle-wall distance z. It represents the summarized intensity scattered into the prescribed solid angle

σP,S
s (θ0) =

∫

Ω

IP,S (θ0, θ, ϕ) dω , (2)

where Ω = {0 ≤ ϕ ≤ 360◦; 0; 0 ≤ θ ≤ θNA}, θNA is an angle, which corresponds to the Numerical Aperture
(NA) of the objective lens in accordance with θNA = arcsin (NA/n0).

3 Numerical results and discussion

On the base of both methods we calculated scattering properties of polystyrene particle deposited in water at
a distance from the glass prism surface. For calculations we used the following refractive indices for glass:
n = 1.515 and medium: n = 1.33. We took an incident angle slightly higher then the angle of total inter-
nal reflection: θi = 62.2◦ and microscope objectives numerical aperture NA = 0.5. In Fig. 1 we presented
the scattered intensity (1) for PP and SS polarized light from SiO2 particle of diameter D = 1.6 µm, with
refractive index n = 1.43 versus scattering angle for particle-surface distance of d = 0.2 µm. Both compu-
tational results agree very well. In Fig. 2 the results for integrated intensity (2) for a polystyrene particle
with n = 1.36 versus particle-substrate distance are shown. Also from this figure we see that both programs
deliver very close results. In the last weeks the simulation results have been compared with measurements
and demonstrated very good agreement. These comparisons will be shown in the oral presentation.
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Figure 1: PP and SS polarized scattered intensity versus scattering angle for SiO2 particle (n = 1.43) with
distance from surface d = 0.2 µm.
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substrate distance, NA = 0.5.
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4 Conclusions

In the paper the Discrete Sources Method and Null-Filed Method with Discrete Sources were applied to
model evanescent light scattering by a particle in water on or near a surface. In particular, the conditions of
experimental studies curried in Stuttgart University were fitted. Scattered diagrams and dependence of the
integrated intensity from particle-surface distance calculated by both methods are presented. Comparison of
the computational results shows very good agreement between two methods. Comparison with experimental
measurements will be shown in oral presentation.
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The detection and classification of biological aerosols is a goal that our group at the Naval Research
Laboratory, Washington, DC has been working toward for more than a decade. Clearly this work is motivated
in part by the need to develop warning capability of potential biological warfare (BW) attacks, but it also
includes the control and monitoring of natural pathogens such as tuberculosis or emerging viruses such as
avian flu. Furthermore, the measurement capabilities that are developed as detectors can also be used as
instruments with which to explore and understand the environment in ways that have not been possible
before. As example, bacteria are the most numerous forms of life on our planet, so it is reasonable to expect
that they have evolved to fill all available ecological niches; to inhabit the atmosphere and use convective
winds as a means of transport and dispersal. Recently, several studies have been published that foreshadow
this possibility [1, 2].

Our measurement approach has been to start with interrogation of individual aerosols in situ as they
are pulled into the instrument with an inlet flow of ambient air. This strategy is useful if the population of
aerosol types that is being sought is a small fraction of the total number of particles in the air. Since they are
examined one-by-one, the signature of the target aerosol will not be diluted by the overwhelming presence
of non-target particles. However, the disadvantage is that the individual particle signature will also be weak.
In the course of our work we have looked at individual particle signatures with both elastic scattering and
with laser induced fluorescence (LIF). The combination of these measurements has been very useful in
separating many non-biological aerosols from those that are potentially of biological composition [3–8].
However, the specificity of this approach remains below a species-level classification ability even for more
elaborate schemes involving multiple fluorescence excitation wavelengths [9].

More exotic types of optical measurements can be considered that potentially could provide a greater
level of specificity and compositional determination, such as Raman spectroscopy. However, this brings a
difficulty in that more subtle measurements typically also have smaller cross sections of interaction. Using
a technique such as Raman spectroscopy for interrogating individual aerosols on the order of one micron in
size (approximately a picogram of material) as it passes through the focal volume of a optical instrument
(residence time less than a millisecond) becomes so difficult as to be unfeasible. For this single aerosol
interrogation approach to work, we must develop new signatures to exploit for classification.

Elastic scattering is connected to aerosol composition through the complex refractive index, ñ, usually
expressed as the sum of the real refractive index and the extinction coefficient, k for a homogeneous ma-
terial. However, the distribution of scattered radiation from an aerosol is strongly affected by the particle
shape. Variability in shape, and hence orientation, as well as non-homogeneous structure makes a deter-
ministic approach to the utility of elastic scattering impractical. Consequently, we have invested in more
empirical approaches for discovering potential signatures for single particle discrimination. One technique
that we have explored, utilizes the angular distribution of scattered light as a projected image onto an array
photodetector such as a charge-coupled array detector (CCD) [10]. This method provides some shape and
size information and potentially could lead to a classification of ambient aerosols [11]. While this research
direction remains promising, its application will require a large amount of data to determine its ultimate
level of specificity and reliability.

In a parallel effort, infrared (IR) absorption spectra have been recorded for a wide variety of biologically
interesting materials including bacteria, fungi, fungal spores, pollens, and other plant parts. Our results, and
those of other facilities, have shown that significant discrimination and specificity resides in these spectral
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measurements [12, 13]. Fairly extensive analyses have been conducted using principle component analy-
sis that show classification at the minimum level of separating bacterial and fungal types can be achieved,
with potentially greater discrimination possible depending on the signal-to-noise ratio. Here, the difficulty
comes from needing a collected sample (102 to 104 organisms) for long periods of time (seconds to min-
utes) to acquire the spectral data. Issues such as a spectral mixing for samples that are not single components
can greatly complicate the classification process. A tantalizing goal would be to discover a method of im-
plementing the absorptive measurement on individual particles by coupling to some differential feature in
elastic scattering. Such a potential technique could combine the discrimination capability inherent in IR
spectra with the strong measurement cross section of elastic scattering.

The balance of my presentation will present recent results from an effort to determine differential scatter-
ing signatures that are dependent on spectral absorption from single particles. This effort has been motivated
by the recent development of quantum cascade lasers which offer laser sources in the mid-IR part of the
spectrum, and can be fabricated to provide specified wavelengths. This capability enables a measurement
technique in which some small discrete number of IR wavelengths are either multiplexed together or sequen-
tially illuminate a single aerosol. Assuming an adequate indicator of absorptive properties can be measured,
the relative or differential amounts of these discrete wavelengths could provide significant specificity on an
individual particle basis. So far, we have explored two candidate signatures for this measurement. The first
method uses “pump” laser radiation at the IR wavelength in question. If the aerosol is composed of absorp-
tive material at this wavelength it will heat up. A second laser beam at a non-absorptive wavelength (visible
spectrum) is used to probe the particle. The consequences of heating (mechanical expansion, real refractive
index change) will be manifested in the scattering properties of the particle. By modulating the pump beam,
a signal should be imposed on the probe beam that is proportional to the magnitude of the absorption. A
second approach is more empirical, and looks for differential change in the forward and backward scattering
intensities integrated over a fixed solid angle. Computational modeling of this effect shows a non-monotonic
change in the scattered intensity with increasing extinction coefficient. However, sectioning the scattered
light integration angles may permit determination of which branch of the size versus absorptivity curve the
data resides. While no conclusions have been drawn for either of these techniques as yet, this work is in
progress and will be brought up to date at the presentation.
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Abstract

UV-visual absorption spectra and viscosity data are used to characterize the stable suspen-
sion of ultrananocrystalline diamond particles with the mean size of diamond cores equal
to 4 nm obtained by the stirred-media milling process with micron-size zirconia beads. It
is shown that unexpected black color of the suspension can be the result of π-electrons
formation on the surfaces of 4 nm diamond particles due to colliding in milling process.
π-electrons are a reason of double electric layer formation and high viscosity of the sus-
pension. The theoretical estimations agree with experimental data.

1 Introduction

Rapid development in nanotechnology requires the production of dispersed particles of a material with
the characteristic sizes of a few nanometers. Artificial diamond particles produced by the standard high
temperature — high static pressure method have the sizes ranging from fractions of a micron to hundreds
of microns. The production of detonation nanodiamonds (DND) having a crystalline core of about 4 nm has
been recently developed in industry. It is difficult to isolate the crystalline cores primarily because of the
well-known strong tendency for nano-sized particles to aggregate into clusters of a submicron size and most
researches concentrated on consideration of the structure and properties of the DND submicron powder.

It was a problem to produce a stable aqueous suspension of DND primary particles and to study the
structure and properties of such suspension of single ultrananocrystalline diamond (UNCD) particles. It was
shown that the stirred-media milling process with micron size ceramic beads gave a possibility to produce
the UNCD suspension [1]. Unexpected was the deep black color and high viscosity of the suspension. Here,
we present some results of characterization of similar UNCD suspension and a model which can explain
these features [2].

2 Discussion

Let us begin with the process of formation of initial diamond particles. The UNCD particles (4 nm grains) get
formed in the region of thermodynamic stability of diamond in the front of a detonation wave. These particles
form the core aggregates with mean size of 100–200 nm. The most important feature about that is practically
the absence of sp2 phase inside these primary aggregates. It could be found only on the interface of grains
because these grains are disoriented relative each other. The core aggregate is similar to a polycrystal that
consists of perfect diamond particles with the size of 4 nm.

Crushing of the core aggregates to 4 nm grains is possible due to colliding of zirconia particles. An
estimation of local heating temperature ∆T during these inelastic colliding can be written as

∆T =


ρZrν

2
Zr

2 CZrρD


(R

r

)3
, (1)
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where ρZr, CZr, νZr, and R are density, heat capacity, velocity and size of zirconia bead, respectively, ρD

and r density and size of diamond particle. It is known that the temperature required for sp3 − sp2 phase
transition in nanodiamond is about 1800 K [3].

The probability of collisions mentioned above is very small (about 10−7), but from the other side we
made our estimations using that all carbon atoms would transform from sp3 to sp2 form. In fact, only a part
of atoms that are placed on surface will transform from sp3 to sp2 hybridization. Amount of surface atoms is
in 107 less than the total number of atoms in a 100 nm nanodiamond particle so both factors mentioned can
set off the effects described above in rough estimation. As a result, we can conclude that the sp3 − sp2 phase
transformation on surface of diamond particle has a high probability. Moreover, computer simulations of the
single diamond particle surface have recently shown [4] that a part of the surface represents sp2-hybridyzed
area, it means that sp3 − sp2 transition is the favored transition in single diamond cluster.

The sp2 fullerene-like layer on surface of single nanodiamond particle is responsible for the black color
of single nanodiamond particles suspension as well as for its high viscosity.

Now, we consider the absorption and scattering of electromagnetic radiation by that UNCD suspension
of 4 nm nanodiamond particles. We find that the absorption cross sections for a single particle and then the
absorption coefficient for the suspension is K = σext N (N � 5 1017 cm−3 at cD = 0.1).

We can write:

σabs

σ0
= 54.5

ΛR
λ
δ
√

a


1

a Λ2

λ2 +
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Λ2

λ2 − 1
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 , (3)

where R ≈ 2 ÷ 4 nm is the radius of particles, σ0 = 4πR2, δ ≈ 1 ÷ 5% the relative thickness of sp2 film
on the diamond surface; a a dimensionless constant related to the conductivity [5, 6]: a = ε0ne2/(mσ2),
where n, m are concentration and mass of week-bonded π electrons in sp2 phase. It should be stated here
that a fullerene-like layer mentioned above is a “bad metal” σ = 6 10−4 Simens/m = 5 106 CGSE [7] and
n � (1.0 − 10)1019 cm−3, ε0 = 10−9/(36π) F/m; while the effective wave length is

Λ = 2πc
√
ε0m
ne2 . (4)

For a frequency corresponding to the visible spectral region, we haveω � 3 1015 s−1 and K � 104−105 cm−1,
it can explain the black color of suspension.

For rough estimation of the UNCD suspension viscosity we can use the following expression [8]:

η = η0 +
5
2

CD

ρD

1
σsr2 (2εwζ)2 , (5)

where viscosity of water η0 ≈ 1 mPa*s; σs < 10−4 Simens/m is conductivity of the suspension, εw > 50
dielectric constant of water, ζ � 5 − 50 mV electrokinetic (zeta) potential [9].

That estimation has given η � 2.5 mPa*s at CD = 60 mg/mL according to experimental data. If we
estimate ζ as electric potential of a single diamond spherical particle in suspension ζ � enV/[4πεw(r + h)],
where h is the thickness of double electrical layer (h � r [8]), n the concentration of week-bonded π electrons
in sp2 phase, then n � (1.0 − 10)1019 cm−3. The last value coincides with the concentration n which was
used above for explanation of high absorption.
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Abstract

A preliminary sensitivity analysis is performed for surface wave scattering by gold nano-
particles. Sensitivities of the normalized scattering matrix elements, Mi j, to the diameter of
the particle and its distance above the substrate, is calculated and reported as a function of
the observation angle in the far-field.

1 Introduction

It is well known that nano-particles have different properties than their bulk materials counterparts, and
their uses allowed to obtained unique optical, electrical, and structural properties. To control the nano-scale
fabrication process, the composition, structure, shape and size distributions of such nano-particles or colloids
need to be known; there is consequently a need to develop real-time non-intrusive visualization tools.

Since the wavelength of light is much greater than the typical size of nano-structures, a non-intrusive
characterization method using evanescent waves/surface plasmons has been proposed recently [1, 2]. The
cases considered in these papers consists of a thin metallic film (medium 1) placed on a quartz layer (medium
0); metallic spherical nano-particles are located on, or above, the surface of the thin metallic film in air
(medium 2). A radiation beam is incident on the interface 0–1, at an angle equal or greater than the critical
angle for total internal reflection. This leads to surface waves in medium 2 which are tunneled to the particle
(or agglomerates), and then scattered. The idea is to use the far-field scattered polarized light to characterize
these metallic nano-particles.

The mathematical model has been described in details for a single nano-particle [1], and for agglomer-
ates [3], and is not repeated here; only the general ideas are presented below. The far-field scattered electric
field is related to the incident electric field by the amplitude scattering matrix:

(
Esca
θ

Esca
φ

)
=

exp(ikr)
−ikr

[
S 2 S 3
S 4 S 1

] (
Einc

T M
Einc

T E

)
. (1)

The elements of the amplitude scattering matrix are calculated from the scattered field expansion co-
efficients, which in turn are found from the incident field expansion coefficients and the T-matrix of the
particle/agglomerate.

Results previously obtained [2, 3] have shown that angular variations of the normalized scattering matrix
elements, Mi j, provide significant information about the size, shape, and orientation of particles/agglome-
rates. These observations have been done mostly in a qualitative manner, and there is a need to quantify
the sensitivity of the system to the parameters to be characterized. A sensitivity analysis is of primary
importance in order to determine the conditions for which a particular parameter can be estimated, and is
a necessary step, with the experimental validation of the forward numerical model, of the development of
inversion techniques.
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In this paper, the basics of a sensitivity analysis are discussed and preliminary results are presented;
more particularly, sensitivity of M11, M12, M33, and M34 to the diameter of the particle and its distance
above the metallic film is performed.

2 Sensitivity analysis

The sensitivity of a measurement to the parameters to be estimated is given by the sensitivity coefficients. In
the frame of this study, the normalized sensitivity coefficients are written following [4]:

Xnorm
ψk

[Mi j](η, ψ) =

∣∣∣∣∣∣
∂Mi j(η, ψ)

∂ψk
ψk

∣∣∣∣∣∣ (2)

and provides the variation of an output (normalized scattering matrix elements, Mi j) associated to a rela-
tive variation of one parameter of the system (ψk), when all other parameters (known η or to be estimated
ψl,l,k) are fixed. In a general way, the estimation of a parameter is considered to be conceivable when the
normalized sensitivity coefficients are greater than 0.1 [4].

In this paper, it is assumed that there is a distribution of single spherical nano-particles (no agglomerates)
of varying diameters (dm) and distances relative to the surface of the thin metallic film (h). To calculate the
global sensitivity of a given configuration to a parameter to be estimated, averaged normalized sensitivity
coefficients are defined as follows:

Xnorm,avg
ψk

[Mi j](η, ψ) =

K∑

k=1

wk

∣∣∣∣∣∣
∂Mi j(η, ψ)

∂ψk
ψk

∣∣∣∣∣∣ , (3)

where wk is a weighting factor associated with the number of particles characterized by the parameter ψk

relative to the total number of particles (i.e., wk is given by a distribution function). By the same way,
averaged Mi j are defined following the distribution of particles, and are calculated accordingly.

Due to the complexity of the mathematical model, averaged normalized sensitivity coefficients (Eq. (3))
are calculated numerically using a finite difference scheme. Also, this preliminary study is restricted to
gold nano-particles located on, or above, a thin gold film having a thickness of 20 nm. The wavelength of
the incident radiation beam is taken as 515 nm, and therefore the real and imaginary part of the complex
refractive index of gold are 0.279 and 1.039, respectively. The angle of incidence of the beam on the interface
0–1 is 23.3◦ (the critical angle for this particular case is 17.1◦).

Sensitivities of Mi j to the diameter is now considered (ψk = dm) for two size distributions of particles;
the first involved a uniform distribution of single spherical particles having diameters from 10 to 15 nm, and
the second a uniform distribution of diameters from 45 to 50 nm. For both configurations, all particles are
located on the surface of the substrate (gold thin film); averaged scattering profiles (not shown) and averaged
normalized sensitivity coefficients (Fig. 1) are calculated in function of the observation angle in the far-field
(θ).

It can be seen that for both configurations, sensitivities of the normalized scattering matrix elements
are highly dependent of the angle θ. For a uniform distribution of particles having diameters from 10 to 15
nm (Fig. 1(a)), the sensitivity is generally low (below 0.1, margin represented by a dashed line); averaged
normalized sensitivity coefficients of M12 are greater than 0.1 for angles from 0◦ to 10◦, and 145◦ to 180◦,
approximately. In the case of particles having diameters from 45 to 50 nm (Fig. 1(b)), the sensitivity of
all parameters is considerably increased; this can be explained by the fact that as the diameter increases,
more energy is tunneled to the particle, which in turns increase the amount of energy scattered. For this
configuration, M12, M33, and M34 reached, for certain ranges of angle, a sensitivity higher than 0.1. It is
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Figure 1: Averaged normalized sensitivity coefficient to dm (h = 0). (a) Uniform distribution of particles
with dm from 10 to 15 nm. (b) Uniform distribution of particles with dm from 45 to 50 nm.

interesting to note that for both cases, the sensitivity of M11 is low, regardless of the observation angle, θ.
Moreover, the sensitivity of M12, M33, and M34 is minimal in the vicinity of an angle of 90◦.

The same kind of analysis is repeated next, but by considering the sensitivity of Mi j to the distance of
the particle relative to the substrate (ψk = h). A uniform distribution of spherical particles of equal diam-
eter (15 nm), and with h varying from 0 to 25 nm, is considered; averaged normalized scattering elements
(not shown), and averaged normalized sensitivity coefficients (Fig. 2) are calculated as a function of the
observation angle in the far-field (θ).

It can be seen that Mi j are sensitive to h, for a wide range of observation angles θ. As for the previous
cases, the sensitivity of M11 is very low; at the opposite, the sensitivity of M33 reach an interesting peak for
θ from 120◦ to 140◦, approximately.

3 Conclusions

A preliminary sensitivity analysis for the design of a nano-particle characterization tool, using evanescent
waves/surface plasmons, has been presented in this paper. Sensitivities of the normalized scattering matrix
elements, Mi j, to the diameter of the particle, and its distance above the substrate, have been reported. It
has been shown that sensitivities of the Mi j elements are highly dependent of the observation angle in the
far-field, and are in general sufficiently sensitive to the parameters to be estimated. However, for all cases,
results have revealed that M11 is of low interest for the characterization of the diameter of a particle, and its
distance above the substrate.

Results presented here are preliminary, and restricted to gold nano-particles on, or above, a gold thin
film. Therefore, the basics of the sensitivity analysis presented above need to be extended. Sensitivity to
other parameters, such as the wavelength of the incident beam, is crucial and must be considered. Also, only
uniform distribution of single particles has been considered, and further efforts must be devoted to more
realistic configurations, involving agglomerates and non-uniform distributions.
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Figure 2: Averaged normalized sensitivity coefficient to h (dm = 15 nm). Uniform distribution of particles
with h from 0 to 25 nm.
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Abstract

Exact solution for scattering cross section coming from Xu’s computations is compared
with different approximations.

1 Introduction

Many industrial operations involve solid-liquid suspensions. During the corresponding processes suspen-
sions are put in motion. As a consequence, collisions and sticking of particles, i.e aggregation of particles,
occurs. This phenomenon is due to Brownian motion in the case of sub-micronic particles and due to the
velocity field heterogeneity in the case of larger particles. The aggregates formed usually contain a few pri-
mary particles because large aggregates undergo fragmentation leading to a limit size for the aggregates. So,
primary spherical particles of metallic oxides (ZrO2, TiO2, Al2O3, SiO2) are used as precursors in ceramic
industry. The corresponding suspensions contain aggregates, each one composed of less than one hundred
primary particles. The on-line characterization of the suspension is made by spectral turbidimetry [1], i.e.
attenuation of a light beam by particle scattering and absorption. In order to analyze the optical signal, i.e.
turbidity, the scattering cross sections of aggregates are needed. An important literature is available about
the calculation of the light scattering cross section of aggregates. For instance, Xu and Khlebtsov [2] (for
more information see the references therein) proposed an exact calculation based on a generalization of the
Mie theory. So, the scattering cross sections depend on the size of the primary particles, on the morphology
of the aggregates and on the refractive index of the material and of the medium. This exact, but compli-
cated theory cannot be easily used to interpret, for instance, turbidity spectra on-line. This is due to the time
consuming calculations for a large amount of different aggregates (doublet, triplet...) which are produced
during the aggregation process. The topic of this paper is to propose approximations (averaged over all the
orientations) for scattering cross section corresponding to aggregates of few spherical and non absorbing
particles. As the accuracy of turbidity measurements is more than 5%, we will consider an approximation
as useful and valid if it describes the reality within this error.

2 Several approximations for scattering cross sections

An aggregate is composed of N primary spherical particles. The radius and the dimensionless size parameter
of the primary particle are respectively denoted a1 and α = 2π

λ1
a1. Two kinds of modeling can be used to

calculate approximately the optical properties of porous materials:
Effective refractive index method. An aggregate is characterized by its effective diameter aN,e and its mean
inner volume fraction φa =

(
Na3

1

)
/a3

N,e. The easiest way to determine the optical properties of an aggregate
is to calculate its effective refractive index ma (see, for instance, [3]). The equation derived by Maxwell-
Garnett has been proved to be suitable in certain case

m2
a − 1

m2
a + 2

= φa
m2 − 1
m2 + 2

, (1)
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where m and ma are the relative refractive index for primary particles and aggregates, respectively. With
known diameter and effective refractive index of aggregate, the Mie theory [4] allows us to calculate the
scattering cross section CN for a given wavelength. Two particular cases can be considered for choosing the
effective diameter:

• the compact sphere: the non porous sphere with the same mass of material as in the aggregate. Thus,

aN,e = N1/3a1 (φa = 1 and ma = m); (2)

• the “projected area” equivalent sphere: in aggregation theory and optical properties modeling, the
relevant parameter is the projected area S p of the object on a plane. Thus, we define the radius aN,e of
the equivalent sphere for an aggregate as:

πa2
N,e =

〈
S p

〉
0
, (3)

where
〈
S p

〉
0

is the average projected area according to all aggregate orientations.

Soft-particle methods. Generally, the object (primary particle, aggregate ...) can be divided into smaller
identical parts (elements). Each element is polarisable. In the presence of a variable electric field, the element
becomes an oscillating dipole, which itself creates an electromagnetic field. When an object is illuminated
by an electromagnetic wave, each element receives the incident electric field and the one coming from the
other elements. As a result, one may associate an oscillating dipole moment to each element. Thus, the object
emits an electromagnetic wave (scattered wave), which includes the contribution of each oscillating dipole.
Most often, the incident wave is randomly polarized and the object (scatterer) can randomly orientate. Thus,
the optical properties are obtained after calculating an average over all the wave polarization states and
object orientations.

Several models were published, each one characterized by the polarisable element, the object, the cal-
culation type. For instance, Berry and Percival [5], Khlebtsov [6] and Xu and Khlebtsov [2] calculate the
aggregate optical properties, if the polarisable element are respectively: Rayleigh scatterer, Rayleigh-Debye-
Gans (RDG) scatterer and Mie scatterer.

So, the Khlebtsov’s [6] procedure, similar to Berry-Percival one, has been applied to aggregates of many
particles (fractal aggregates). RDG scatterers are characterized by |m − 1| � 1 and 4π

λ a1|m − 1| � 1. Then,
the scattering cross section obeys:

CN = N2D
∫

4π
F1(ϑ)S (q)dΩ with C1 =

∫

4π
F1(ϑ)dΩ, (4)

where Ω, ϑ, q are the solid angle, the scattering angle and the scattering vector, respectively. D is the con-
tribution of the multiple scattering inside the aggregate [6]. F1(ϑ) is proportional to the phase function
corresponding to the primary particle (sphere). The structure factor S (q) depends on the aggregate morphol-
ogy:

S (q) =

N +

N∑

i= j=1,i, j

sin(qRi j/(qRi j)

 /N
2 . (5)

Here, Ri, j is the distance between the centers of the primary paticules i and j inside the aggregate. However,
when 4π

λ a1|m−1| is not small, the approximation of anomalous diffraction [4] can be applied. In the Rayleigh-
Debye-Gans domain, there is interference of electromagnetic waves which are independently scattered by all
small volume elements. In the anomalous diffraction domain, there is straight transmission and subsequent
diffraction. In this case, the scattered intensity is concentrated near the original direction of propagation and
the scattering cross section obeys the relation [4]:

CN = 2
∫ ∫

[S p]
(1 − cos

2π
λ
δ(m − 1))dS p . (6)
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Integration is performed over the object projected area S p on a plane perpendicular to propagation direction.
δ is the path of light through the object. This calculated path is a function of the projection coordinates. This
kind of calculation was previously achieved for fractal clusters by Khlebtsov [7].

3 Numerical investigation

We studied aggregates with number of particles N = 2, 4, 8, 16, 64, 100. The size parameter of the primary
particle is in the range [0.013 ; 9.25]. For each N-aggregate, we consider several morphologies or compact-
ness: chain, plane, cube... Tested materials are the ones with low (SiO2, m = 1.08), intermediate (Al2O3,
m = 1.32) and high (TiO2, m = 1.94) optical contrast in water. We compare exact values of scattering cross
section derived from Xu’s theory [2] with the corresponding one from the above-described approximations:
compact sphere (CS) (Eqs. (1), (2)); effective refractive index (ERI) method (Eqs. (1), (3)); Percival-Berry-
Khlebtsov (PBK) method (Eqs. (4), (5)); anomalous diffraction (AD) approximation (Eq. (6)). Results are
shown as the ratio of actual scattering cross section to the sum of aggregate primary particles cross sections
CN/(NC1).

a b

Figure 1: RXu for linear configuration with N primary particles, case a):SiO2, b):TiO2.

Consider main features of mean scattering cross sections of aggregates like it was done in [8]. Figures
1(a,b) represent RXu = CXu,N/(NCMie,1) against the primary particle size parameter for several N-chains
and for the two systems TiO2/water and SiO2/water. The trends are the same for compact aggregates (the
compact configuration means for example a tetrahedron for the case of 4 primary particles, a cube for the
case of 8 and so on). The shape of the curves RXu is similar whatever the material. RXu is a decreasing
function of the size parameter. For very small size parameter RXu tends to N as expected by [4]. For high
value of the size parameter RXu tends to a value in the range [0-1]. When we consider the data for all the
aggregates we may divide the α-range into two sub-ranges: [0,2] with sharp decrease of RXu and [2,10] with
a nearly constant value of RXu.

In order to compare the different approximate methods we consider for each method ratio Rmethod/RXu

with Rmethod = Cmethod,N/(NCmethod,1). Tables 1 and 2 contain the performances of each method as the
mean value of R (over 100 α-values) and the mean relative deviation (σ) between Rmethod and RXu. With the
view to obtain significant calculations over different size parameter, we restricted the number of the primary
particles by the values of 2, 4, 8 and 16. We also performed calculations in the case of 64 and 100 primary
particles but with less number of size parameter (CPU time is too long) that why there are not include in the
values of these tables.



54 Ninth Conference on Light Scattering by Nonspherical Particles

Table 1: 0 < α < 2
configuration linear compact
index SiO2 AlO2O3 TiO2 SiO2 AlO2O3 TiO2

method mean σ mean σ mean σ mean σ mean σ mean σ

CS 1.73 0.95 1.72 0.95 1.39 0.88 1.20 0.24 1.21 0.25 1.07 0.32
ERI 1.23 0.35 1.16 0.31 1.00 0.18 1.02 0.05 0.99 0.05 0.97 0.12
PBK 0.99 0.02 0.96 0.06 0.811 0.211 0.99 0.01 0.98 0.07 0.851 0.171

AD 0.60 0.45 0.57 0.48 0.57 0.53 0.56 0.50 0.53 0.52 0.51 0.57
RXu 2.47 2.32 2.56 2.45 2.85 3.08 3.70 4.12 3.82 4.34 3.97 5.06

(1)0 < α < 1

Table 2: 2 < α < 10
configuration linear compact
index SiO2 AlO2O3 TiO2 SiO2 AlO2O3 TiO2

method mean σ mean σ mean σ mean σ mean σ mean σ

CS 1.36 0.45 0.69 0.44 0.64 0.43 1.14 0.16 0.78 0.29 0.99 0.68
ERI 0.95 0.09 0.97 0.09 0.98 0.10 0.96 0.05 0.98 0.16 1.25 0.91
PBK 1.08 0.13 1.51 0.62 1.462 0.562 1.14 0.22 2.57 2.19 3.072 4.262

AD 0.94 0.10 1.07 0.16 1.07 0.08 0.94 0.07 1.05 0.12 1.44 1.27
RXu 1.19 0.25 0.87 0.18 0.83 0.18 1.40 0.50 0.76 0.38 0.64 0.43

(2)1 < α < 10

4 Conclusion

As expected CS method is not appropriate. AD (anomalous diffraction) is a good approximation for 2 < α <
10. PBK is a good approximation for 0 < α < 2 but less efficient for material with high optical contrast. ERI
seems the best for 0 < α < 10 except for chains of small primary particles. The last row of the Table 1 and
2 shows RXu. As it is expected, this approximation is not acceptable for small primary particles (0 < α < 2).
The result becomes better for large primary particles, especially in the case of chains, but anyway ERI
remains the best approximation.
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Abstract

To simulate light scattering in spherical clusters of large transparent particles, a Monte
Carlo ray tracing is used. Three types of shape of constituent particles are considered in-
cluding irregular randomly shaped particles. Phase curves of intensity and polarization are
calculated for clusters with different numbers of particles and compared with those for
corresponding semi-infinite particulate media.

1 Introduction

The modern progress in studies of the Solar System bodies with spacecrafts at high spatial resolution requires
more sophisticated models of light scattering by regolith-like (powdered) surfaces. Planetary surfaces, like
Martian and lunar ones, have different scales of roughness down to the order of microns. On the other hand,
the lunar and Martian regoliths include large particles of the order of 10 – 100 µm; this is much larger than
the wavelength of light. In addition the topography of planetary surfaces can be complicated by the presence
of rock pieces and aggregations of particles into clumps (particle clusters).

Analytical approaches give only approximate solutions of the problem of light scattering by particulate
media with complicated boundary topography [1]. In the existing models the scattering by media with flat
boundary is studied most often, though irregular structure of the boundary appears to be important. Recently,
using a computer ray tracing approach, the shadowing effect was simulated for several classes of topography:
random Gaussian and rocky topographies and various types of particulate surfaces including clumpy random
topography [2]. The simulations revealed difference in photometric properties for flat and clumpy particulate
topographies. For such cases multiple scattering between surface topography elements gives a noticeable
contribution to the reflectance which cannot be neglected. This contribution leads to the decrease of the
effective surface roughness [3], [4]. Popular photometric models, like Hapke’s one, do not take that into
account.

As a development of such a study we consider here incoherent light scattering by clusters (clumps) of
transparent particles. It is of interest, for example, how their scattering properties change with the increase of
the number of constituent particles of a clump. For this study we use geometrical optics approximation, since
on the average the planetary regolith particles are mainly much larger than the wavelength of light. Below,
we give a brief description of the model and present the phase curves of intensity and linear polarization
degree for clusters with different number of transparent particles.

2 Model description

The modeling procedure consists of two stages: generation of a spherical cluster and ray tracing. Clusters
are generated as a uniform distribution of particles within a spherical volume. For each particle, a random
position is chosen. Then the particle is placed inside a sphere on this position. Such a cluster can be char-
acterized by a parameter of the volume fraction of particles (packing density) ρ. In this work, we consider
clusters with ρ = 0.1, though natural powders usually have larger densities. In general, our procedure of
random distribution of particles may provide density values up to ρ = 0.35 for irregular shapes [5], but the
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Figure 1: A sample of cluster with 1000
RGF partiles.
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Figure 2: Phase curves of intensity and linear polarization
degree for clusters of spherical particles (thin lines) and a
single sphere and a semi-infinite medium of spheres (thick
lines). The number of particles in the clusters is equal to N =

5, 10, 25, 50, 100, 200, 500, 1000, 2000, 5000, 10000, 30000,
60000.

case ρ = 0.1 requires less time for the generation procedure. The number of particles in our experiments
changes from N = 1 to 60000. We also made calculations for a semi-infinite medium with ρ = 0.1, consid-
ering the medium as an extremely large cluster. In this case particles randomly distributed in a rectangular
parallelepiped are considered. The upper side of the parallelepiped is the medium border. The lateral and
bottom planes are cyclically closed so that a semi-infinite medium is simulated using the finite volume [6].

We use three types of particle shape: spheres, cubes and randomly irregular particles. Regular shapes
can be easily described. For instance, spheres can be defined analytically. To generate particles with random
shapes we use an auxiliary 3-D random Gaussian field (RGF) [6], [7]. The surface of irregular particles as
well as that of cubic particles is represented by a succession of flat facets. Figure 1 shows an example of
cluster consisting of the RGF particles with N = 1000.

To simulate light scattering by clusters of particles we use a Monte Carlo ray tracing algorithm. It
is based on the application of Snell’s law and Fresnel formulas to the flat facets [7]. To find the angular
dependence of scattering matrix elements Fik the rays are collected in the small angular bins. The phase
angle α changes from 0◦ to 180◦ for clusters, and for semi-infinite media the change is from 0◦ to 90◦ at
normal incidence of radiation. The complex refractive index of particles equals m = 1.55 + i 0.0, i.e. is
particles are transparent (non-absorbing). In this paper we present the results for intensity F11 and degree of
linear polarization −F12/F11. A large number of initial rays is needed for acceptable accuracy in polarization
and we use up to 107 initial rays.
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3 Results and discussion

In Fig. 2 phase curves of intensity and linear polarization degree of light scattered by different systems of
spherical particles (single sphere, clusters, and a semi-infinite medium consisting of spheres) are shown.
The number of particles in clusters varies from 5 to 60000. In general, the increasing N provides a larger
contribution of multiple scattering. Because of this, clusters scatter less radiation in back- and forward
directions; very large clusters have almost isotropic phase functions. Multiply scattered rays “forget” their
origin and clusters may scatter radiation in all directions. Multiple scattering decreases the polarization
degree caused by single scattering. Specific scattering features of spheres like the first rainbow are visible
on all plots of both intensity and polarization. At a number of particles from the interval 30000–60000, the
saturation occurs and the curves do not change significantly. However, even very large clusters remain to be
transparent in contrast to semi-infinite media. Particles from the perimeter zone of the cluster projection on
the plane perpendicular to illuminating rays always contribute to forward scattering. Although the number
of perimeter particles decreases, if the cluster grows, their contribution remains till the limit when the cluster
may be considered as a semi-infinite medium.

Similar behavior is observed in Fig. 3 where the results of the analogous calculations for cubic parti-
cles are presented. The cubes do not produce a variety of scattering features as spherical particles do. The
increasing role of multiple scattering plays the same role as in the previous case. The backscattering inten-
sity spike becomes narrower and the forward scattering lobe decreases with increasing N. In polarization a
strong negative branch at small phase angles and positive maximum at large phase angles become shallower;
the curves progressively aspire to the polarization of the semi-infinite medium.
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In Fig. 4 we present the results of calculations for clusters of particles with irregular shape (RGF). The
general tendency is the same as in case of the studied types of particles. Intensity phase curve changes mostly
at large phase angles; larger clusters produce less forward scattering. In polarization the negative branch
at forward scattering disappears and the scattered radiation becomes positively polarized everywhere. The
position of the positive polarization maximum is almost constant and slightly shifts towards to smaller phase
angles. This is important for remote sensing of natural surfaces as the parameters of the positive polarization
maximum is sensitive to the physical properties of the particulate media [5], [8].

4 Conclusions

Our ray tracing modeling of scattering by clusters of particles with different shape shows the following.

1. For three types of particle shape (spheres, cubes, and RGF particles) we observe the same tendency:
the phase function tends to be isotropic with growth of the number of particles in the cluster from tens
to thousands.

2. Multiple scattering in clusters weakens polarimetric features of all particle types. In particular, it can
change polarization at large phase angles from negative to positive for RGF particles.
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1 Introduction

A non-zero degree of circular polarization has been observed for light scattered by dust grains in different
astrophysical environments, such as cometary comae and the interplanetary and interstellar media. This is
illustrated by the following examples.

Right and left handed circular polarization of the light scattered by various regions of the coma of comet
Halley was observed by Dollfus and Suchail [1]. They used a wide band filter covering the whole visible
spectrum. The observed degree of circular polarization , q, ranged from (−0.65 ± 0.39)% to (1.18 ± 0.48)%.
The observations were performed between April 8th and 15th, 1986, when the phase angle varied from 40.7◦

to 22.5◦. These observations showed that q is very variable in time. Metz and Haefner [2] performed similar
observations of comet Halley in the period March 16th to 20th, 1986, near a phase angle of 66.1◦. These
authors obtained values of q, in the range (−0.7 ± 0.0)% to (−2.2 ± 0.1)%, highly variable on a short time
scale (only some minutes). Manset and Bastien [3] observed comet Hale-Bopp in 1997 from April 2nd till
16th. Their values for q at 684 nm range from (−0.24± 0.02)% to (0.20± 0.04)%, for phase angles between
40◦ and 47.4◦. Wolstencroft and Kemp [4] found values of q between (−0.46±0.14)% and (0.81±0.46)% at
a wavelength near 550 nm for light scattered by interplanetary particles. Also light coming from the Milky
Way was observed to be circularly polarized by Staude et al. [5], who carried out a survey over eleven zones,
finding q ranging from (−0.94 ± 0.11)% to (0.72 ± 0.21)% for visible wavelengths.

At least four mechanisms have been proposed to explain the circular polarization of light scattered by
dust grains, i.e. single scattering by aligned grains, single scattering by highly absorbing optically anisotropic
spherical particles, multiple scattering and scattering by asymmetrical particles.

In this paper, we present some first results of a systematic study of the maximum degree of circular
polarization that can be caused by single scattering of unpolarized light by randomly oriented asymmetrical
particles. The main purpose of such a general study is to clarify the contribution that can be provided by the
asymmetry of particles to circular polarization.

In section 2 we explain the theoretical basis of the mechanism which makes the asymmetrical particles
produce circular polarization of the scattered light. In section 3, we present some results from computations
for two model particles. Finally, in section 4 we expose the conclusions.

2 Mirror symmetry and asymmetrical particles

Unpolarized light can become circularly polarized on scattering by asymmetrical particles in random orien-
tation. This can be derived from 2 × 2 amplitude matrices and 4 × 4 scattering matrices [6, 7]. Here we give
a more direct derivation based on first principles. Suppose a collection of randomly oriented asymmetrical
(i.e. having no plane of symmetry) particles is illuminated by a plane-parallel beam of unpolarized light with
flux vector {1, 0, 0, 0}, where braces are used for column vectors of Stokes parameters. The flux vector of the
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(singly) scattered light at a certain distance, R, can generally be written as {a, b, c, d}, using the scattering
plane as the plane of reference for the Stokes parameters. This flux vector depends on the scattering angle
and the properties of the scattering particles. In what follows we keep R and the scattering angle fixed.

Let us now replace all particles by their mirror particles (e.g. right handed screws by left handed screws),
but keep the incident light unpolarized. Because of symmetry, the scattered beam will become the mirror
image with respect to the scattering plane of the original beam. Therefore, the flux vector of the scattered
beam can now be written as {a, b,−c,−d}, since the last two Stokes parameters must have changed their
sign, as follows from their definitions and Fig. 1. For details we refer to Hovenier et al. [8]. By summation
we find that, when the original particles and their mirror particles are present in equal numbers in a collec-
tion of randomly oriented particles, the flux vector of the scattered beam can be written as a column vector
proportional to {a, b, 0, 0}. Clearly the same is true for a collection of particles having a plane of symmetry
(like spheres, spheroids, cubes, etc.), since these are their own mirror images. So, the degree of circular po-
larization is d/a, −d/a and zero, respectively, in the cases considered. This directly demonstrates that single
scattering of unpolarized light by randomly oriented particles can create circular polarization. Obviously,
this can also occur for a collection of particles in which the number of asymmetrical particles is not exactly
equal to the number of their mirror particles, but a certain unbalance exists.

Figure 1: Vibration ellipses of two beams of light traveling in the direction given by the vector product r× l.
The plane through l perpendicular to r is the scattering plane. The two beams are each other’s mirror image
with respect to the scattering plane. The orientations of the major axes of the vibration ellipses are given by
the angles χ and π − χ while the handedness of the beams is opposite.

3 Numerical results

We have calculated the degree of circular polarization, as a function of scattering angle, produced by un-
polarized light scattered at a wavelength λ = 500 nm by collections of identical asymmetrical particles in
random orientation. The particles are aggregates of homogeneous optically inactive identical spheres with
a complex refractive index m = 1.5 + i 0.001, which is a typical value for some silicates. Two different
shapes were used for the aggregates (see Fig. 2). The volume equivalent size parameters of the aggregates,
X, are varied. To compute the required scattering matrix elements, we have used a T-matrix double precision
superposition code for multi-sphere clusters in random orientation [9] for all the cases. We have chosen the
accuracy parameters of this code in such a way that the difference between the result we have obtained, and
the one obtained with better parameters, is zero up to the last digit of the double precision, for all the scat-
tering angles, elements of the scattering matrix and size parameters for which we performed calculations.
In order to check the results, we also have used the Discrete Dipole Approximation method [10] for all
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the calculations except for those corresponding to Mr. Sanchez. In each case, we have fixed the number of
dipoles for the accuracy parameter of the code to be |m|2πλ d ≤ 0.4, where d is the shortest distance between
two neighbouring dipoles. Averaging has been performed over 16000 orientations at least.

Figure 2: Asymmetrical particles used for the calculations. The left particle (from now on “snake particle”),
is an aggregate of 7 homogeneous identical spheres. The right one (from now on “Mr. Sanchez”), is made
of 25 of these spheres.

As shown in Fig. 3, the structure of the degree of circular polarization produced by the snake particle
gets more complicated as the size parameter X grows from 0.191 to 7.652. For X = 0.191 the result is an
almost flat curve at the zero level, as corresponds to the Rayleigh domain. As the size parameter increases
up to X = 3.826, generally the amplitude of the curves becomes larger. The values of the degree of circular
polarization produced by Mr. Sanchez are in the same range as the ones corresponding to the snake particle
with the same size parameter, although Mr. Sanchez is not such a strongly asymmetrical particle. For all the
cases circular polarization is more important at backward scattering angles that at forward ones.

4 Conclusions

Single scattering of unpolarized light by asymmetrical particles in random orientation may produce degrees
of circular polarization of the scattered light that are comparable to observed values. It should be noted that
our results obtained so far refer to ensembles of a single aggregate in random orientation. Kolokolova et al.
[7] found smaller values for ensembles of randomly oriented aggregates with different arrangements of their
constituents. Further work is in progress.
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Abstract

This paper describes light scattering results on huge low number density agglomerates. The
constituent grains are made of different materials (silica, graphite). The agglomerates are
deposited on a plane surface. The phase curves are compared to measurements obtained
with the same grains lifted by a draught and to remote astrophysical observations.

1 Introduction

1.1 Astrophysical observations

Regoliths on asteroidal and planetary surfaces seem to be loose materials produced by impinging meteorites
on the surface of the small bodies. Cometary and possibly interplanetary particles seem to be mainly made
of agglomerates of micron or submicron-sized grains. These particles are among the more primitive in
our solar system. Comparing their properties thus is fundamental to understand their behavior. To interpret
remote light scattering observations, it is necessary to use numerical and experimental simulations [1, 2].

1.2 Instrument

The PROGRA2 experiment has been developed to provide data for a polarimetric phase functions database,
to be compared to laboratory measurements and remote sensing observations. The instrument is a polarime-
ter; the light sources are two randomly polarized lasers (632.8 nm and 543.5 nm). The instrument config-
uration used for deposited samples has two mobile arms. The first arm holds the collimator connected to
the laser, the second one holds a beam splitter cube followed by two photodiodes. A mirror configuration
(incidence angle=emergence angle) is used. Levitating particles (in microgravity or lifted by a draught) are
studied by an imaging method with two cameras. More details on the instrument can be found in [3, 4].

1.3 Samples

The huge agglomerates (about 20 mm diameter x 3 mm width) were prepared by random ballistic deposition
of single grains. More technical details can be found in [5]. The volume filling factor of the samples is
between 0.12 and 0.20, depending on the sample. Four samples have been studied: monodisperse bare and
coated silica spheres, silica and graphite irregular grains. Figure 1 presents SEM images of grains. The
radius of the spheres is about 750 nm. The average size of the irregular silica grains is in the range of a few
micrometers. The graphite grains are plate–like with a typical size in the micrometer range and a thickness
of a few hundreds of nanometers.
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Figure 1: SEM images. 1a Silica spheres. 1b Silica irregular grains. 1c Graphite plate grains. (LPLE, Paris6).

2 Phase curves

The phase curves obtained for huge agglomerates of micron-sized grains with different shapes and materials
are compared to the phase curves obtained for the same grains (or small agglomerates made of typically less
than 5 grains) lifted by an air-draught.

2.1 Silica spheres

On the polarization phase curves of monodisperse spheres (Fig. 2), the undulations typical of Mie curves are
reduced for deposited huge agglomerates, as compared to levitating spheres [6, 7]. The undulations are more
important for huge agglomerates of spheres coated with a black painting (Fig. 3) than for agglomerates of
bare spheres. Backward and forward increase of intensity, together with Mie undulations are observed for
small transparent lifted grains, for black coated grains and huge agglomerates of those black grains. The
intensity phase curve is approximately linear (except at phase angles smaller than 20 degrees) for huge
transparent silica agglomerates.

Figure 2: Phase curves for silica bare spheres. Left: Polarization. Right: Intensities normalized at 90 degrees.
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Figure 3: Phase curves for silica coated spheres. Intensities normalized at 90 degrees. (R) Red light.

2.2 Irregular grains

Figure 4 presents a comparison between transparent white (silica) and absorbing (graphite) materials. The
phase curves for irregular grains are smooth. The maximum value of the polarization (Pmax) is greater for
absorbing materials than for transparent ones; this effect is smaller for levitating grains. Multiple scattering
inside transparent agglomerates produces an important decrease of Pmax as compared to levitating grains.
On the contrary, Pmax has about the same value for agglomerates or levitating grains of graphite. The phase
angle at maximum increases for the agglomerates as compared to levitating grains for all materials. The
negative branch of polarization is present for all the studied deposited huge agglomerates but disappears for
levitating graphite grains. Such a result for levitating small aggregates of similar graphite particles was also
found by Wurm et al. [8].

3 Conclusions

This study points out some general parameters of the phase curves allowing to retrieve physical properties of
the particles from the light they scatter. The phase curves obtained for monodisperse spheres are obviously
not comparable to phase curves obtained by remote observations of regoliths (which are smooth) but they
will be used for comparison with numerical calculations. The phase curves obtained for irregular grains
have the usual shape obtained for regoliths with a negative branch and a maximum positive polarization
decreasing with increasing albedo like for asteroids.
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Abstract

The comparison of near and far field scattering and absorption of agglomerated particles
are made. The particles are assumed to be excited at their surface plasmon resonance, and
computations were carried out with a finite-element method.

1 Introduction

In order to gain a clearer understanding of scattering and absorption by nanosized particles (10–50 nm
in diameter) on or near substrates we have studied near-field scattering and absorption of particles and
agglomerates, and compared these results to scattering observed in the far field. The particles are excited
near their surface plasmon resonance. The results of the two dimensional studies will be compared to the far
field results obtained from a previous study conducted by our group [1]. Additional calculations were done
to examine the scattering of three-dimensional particles as a function of interparticle distance.

As with the Lorenz-Mie theory, calculation of radiation, light scattering and absorption in the near
field currently presents itself as a difficult analytical problem [2, 3]. These problems have typically been
solved with an electromagnetic approach [4]. With the burgeoning growth of nanotechnology, these simple
analytical solutions are not sufficient to meet current industry demands and national initiatives. To con-
quer this issue, we have used a commercial finite element program, which numerically solves Maxwell’s
equations. Venkata’s work extended the Lorenz-Mie theory to use numerical techniques that account for
particle-particle and particle-surface interactions in the far-field [1, 5, 6]. Current work starts from near-field
calculations and hopes to bridge the gap between far and near field results; due to computational limitations,
only the results at a 50 nm–radius away from the center surface of the models are obtained.

A series of different geometries of aggregated particles are considered, including pyramidal, cubic, di-
agonal, linearly horizontal and linearly vertical configurations. These models are the same configurations
considered by Venkata et al. [1] (see Fig. 1). The particles modelled in two dimensions and can be consid-
ered as infinite cylinders. (Model II is also considered in three-dimensions). The particles, which are gold,
are situated above a 20 nm thick metallic film. Beneath the film is a glass layer. Light is incident upon the
glass at 45◦, which allows total internal reflection. These conditions produce transverse magnetic waves at a
resonance wavelength of gold [4, 7].

Particles sizes are modelled between 10 and 50 nm. The extinction cross sections, radiant flux scattered
and absorbed by the particle and the extinction efficiency can be used to determine resonance wavelengths
[9]. Using the dipole approximation, one can determine the extinction cross-section resonance [4, 8]. While
resonance wavelength varies strongly with size [10], for comparative purposes we have employed the same
wavelengths used by Venkata. The agglomerated structures as a whole are large enough (at a minimum 30
nm in width) to assume bulk conditions. To test this, we extended Venkata’s work by examining the effect
of size, under surface plasmon resonance conditions. We are also in the process of determining the angular
effects on scattering intensity of an incident light totally internally reflected on a thin metallic surface.
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Figure 1: Shown are the various model configurations examined in the near field. ‘d’ indicates the diameter.
‘n’ is an integer value ranging from 1–10. Model II is also examined as a three-dimensional system.

We have used the index of refraction as the material property. The index of refraction can be considered
an intrinsic property at the size scales employed. Maxwell’s equations are solved, using appropriate indices
of refraction and geometry, to determine the disturbance of the electric field (V/m), and the disturbance of
the magnetic field (A/m). The absorption of the material is extrapolated from this information by a simple
energy balance calculation. The data are collected at a distance of 50 nm around the models: these data form
a semi-circle around the modelled data.

2 Results

Near field scattering cannot be directly compared to that of the far field. To overcome this quandary, scat-
tering is compared in terms of intensity patterns and absorption. For the sake of brevity, only a few sets of
results are discussed.

Figure 2 depicts the scattering patterns of models III A, IV A and IV B. As one would expect, due to
absorption, the energy dispersed to the system decreases as the number of particles present increases. The
symmetry of the results is irrelevant: the models were designed such that the particles form the center of the
modelled system. The results do indicate that the breadth of the scattering of the EM field is a function of
particle density. The results also indicate that even a small change in the number of particles affects the near-
field scattering intensity. The variation in scattering intensity in the far-field is increased with the number of
particles [1]. These initial results indicate that the broadening that occurs with increased numbers of particles
in the near field translates to stronger intensities in the far-field. Purely for the purpose of analogy, one can
compare the effect to throwing different size stones in water; the immediate effect of a larger stone appears
as smoother, broader ripples initially, but the ripples have more strength at a distance.

Figure 3 shows results of three-dimensional simulations. The figure shows three configurations of model
II, where the interparticle distance separating the particles is 1, 5 and 10 nm. The particles, in this case, are
10 nm in diameter. The simulations show the relative electrical energy density within the particles as well
as the effect of wavelength on resonance. The results indicate that as interparticle distance increases, the
strength of the electrical energy density within the particle increases. Additionally, the figure shows sharp
peaks at incident wavelengths of 215, 290 and 390 nm. These peaks are in good agreement with Venkata’s
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Figure 2: The scattering intensity, at a distance of 50 nm from the center of the model. The graphic shows
three different simulations: no particles, Model III B, Model IV A and IV B.

Figure 3: Simulations of model II, in three-dimensions. The results show the energy density compared to the
model system over a series of wavelengths. The particles are modeled at 1, 5 and 10 nm separation distances.

work [1]. From this (and other) data a relationship between interparticle spacing and absorption can be
obtained.

3 Conclusions

The results of this study can be used to develop a broader picture of radiation at the nanoscale in conjunction
with the numerical program developed by Venkata et al. Our results, combined, provide the scattering and
absorption of a variety (single and aggregated particles) of small particles on a surface. The results aim to
bridge near and far field scattering by particles of a few nanometers.
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[6] M. M. Aslan, M. P. Mengüç, and G. Videen, “Characterization of metallic nano-particles via surface
wave scattering: B. Physical concept and numerical experiments,” JQSRT 93, 207–217 (2005).

[7] G. V. Hartland and M. Hu, “Softening of the Symmetric Breathing Mode in Gold Particles by Laser-
Induced Heating,” Journal of Physical Chemistry B107, 7472–7478 (2003).

[8] C. F. Bohren and D. R. Huffman, Absorption and Scattering of Light by Small Particles, (Wiley, New
York, 1983).
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Abstract

The Nullfield Method with Discrete Sources proved itself as a reliable tool for calculating
light scattering patterns. Compared to conventional T-matrix algorithms it shows an in-
creased numerical stability. Latest investigations showed that these numerical stability can
be influenced positively by the arrangement of the discrete sources. This is to be presented
in the following.

1 Introduction

In recent years the T-matrix method became quite popular for calculating light scattering patterns. As it is
a surface based method it shows advantages mostly in computational time, especially when it can make
use of particle’s symmetry. Unfortunately, the numerical stability is always a concern [1]. This is due to
the fact that while the numerical expansion and hence the T-matrix are theoretically infinite, in practical
computer simulations they must be cut off to a finite size by truncating the expansions. This mostly affects
light scattering simulation by elongated, oblate and concave particles. To cope with this limitations several
improvements to the standard T-matrix methods have been developed. A quite successful modification is
the Nullfield Method with Discrete Sources (NFM-DS). This method allows to calculate light scattering by
elongated fibers up to aspect ratios of 50:1 [2], oblate discs with aspect ratios up to 100:1 [3] and concave
oblate particles [4]. During the corresponding investigations it was found that the position of the discrete
sources have an influence on the numerical stability of the algorithm.

2 Null-Field Method with Discrete Sources

A detailed theory of the NFM-DS can be found in the paper of Wriedt and Doicu [5]. In principle, a three-
dimensional space including a closed surface with an interior and an exterior domain is given. The mathe-
matical formulation of the scattering problem consists of the Maxwell’s equations, the boundary conditions
on the particle surface and the radiation condition uniformly over all possible radial directions. The scatterer
is replaced by a set of surface currents where in the exterior region the sources and fields are exactly the
same as those existing in the original scattering problem, while they are zero in the interior region. The total
electric field outside the scatterer then can be described using the Green’s dyadic for the unbounded space
and is expanded in terms of Spherical Vector Wave Functions (SVWF) of the first kind. The system of the
tangential components of the lowest-order SVWF with multiple origins is complete on the surface and the
infinite set of integral equations assures the nullfield condition for the total electric field within the enclosed
volume. In the next step the amplitudes of the surface currents are obtained as a solution of a truncated
system of integral equations. This has to converge in the mean-square norm on the surface and one gets the
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unique surface currents of the scattering problem. An approximate solution of the scattered field concen-
trates on obtaining an approximate solution on the surface. Now in a T-matrix scheme the scattered field
outside a circumscribed sphere is expanded in terms of SVWF and the transition matrix which relates the
scattered field coefficients to the incident field coefficients is computed. Once the internal surface currents
are determined, a formal solution of the scattered field and energy characteristics from the farfield vector
amplitude can be constructed.

3 Deposition of discrete sources

The NFM-DS is most advantageous to symmetrical scatterers. For such particles the easiest choice of placing
the discrete sources is along the axis of symmetry. But this is only reasonable for a spherical or an elongated
scatterer. For an oblate scatterer Eremin et al. [6] suggested to place the discrete sources in a complex
plane. The idea is to define a half-plane ϕ=const: Φ = {(ρ, z) | ρ ≥ 0, z ∈ R } with a complex plane
Φ̂ = {ẑ = (Re(ẑ), Im(ẑ)) | Re(ẑ), Im(ẑ) ∈ R } in such a way that the real axis Re(ẑ) coincides with the
(symmetry) z-axis to situate the multipoles describing the scatterer [7]; this is demonstrated in Fig. 1. A full
overview of applications of discrete sources in scattering analysis can be found in the book by Doicu et al.
[8].

Figure 1: Deposition of discrete sources for an elongated (left) and an oblate particle (right).

The question arises how to deposit the discrete sources, the most convenient answer is a regular arrange-
ment as shown in Fig. 2. While this looks quite reasonable for ‘regular’ symmetrical particles like a flat
disk (Fig. 2 — left), one might be not so sure if this is a good choice for more complicated shapes like a
biconcave, Cassini-based disk [4] (Fig. 2 — right).

Figure 2: Regular deposition of discrete sources (the spacing between the sources is constant).
Left: for an oblate, flat disk; right: for an oblate, biconcave, Cassini-based disk.

As the second, Cassini-based shape shows a non-uniform curve it might be good to take this into account
when placing the discrete sources. For example, in the area of the concavity a concentration of discrete
sources could lead to better numerical stability. May be it is also advisable to concentrate discrete sources
at the outer rim, too.

These questions are subject to the investigations described in the following. For this we start with a short
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overview on some possibilities how to arrange the discrete sources. Three exemplary models for qualitatively
described depositions of discrete sources are presented in Fig. 3.

Figure 3: Possibilities for the deposition of discrete sources.
Left: a projection of uniformly distributed polar-angles θ of a circumscribing half-circle onto the x-axis leads
to a concentration of discrete sources at the outer rim;
middle: a projection of uniformly distributed polar-angles θ of a half-circle over the radius onto the x-axis
leads to discrete sources concentrated in the middle of the base-shape;
right: a projection of uniformly distributed polar-angles θ of the particle shape onto the x-axis leads to
discrete sources concentrated at the area of the concavity and at the very rim.

Together with the equidistant model (Fig. 2) these arrangements were recently used to calculate the light
scattering patterns of a biconcave, Cassini-based particle while especially observing the numerical behavior.

4 Influence of the position of discrete sources

While discrete sources now are used in several scattering algorithms, a complete theory about the influence
of their position on scattering results is still open. Nevertheless, there are several empirical approaches which
are in use by actual programs. In our recent work investigating light scattering by biconcave, Cassini-based
particles we found a reasonable improvement in numerical stability.

We started light scattering calculations with a regular, equidistant arrangement, increasing the overall
diameter of the particle from simulation to simulation. Finally, we reached a size parameter where further
increase was not possible, because the algorithm would not deliver converging results.

Convergence can be estimated by comparing the total scattering and the total extinction efficiency for
two simulation passes with slightly different expansion orders. In case of converging results the efficiencies
should be (nearly) the same. It is in the nature of the NFM-DS that for non-trivial particles shapes and sizes
convergence is restricted to a small area of expansion orders. This means, that if the expansion order is too
low there will be no converging result, as well if the expansion order is too high. The more ‘odd’ the particle
shape, the smaller this usable area and the more sharp the transition between convergent and non-convergent
occurs.

After finally reaching the scattering calculation limit when using a regular arrangement for the discrete
sources we changed to arrangements as shown in Fig. 3. We observed, that the numerical stability increased
reasonably with the deposition shown in Fig. 3 — right, while the others lead to no improvements. By
doing so we were able to increase the computable size parameter up to 10%. Obviously, the concentration
of discrete sources in the critical biconcave area has some positive influence on the mathematical accuracy.

5 Summary and conclusions

In our recent work using the NFM-DS for investigating light scattering by biconcave, oblate Cassini-shaped
discs we encountered a limit for the computable size parameter. For larger particle sizes the scattering
calculations did not converge. By rearranging the discrete sources as described it was possible to overcome
this drawback and expand the size parameter about 10%.
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It is our opinion that this topic should be investigated in more detail as it looks promising to improve the
possible fields of NFM-DS applications.
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Abstract

Some selected applications of the light scattering method in materials science are presented
with emphasis on polymer systems and technological processes.

1 Introduction

There is a continuing and growing need for techniques for determining characteristics of particles in science,
industry and the environment. Optical methods are among the most powerful being capable of rapid on-line
and in situ measurement. The light scattering methods are used in a wide spectrum of the fundamental and
applied optics problems, including the control of properties of materials in chemical and materials science
and in technological processes [1–5]. In the presentation some aspects of single and multiple light scattering
are discussed, with special emphasis on scattering by non-spherical and heterogeneous particles [6, 7].

2 Light scattering in dilute systems

Two basic methods are available: static light scattering (LS) and dynamic light scattering (DLS). In LS
experiments a parallel laser beam is scattered by the medium (colloidal suspension, macromolecules in
solution, etc.) The signal is usually averaged in terms of orientation and time and the detector area is much
larger than the coherence area. This classical type of LS has been successfully used in polymer science for
many years providing information like the weight averaged molecular weight Mw, radius of gyration Rg
and the second virial coefficient A2 (a concentration dependent interaction parameter) [8–10]. DLS is one of
the most popular experimental techniques in the characterization of complex liquids (colloidal suspensions,
polymer solutions, polymer melts, gels) [11]. DLS provides a measure of the time scale for fluctuations in
the index of refraction of a complex liquids; it probes these fluctuations on the length scale of the reciprocal
of the scattering vector, q−1. In the case of colloidal particles or macromolecules intensity fluctuations are
predominantly caused by the diffusion motion of the particles. Based on the correlation between diffusion
coefficient and particle size, DLS is now widely used as a very convenient and non-destructive method for
particle sizing. The technique is suitable for the characterization of particles over a wide range of sizes from
a few nanometers to several micrometers. The interpretation of DLS experiment becomes difficult for many
systems of industrial relevance due to a very strong multiple scattering in undiluted scattering systems. An
elegant method to overcome the multiple scattering effect in DLS experiments is the use of cross-correlation
scheme [11]. DLS can be used to estimate the hydrodynamic radius RH of a block copolymer micellar
system from the determination of its diffusion coefficient; in addition, the sensitivity and versatility of DLS
allow changes in the micelle equilibrium due to variations of temperature, pH, or other parameters to be
monitored.
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3 Light scattering in soft and bulk materials

Various LS and optical techniques have been investigated as potential candidates for characterization of mul-
tiphase polymeric materials [12]. The Mueller matrix formalism [2–4] is briefly mentioned as an effective
procedure of complete optical description of the medium. The effects of multiple and dependent scattering
[13, 14] as well as coherent and diffuse light attenuation are discussed in model calculations and corre-
sponding experiments (small-angle light scattering, time-resolved light scattering, transmission or diffuse
reflectance measurements). Of the variety of physical and technological processes studied by LS methods
we will discuss the following physical processes: crystallization and morphology of semi-crystalline poly-
mers and polymer mixtures, aggregation, kinetics of phase separation and dissolution (demixing) of polymer
blends, stress whitening and photon migration in polymer composites [15]. Light scattering and the diffuse
reflectance method were used to characterize heterogeneous structures of polypropylene-based materials
before and after solid-state deformation. The application of a hybrid model of Monte Carlo simulation and
diffusion theory developed to describe propagation of photons into sufficient depth in the turbid media is pre-
sented for polypropylene samples with various amounts of ethylene-propylene rubber particles. The value
of reduced scattering coefficient determined from experiment is an important structural parameter with di-
rect relationship to the size of particles and their volume fraction in the polymer matrix. Speckle metrology
[16] spans a rather wide variety of techniques and speckles play an important role in many physical phe-
nomena. Therefore, it is essential to fully understand their properties. Most applications of speckle-based
measurements are devoted to surface scattering, but some bulk properties of materials can be also analyzed.
Structural aspects of the laser speckle techniques and their application in bulk polymer materials will be
presented. Amorphous solid structures, such as gels and glasses, are ubiquitous in colloidal and other soft
matter systems. The ongoing development of a theoretical and experimental understanding of the relation-
ship between colloidal gels and colloidal glasses has fuelled the optimism of reaching new levels in the
ability to tune properties of disordered materials and of reaching a deeper scientific understanding of these
nonergodic materials. This has a potential impact in a wide range of technologically important fields. Ad-
vances in many of these scientific and technological issues were the topic of a recent Faraday Discussion
[10]. Members of the more broadly defined “nanotechnology community” are also increasingly interested
in self-assembly and nanostructured liquids because of their potential to provide robust and inexpensive
strategies for creating nanoscale materials. Though these materials usually form complex morphologies in
nanoscale ranges, the LS analysis could play an important role in study of their self-assembly. For exam-
ple, the potential of block-copolymer self-assembly to create nanometer size structures for chip fabrication
has been recently highlighted. Also, soft nanostructured materials can provide templates for synthesis of
nanoparticles. Out of extensive LS applications in biology and biomedicine [17, 18] a few examples of the
use of light scattering methods in biomedicine will be also discussed.

4 Conclusion

In this paper an overview of some practical applications of the light scattering method in materials science
has been given. Due to a wide variety of techniques available only selected scattering systems are presented
and the review is far from being complete.
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Abstract

Polarimetry has played an important role in many areas of astronomy, both through the
direct production of polarized flux in synchrotron and cyclotron radiation and the polarized
emission from aligned dust grains (dichroic emission), and its production in secondary pro-
cesses such as scattering and selective absorption by aligned grains (dichroic absorption).
Future polarimetry at optical and infrared wavelengths will continue to provide important
advances from the nearby universe to very high redshifts.

1 High spatial resolution

The introduction of 8-metre class telescopes has provided the large collection areas necessary for high-
accuracy polarimetry, particularly spectropolarimetry, at optical and infrared wavelengths. The availability
of adaptive optics, including the use of laser guide stars, is providing considerable improvements in spatial
resolution (approaching 0′′1 in the near-infrared), so important for polarimetry where poor spatial resolu-
tion can lead to significant reduction in the degrees of polarization, either through dilution from unpolarized
sources or through spatial changes in the position angle of polarization. The Hubble Space Telescope, with-
out the distortions produced by the Earth’s atmosphere has provided these resolutions in the optical for many
years.

Polarimetry can provide information on the geometry of structures that are unlikely to be resolved at
optical wavelengths in the foreseeable future. This is especially useful in studying the emission from disk-
like structures found around many stars, both young and evolved, and around massive-black holes in active
galactic nuclei (AGN). Linearly polarized light from such objects is mostly scattered light and thus gives us
a different view of the disks and, for line-emission regions, velocity-resolved spectropolarimetry gives the
velocity of the scatterers. Recent spectropolarimetry of Hα emission has been used by Robinson et al. [1] to
give, for the first time, direct evidence for sub-parsec scale accretion flows in AGN. Donati et al. [2] have
used spectropolarimetry of the Zeeman signature, generated in spectral lines by magnetic fields, to make the
first direct detection of a magnetic field in the innermost regions of the FU Orionis accretion disk. For many
years, polarimetry has been used to view, in scattered light, objects that are completely obscured from our
direct view by optically and geometrically thick tori, e.g. around young stars and AGN.

2 Thermal infrared

Some of the latest generation large telescopes have taken particular care to minimize the thermal emission
from the telescope and emissivities as low as 4% have been achieved on the Gemini North telescope. This,
together with the diffraction limited performance in the mid-infrared, is leading to orders of magnitude in-
crease in sensitivity for 10 µm spectropolarimetry, a key diagnostic of the chemical and physical properties
of dust particles. Few observations have been carried out since the pioneering work of Aitken and collab-
orators (see Aitken et al. [3] and references therein). The feature is ubiquitous, being found in the diffuse
interstellar medium, in the dense star-forming regions, in the disks around young and evolved stars and in
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comets. It is seen in polarized flux when the dust grains are aligned, a common occurrence in many astro-
physical situations, with polarization produced in emission from warmer dust grains and in absorption by
cooler grains. Spectropolarimetry is a particularly powerful diagnostic as it can separate the emissive and
absorptive components, which is not usually possible from the total flux spectrum. Of particular interest is
the growth of dust grains in protoplanetary disks, a process that must occur as planetissimals, and eventu-
ally planets, form. Voshchinnikov has recently proposed that polarimetry can be a very important tool in
identifying the sizes of dust grains in disks around young stars where flat 10µm spectra are often used as
an argument for large grains (2 µm or more), which mute the feature. However, as pointed out by Voshchin-
nikov et al. [4], smaller porous grains can produce similar flat spectra. As the albedos of the larger grains will
be high, this should lead to high degrees of polarization at 10µm and thus polarimetry should differentiate
between the two models.

3 Extra-solar planets

One of the newest and most exciting areas of astronomy is that of extra-solar planets. Since their first
discovery, ten years ago, over 160 such planets have now been discovered, mostly through radial velocity
measurements of the central star, and far less frequently by the change in brightness of the star as the
planet transits across the face of the star or through gravitational microlensing (see Marcy et al. [5] for a
recent review). Although young planets at large distances from the central star have now been imaged, no
observations have been made of the reflected light from older close-in extra-solar planets. For the so-called
hot-Jupiters planets, planets with the mass of Jupiter but within 0.1 AU of the star, it is unlikely that they
will be spatially resolved from the central star in the foreseeable future, and hence the reflected light from
these stars can only be observed by separating the reflected light from the far brighter direct stellar light.
As the light reflected from the planet will be polarized, but the star light will be unpolarized, it should
be possible to pick out the planetary signal in polarized flux. Models suggest that the maximum orbital
fractional polarization for the hot-Jupiters is a few ×10−6 (see e.g. Seager et al. [6]), which is a sensitivity
that is being achieved with PlanetPol, a recently constructed polarimeter (Hough et al. [7], [8]). Results for
the star τ Boo suggest that the albedo of the planet τ Boo b is low, less than 0.2 (Hough et al. [9]), which
might be due to absorption by alkali atoms in the atmosphere.

Spatially resolving planets from the central star is being vigorously pursued from the ground prior to the
space-based interferometers such as the ambitious Darwin and TPF-I missions. A severe limitation is not the
faintness of the planets but the speckle noise remaining from instrumental features, and residual atmospheric
turbulence after adaptive optics corrections to enhance the spatial resolution. The speckle noise, which is far
higher than photon noise, can be reduced by polarimetric differential imaging and this technique is being
developed for the second generation ESO PlanetFinder instrument (Gratton et al. [10]). Of course, polarized
flux images have been used for many years to study disks and shells around stars, with the unpolarized central
star having no polarized flux, leaving the polarized flux image of the much fainter but highly polarized
circumstellar shells or disks (e.g., Gledhill and Takami [11]).

4 Dust in the Earth’s atmosphere

Polarimetry is usually regarded as a technique that is not affected by the atmosphere, apart for a reduction
in the accuracy achieved in a given time arising from the loss of photons in cloudy conditions. However,
with the fractional polarization sensitivities of 10−6, achieved with PlanetPol, it has been observed that
Saharan dust, frequently observed over the Canary Islands in the summer months, can produce fractional
polarizations of ∼ 40 × 10−6 at a zenith distance of ∼ 40◦ when the dust reduces transmission at the zenith
by ∼ 25% in the red. We interpret this polarization as arising from dichroic absorption in aligned dust
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grains (Bailey et al. [12]). Although alignment of cirrus ice crystals has been known for some time, this is
the first time alignment of dust grains in the atmosphere has been observed. These results have important
implications for aerosol remote sensing techniques and radiative modelling, as well as for high-sensitivity
astronomical polarimetry.

5 Circular polarimetry

Most astronomical polarimeters measure linear polarization, although notable exceptions are circular po-
larimetry observations when measuring magnetic fields using the Zeeman effect, and when measuring the
cyclotron radiation produced in the AM Her Binaries. Multiple scattering usually produces low degrees of
circular polarization (CP) and circular polarization images of young stellar objects show degrees of circular
polarization of a few tenths of a percent (Chrysostomou et al. [13]). However, scattering off aligned dust
grains or the passage of highly polarized radiation (e.g. produced by a reflection nebula) through a medium
of aligned grains can produce tens of per cent CP, effectively by conversion of Stokes U to Stokes V by
birefringence. This mechanism is thought to be responsible for the very high degrees of CP observed in a
number of high-mass star-forming regions (Chrysostomou et al. [14]). Bailey et al. [15] proposed that this
high CP, in regions where stars and presumably planets are forming, might be responsible for the origin of
homochirality, which has remained unexplained since Pasteur discovered, over 150 year ago, that biological
molecules have a preferred handedness. Bailey proposed that the CP light, through asymmetric photolysis,
produced an excess of one enantiomer in prebiotic molecules, and that these were then delivered to Earth
in the heavy bomardment period of the Earth’s early history, and acted as seeds for the development of life.
Chrysostomou et al. [16], have used near-infrared circular polarimetry of HH135-136 to show that the mag-
netic field along the jet has a helical structure, and that this shape is probably retained for large distances
along the outflow and provides the necessary magnetic pressure for collimation of the outflow.

6 Biomarkers

The discovery of life elsewhere in the Universe has become one of the key problems of present day scientific
endeavour and establishing robust biomarkers is an essential element in that programme. As homochirality is
a requirement for self-replication, presumably including unknown life-forms, chiral signatures arising from
enantiomeric excesses, could be used as a unique biomarker. Light scattered from biological particles will
be circularly polarized and although the effect is generally small it is usually far higher than any CP from
abiotic materials, and futhermore, biotic material will have characteristic spectral signatures in CP light.
More detailed laboratory studies are needed to show that this diagnostic tool can be used for remote sensing,
or on future planetary landers.

7 High redshifts

Polarimetry is playing a key role in the high red-shift universe. Gamma-ray bursts (GRBs) are the most en-
ergetic events in the universe and polarization of the gamma-rays themselves is a key diagnostic of the GRB
mechanism. Equally important, in understanding the nature of GRBs is the polarization of the afterglow at
optical and near-infrared wavelengths that provides geometrical information of the unresolved system and
on the evolution of the expanding fireball (Covino et al. [17]). Sparks [18] has proposed using polarimetry as
a novel way of measuring the distance to stellar outbursts, including supernovae. Circumstellar light echoes,
in which light is reflected from interstellar dust, are seen around some outbursts. In principle the scattering
angle can be calculated from the observed polarization and for 90◦scatters the distance from the source to
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the scatterer can be easily calculated from the light travel time, enabling the distance to the outburst to be
calculated by simple geometry.
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1 Introduction

Over the past decade enormous progress has been made in the field of light scattering by nonspherical par-
ticles. This is immediately apparent if one browses in the peer-reviewed proceedings of earlier Conferences
on Electromagnetic and Light Scattering by Nonspherical Particles, and even more so if one reads the corre-
sponding special issues of the Journal of Quantitative Spectroscopy and Radiative Transfer. Other relevant
literature includes a number of books [1–4]. Clearly, a vast amount of knowledge has been acquired, in
particular by means of improved numerical techniques and experimental methods. The time seems ripe now
to attempt setting up some order in the bewildering amount of scattering patterns (spatial distributions) that
have been obtained so far for spherical and nonspherical particles.

A natural way to start this endeavour is to look for groups of computed, measured and observed scatter-
ing patterns with more or less similar features. In this way an empirical classification may grow that could be
very helpful in gaining not only more knowledge, but also more insight and a deeper understanding of light
scattering by nonspherical particles. The main purpose of this work is to make a first step in this direction
by presenting a brief review of so-called bell-shaped polarization phase curves.

2 What is a bell-shaped polarization phase curve?

We consider a collection of independently scattering randomly oriented particles with equal amounts of
particles and their mirror particles. The incident light is unpolarized with wavelength λ and the largest optical
diameter of the cloud is small enough to assume that multiple scattering may be neglected. The degree of
linear polarization, p(θ), of the scattered light as a function of the scattering angle, θ, is described by what
is usually called a polarization phase curve. The word phase stems from the fact that often the phase angle
(i.e. the supplement of the scattering angle) is used instead of the scattering angle. We call a polarization
phase curve bell-shaped if it has a broad range of positive polarization (i.e. the vibrations perpendicular
to the scattering plane dominating over the parallel vibrations) with a maximum at, or near, 90 degrees,
while some negative polarization branches may occur near small and/or large scattering angles. Some typical
examples are shown in Fig. 1. The solid curve refers to spheres in the Rayleigh limit and particles of arbitrary
shape in the Rayleigh-Gans limit. The dotted curve holds in the Rayleigh limit for particles with anisotropic
polarizability, such as spheroids, having a so-called depolarization parameter of 1/9. The dashed curve
stands for the class of comets with maximum polarization around 28%. This represents a case in which no
data are available for scattering angles smaller than about 70 degrees. We still call such a curve a bell-shaped
polarization phase curve, because of the similarity with the corresponding part of a full bell-shaped curve.
The crosses in Fig. 1 are experimental data for a sample of Feldspar at 632.8 nm in the range 5–173 degrees,
as taken from the Amsterdam Light Scattering Database (http://www.astro.uva.nl/scatter).

Bell-shaped polarization phase curves are not only found for independently scattering particles, but also
for media with touching particles, such as powders and regoliths of solar system bodies. Many studies have
been devoted to the branch of negative polarization near backscattering directions and in particular to the
role of coherent backscattering in this respect (see, e.g., [2, 5]). We will focus our attention, however, on
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Figure 1: Degree of linear polarization as a function of scattering angle (bottom) or phase angle (top). The
four bell-shaped polarization phase curves are discussed in the text.

the main feature of bell-shaped polarization phase curves for independently scattering particles, namely the
broad range of positive polarization.

3 Examples

Several examples of bell-shaped polarization phase curves obtained from measurements, observations, the-
ory and computational work, respectively, will be presented, without claiming completeness.

3.1 Measurements

A remarkable large number of polarization phase curves of solid particles in air or a liquid that have been
obtained from laser experiments are bell-shaped. This is already clear from the Amsterdam Light Scattering
Database, which at present contains many polarization phase curves of ensembles of natural solid particles in
air and also of several hydrosol particles for the visible part of the spectrum. Most of these curves are clearly
bell-shaped, often with some negative polarization at large scattering angles. For fly-ash no bell-shaped po-
larization curves were found. It should be noted that the samples in the database were not selected a priori
to interpret observed bell-shaped polarization curves. Light scattering experiments with levitated particles
[6] also produced bell-shaped polarization curves for various particles of terrestrial and meteoritic material.
Furthermore, microwave analog to light-scattering measurements have yielded several bell-shaped polariza-
tion curves, e.g. for various randomly oriented aggregated particles [7–9]. Measurements of the scattering
matrix of sea water [10, 11] resulted in bell-shaped polarization phase curves with maxima between 30%
and 80% in the vicinity of 90 degrees.

3.2 Observations

Astronomical observations in the visible part of the spectrum have revealed bell-shaped polarization phase
curves at various wavelengths for comets and interplanetary particles, at least in the ranges of scattering an-
gles for which observations could be done. Other cases include certain kinds of particles in the atmospheres
of the Earth and Titan, but not of Venus. Furthermore it may be noted that very high positive polarization,
up to about 100%, has been reported for a reflection nebula [12].

3.3 Theory and computational work

Particles of any shape with a characteristic linear dimension, d, (complex) refractive index with respect to the
surrounding medium, m, and size parameter x = πd/λ, for which x � 1 and |mx| � 1, are in the Rayleigh
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domain and have bell-shaped polarization phase curves. Making the particles larger causes a decrease of the
polarization. For example, for non-absorbing homogeneous spheres we have

p(90◦) = 1 − 2v2x4 + O(x6) , (1)

where

v =
(m2 − 1)(m2 + 2)

15(2m2 + 3)
, (2)

which shows that p(90◦) is 100% only in the limit of vanishing size parameter. For non-spherical particles
the maximum degree of linear polarization in the Rayleigh limit also occurs at 90 degrees, but it is smaller
than 1 (cf. Fig. 1) and may be as small as 1/13.

Bell shaped polarization phase curves with 100% polarization at 90 degrees are also found in the
Rayleigh-Gans domain, i.e. for particles of any shape with 2x|m − 1| � 1 and |m − 1| � 1.

Particles of any shape that are close to the Rayleigh or Rayleigh-Gans domains have bell-shaped polar-
ization phase curves, but the maximum polarization can be much reduced. This may be seen in diagrams
with the scattering angle as abscissa and the (effective) size parameter x, as ordinate in which the degree
of linear polarization is shown by means of contours or colour (see, e.g., [1, 2, 13–15]). These diagrams
reveal that the bell-shape disappears for non absorbing particles with size parameters larger than about 3–5
if m > 1.33. Zakharova and Mishchenko [16, 17] have, however, shown that bell-shaped polarization phase
curves with a maximum of up to about 100% near 90 degrees occur for spheroids and cylinders with extreme
axis ratios (up to 20) and moderate surface-equivalent-sphere size parameters (up to 20). The refractive index
was 1.311, which is a typical value of water ice in air in the visible.

Large absorbing particles may also produce bell-shaped polarization phase curves, as shown e.g. by
Hansen and Travis [13]. It can be deduced from their Fig. 20 that for a narrow size distribution of spheres
with m = 1.33 + 0.01i bell-shaped polarization phase curves occur for effective size parameters larger than
about 70 and for all size parameters if the imaginary part of the refractive index is increased to 0.1. For such
large strongly absorbing particles most of the scattered light is due to diffractionand reflectionso that the
shape of convex particles in random orientation plays no role in the scattering properties.

Bell-shaped polarization phase curves are theoretically well understood for Rayleigh and Rayleigh–Gans
scattering as well as scattering by large absorbing particles. But computational attempts to find particles with
a bell-shaped polarization phase curve that would give good agreement with observations of e.g. comets, in-
terplanetary particles and particles in the atmosphere of Titan, have shown that there are more possibilities.
Among these are hollow spheres, rough particles, so-called fluffy particles, aggregates with small compo-
nents (monomers) and so-called bird’s nests (tangles of rods).

4 Concluding remarks

Measurements and observations show that many randomly oriented natural particles in the soil, atmosphere
and oceans of the Earth and in astronomical environments have bell-shaped polarization phase curves. The-
ory and numerical work give the same type of polarization phase curves for many kinds of particles. This
leads to the fundamental question if this wide-spread occurrence of bell-shaped polarization phase curves
may, at least partly, be explained by one (or a few) common physical mechanisms. Clues for seeking an
answer to this question will be discussed.
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Abstract

Separation of variables is used in such exact and fast (and hence popular) methods of so-
lution to the light scattering problem as SVM, EBCM, PMM, etc. So far these methods
were developed independently. This review stresses their tight relations and important abil-
ity to supplement each other due to essential differences between the method applicability
ranges. We also concern our recent developments of the methods by the use of nonstandard
functions for the field expansions and scalar potentials in particular efficient for scatterers
with a high aspect ratio.

1 Introduction

The methods based on expansions of the electromagnetic fields ~E, ~H in terms of some wave functions ~Fi are
widely used today to solve the problem of light scattering by nonspherical particles. This group of methods
includes the separation of variables method (SVM), extended boundary conditions method (EBCM), point-
matching method (PMM), generalized multipole technique (GMT), multiple multipole method (MMP), etc.
(see [1, 2] for more details).

In this paper we deal with the largest and probably most important part of this group, namely the SVM,
EBCM and the simplest forms of the PMM, where (only) single expansions of the fields are utilized

~E(~r) =

∞∑

i=1

ai ~Fi(~r). (1)

The basic ideas of the methods under consideration and the general role played by separation of variables
are described in Sects. 2 and 3. The use of different wave functions ~Fi and different approaches within the
methods and the theoretical and practical limits of their applicability are discussed in Sects. 4 and 5.

2 Light scattering problem and separation of variables

The problem of light scattering by a nonspherical particle under some conditions that are usually satisfied
[1] is mathematically represented by the vector Helmholtz (wave) equations

∆~E + k2 ~E = 0, ∆ ~H + k2 ~H = 0, (2)

where k is the wavevector in the medium. The boundary conditions describing the equality of the tangential
components of the fields at the scatterer surface are

(~Ein + ~Esca) × ~n = ~Eint × ~n, ( ~Hin + ~Hsca) × ~n = ~Hint × ~n, (3)

where ~n is the outward normal to the particle surface, and the incident (in), scattered (sca) and internal (int)
fields are shown.
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It is the boundary conditions that complicate solving the problem as the general solutions to Eqs. (2) are
well known and can be simply expressed through the solution to the scalar Helmholtz equation ψ that can be
found in several (spherical, cylindrical, spheroidal, ellipsoidal and so on) systems of coordinates (ξ1, ξ2, ξ3)
using separation of variables, i.e. in the form

ψ = ψ1(ξ1)ψ2(ξ2)ψ3(ξ3), (4)

where ψ1, ψ2, ψ3 are determined from the corresponding ordinary differential equations (see, e.g., [2] for
more details).

Thus, all methods using field expansions in terms of some wave functions include the separation of
variables in the same manner.

3 Methods involving the separation of variables

In the method traditionally called SVM1 the field expansions (1) are substituted in the boundary conditions
(3). The conditions are then multiplied by the angular parts of the wave functions with different indices i
and integrated over all values of the angular variables. This obviously gives a system of linear algebraic
equations relative to the unknown expansion coefficients asca

i , aint
i (see, e.g., [3] for more details).

In the EBCM one uses a surface integral formulation of the scattering problem [1]. This formulation
is obtained by using the Stratton-Chu formula and includes the boundary conditions. The field expansions
(1) and the Green function expansion are substituted in this surface integral equation. Completeness of
the angular functions allows one to get again a system of linear algebraic equations relative to the same
unknowns [3].

In the PMM one substitutes the expansions (1) in the boundary conditions (3), and these conditions are
considered in a set of points at the scatterer surface. The number of the points M is taken so to get the
number of the equations equal to the number of the unknown coefficients. In the generalized PMM (gPMM)
one involves much more surface points obtaining thus more equations than necessary, and then solves an
overdetermined system of linear algebraic equations by the least squares or other technique [3].

Very close to the considered methods are those (GMT, MMP, etc.) where the field is represented by
a sum of expansions at different points of a domain with the number of terms in these expansions being
usually limited (the unknown coefficients are determined here like in the gPMM). Such multiple expansions
essentially change the solution properties, and we will not consider those methods below (the state of the art
of the field is reviewed at this conference in [5]).

Thus, the SVM, EBCM, PMM determine the same coefficients of the same expansions, but do that in
different ways, which causes the difference of the applicability ranges of these 3 methods. Nevertheless, the
methods studied earlier separately are so close that they should be called just versions of the same method.
Computer codes based on the methods differ only by a few tens of operators.

4 Different wave functions and approaches

So far the spherical functions were mainly utilized in the methods under consideration. We have considered
the methods also in the cases of the spheroidal and ellipsoidal functions [3, 6]. Our experience shows that
the difference between SVM, EBCM, PMM in some aspects2 can be less important than that caused by the
use of different wave functions employed for the field expansions.

1why one of the methods got the confusing name SVM is explained, e.g., in [3].
2in particular, in their applicability ranges considered below.
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Different approaches applied within the methods do not strongly change this conclusion. It is worth
mentioning here two approaches: one using the simple (Debye) scalar potentials and another using specially
selected potentials (see, e.g., [3, 4]). Note that a selection of the scalar potentials is equivalent to a selection
of the wave functions ~Fi and vice versa.

The first approach is very effective for consideration of some optical characteristics of ensembles of
particles (when the spherical functions are involved), while the second approach allows one efficiently to
consider light scattering by particles with medium to extreme eccentricity (when “non-spherical” functions
are involved) [3]. However, the use of different potentials does not affect the theoretical limits of applicability
of the methods.

5 Applicability of the methods

It looks reasonable to distinguish the theoretical applicability range of the methods (i.e., the region of values
of the parameters outside which the methods are mathematically incorrect and hence should diverge) and the
practical applicability range (i.e., the regions outside which computations becomes inefficient or incorrect
because of different numerical problems).

1. It is possible today to make definite conclusions about the theoretical applicability ranges for the
methods under consideration. Obviously, the SVM for spheres giving the well-known explicit Mie-solution
is mathematically correct for any values of parameters.

For the EBCM using the spherical functions, calculations of the scattered/internal field at the distance to
the coordinate origin d converge, when

max{dsca} < d and d < min{dint}, (5)

where dsca, dint are the distances from the coordinate origin to singularities of analytic continuations of the
scattered and internal fields, respectively. Thus, the EBCM convergence depends on d.

The conditions of validity of the Rayleigh hypotheses, i.e. convergence of calculations of the fields at
any point up to the scatterer surface, are obtained from Eqs. (5), after the replacements of d with min{r(θ, ϕ)}
in the left part and with max{r(θ, ϕ)} in the right part, where r = r(θ, ϕ) is the surface equation (see, e.g.,
[3]).

It must be noted that calculations of only far-field (d � 1) characteristics (cross-sections, scattering
matrix, etc.) converge, provided [7]

max{dsca} < min{dint}. (6)

Note that all quantities in the conditions (5), (6) depend only on the “geometrical” parameters of the
scatterer, in other words the applicability range of the “spherical” EBCM does not depend on the refrac-
tive index and diffraction parameter. If one applies the SVM with the spherical functions to non-spherical
particles, the obtained solution will have probably the same applicability range.

The PMM with the spherical functions gives solution whose properties are relatively close to those of
the EBCM solution. In contrast the situation with the generalized PMM is very simple – the use of the least
squares technique leads to a positively determined matrix of the system relative to the unknown expansion
coefficients, and hence this system always has a solution.

The use of the cylindrical, spheroidal or ellipsoidal functions in the methods leads to the same inequal-
ities (5), (6) defining the theoretical applicability range but the distances must be measured in the corre-
sponding coordinate systems, which is illustrated in [4] where we consider the spheroidal functions and
coordinates.

2. The practical applicability of the methods depends on the functions used. The EBCM and PMM with
the spherical functions are known to meet numerical problems for particles (e.g., spheroids) with a relatively
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large ratio of maximum to minimum dimension, though, e.g., all spheroids satisfy the conditions (5), (6).
For Chebyshev particles, the EBCM diverges when these conditions are not satisfied. The PMM converges
always, but it may need too many terms to be kept in the expansions, which leads to numerical problems
and a large increase of computational time [3].

The use of the spheroidal functions allows one to apply the EBCM and PMM even to particles (e.g., gen-
eralized spheroidal Chebyshev ones) with an extremely large ratio of the maximum to minimum dimension
(see, e.g., [4]). It is worth noting that when using the spherical functions the main part of computational time
is spent on calculations of the elements of the system matrices. In contrast in the case of the spheroidal func-
tions most time is taken by computations of these functions. For spheroids, one needs to keep less terms in
the field expansions in the second case and this allows codes utilizing different functions really to compete.

An even worse situation occurs for the ellipsoidal functions as one needs several times to solve a Catchy
problem to calculate these functions at one point [3]. Nevertheless, a SVM code for ellipsoids can compete
with other known methods for these 3D scatterers and certainly it alone can be very accurate for them in a
general case.

To conclude, in this paper we have reviewed the classic methods (SVM, EBCM, PMM) that apply the
single expansions of the fields in terms of different wave functions obtained by separation of variables. The
consideration was based on various codes developed by us for these methods with the use of the spherical,
spheroidal and ellipsoidal functions. After their optimization the codes will be made free available at our
DOP site (http://www.astro.spbu.ru/DOP).

Acknowledgments

This work was partly supported by grants RNP 2.1.1.2852 and NSh 8542.2006.2.

References

[1] M. I. Mishchenko, J. Hovenier, and L. D. Travis (eds.), Light Scattering by Nonspherical Particles,
(Academic Press, San Francisco, 2000).

[2] F. M. Kahnert, “Numerical methods in electromagnetic light scattering,” JQSRT 79-80, 775–824
(2003).

[3] V. G. Farafonov and V. B. Il’in, “Single light scattering: computational methods,” In: Light Scattering
Reviews, A. A. Kokhanovsky (ed.), 125–177 (Springer-Praxis, Berlin, 2006).

[4] V. B. Il’in and V. G. Farafonov, “Electromagnetic field expansions in terms of spheroidal functions,”
this volume, 91–94.

[5] Th. Wriedt, “Review of the null-field method with discrete sources,” this volume, 275–278.

[6] V. B. Il’in, V. G. Farafonov, and E. V. Farafonov, “The EBCM with the use of spheroidal functions,”
Opt. Spectr. (2006, submitted); V. B. Il’in, “A new approach to the generalized PMM,” Opt. Spectr.
(2006, in preparation).

[7] A. G. Dallas, “On convergence and stability of the second Waterman scheme,” Techn. Rep., Univ.
Delaware, 1–35 (2000); V. B. Il’in, A. A. Loskutov, and V. G. Farafonov, “Modification and investiga-
tion of T -matrix method,” Comp. Math. Math. Phys. 44, 329–348 (2004).



Field expansions in spheroidal functions, Il’in 91

Electromagnetic field expansions in terms of spheroidal functions

Vladimir B. Il’in1 and Victor G. Farafonov2

1Astronomical Institute, St. Petersburg University, Universitetskij 28, St. Petersburg, 198504, Russia
2St. Petersburg University of Aerocosmic Instrumentation, Bol.Morskaya 67, St. Petersburg, 190000 Russia

tel: +7 (812) 784-2243, fax: +7 (812) 428-7129, e-mail: vi2087@vi2087.spb.edu

Abstract

We present new exact solutions to the light scattering problem for nonspherical (in particu-
lar, nonspheroidal) particles. The solutions are obtained by three different methods (SVM,
EBCM, PMM) based on the field expansions in terms of the spheroidal functions. In con-
trast to earlier works an original approach efficient for particles of high eccentricity is ap-
plied. The ranges of applicability of the solutions are derived theoretically. Computer codes
created have demonstrated efficiency of the solutions for generalized Chebyshev particles.

1 Introduction

Representation of the electromagnetic fields as expansions in terms of some wave functions provides fast and
very accurate solutions to the light scattering problem at least for simple shape and structure scatterers [1]. So
far, the spherical functions were mainly utilized within such approach. Their use is known to cause numerical
problems for particles with the ratio of the maximum to minimum dimension significantly exceeding 1. The
spheroidal functions were applied, with a few exceptions [2], only to solve the problem for spheroids in
which case essential simplifications occur.

In this paper the problem for non-spheroidal scatterers is solved by three different methods — the separa-
tion of variables (SVM), extended boundary conditions (EBCM) and point-matching (PMM) methods based
on the field expansions in terms of spheroidal functions. Note that for the PMM we obtained the first solution
of this kind, for the EBCM the first program realization of such solutions, and for SVM (and both methods
mentioned above) the first use of the approach that allows one to consider extremely elongated/flattened
scatterers.

2 Approach used

We apply the approach suggested in [3] where the fields are divided in the axisymmetric (~EA) and nonax-
isymmetric (~EN) parts with specific properties (for nonaxisymmetric scatterers only the nonaxisymmetric
parts are to be considered). For the axisymmetric parts, we introduce the scalar potentials p = EA,ϕ cosϕ,
where ϕ is the azimuthal angle, EA,ϕ the ϕ-component of ~EA.

For the nonaxisymmetric parts of the fields, the Debye potentials (U) and Hertz vectors (V) are used
as scalar potentials. For example, for the TM mode, we have ~EN = ∇ × (U~iz + V~r), where ~iz is the unit
vector in the z-direction, ~r the radius-vector, µ the permeability, k the wavenumber. It is worth noting that
the potentials U are utilized (are appropriate) to solve the problem for spheres (Mie theory), while V that for
infinite cylinders.

The potentials are expanded as follows:

psca =

∞∑

l=1

asca
l R(3)

1l (c1, ξ) S 1l(c1, η) cosϕ, ... V int =

∞∑

l=1

bint
ml R(1)

ml (c2, ξ)S ml(c2, η) cos mϕ, (1)
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where the superscripts ‘sca’ and ‘int’ denote the scattered and internal fields, respectively, (ξ, η, ϕ) are the
spheroidal coordinates, R(1),(3)

ml (c, ξ) and S ml(c, η) the first/third kind radial and angular spheroidal functions,
c j = k jd/2, k1 and k2 are the wavenumbers outside and inside a scatterer, d is a parameter. Such expansions
of the scalar potentials are obviously equivalent to expansions of the fields in terms of the corresponding
vector (wave) functions [1].

Unknown coefficients of the potential expansions (asca
l , . . . , bint

lm) can be found in different ways.

3 Methods applied

We used the separation of variables (SVM), extended boundary conditions (EBCM) and generalized point-
matching (gPMM) methods. The main ideas of these methods are described, e.g., in [4].

The SVM gives the system of linear algebraic equations relative to the unknown coefficients presented as
finite length vectors ~a =

∑N
l=1 al (below we consider only the axisymmetric parts of the fields, consideration

for the nonaxisymmetric parts is similar)

A~a sca + B~a int = C ~a in, (2)

where the elements of the matrices A, B,C having the dimension 2N × N are integrals of products of the
spheroidal functions and their first derivatives (see [1] for more details), ~a in are the known coefficients of
the incident field expansion.

The EBCM leads to two systems

~a sca + QR ~a int = 0, QS ~a int = ~a in, (3)

where QR,QS are matrices of the dimension N × N whose elements are similar integrals. Combining equa-
tions (3), it is easy to get a system similar to Eqs. (2). Some operations with Eqs. (2) should transform them
into systems like Eqs. (3), but it looks to be not very simple to prove strictly that the systems (2) and (3) are
equivalent in a general case.

In the generalized PMM one gets a system like Eq. (2) but with other matrices A, B,C. Note that the
matrix elements in Eqs. (2), (3) practically do not depend on N, while the use of least-square-like techniques
in the gPMM leads to the matrices A, B,C that depend on N (see [1] for more details). As a result solutions
of the systems (~a sca, ~a int) do not depend on N for SVM and EBCM, and depend on N for gPMM. This
explains different properties of the solutions, including the diference of their applicability ranges.

4 Applicability of the methods

Consideration of the asymptotic behaviour of the matrix elements of the systems (2), (3) for large element
index values and analysis of asymptotic systems allow one to get strict conditions under which the solutions
given by the methods converge with N → ∞. These conditions in their general form do not depend on
the functions used for expansions and are presented in [4]. Here, we show how the conditions look like in
spheroidal coordinates that are to be used along with spheroidal functions.

The EBCM and SVM, when applied to calculate characteristics of the scattered radiation only in the
far-field zone (cross-sections, scattering matrix, etc.), lead to converging solutions, provided [5]

max{ξsca} < min{ξint}, (4)

where ξsca, ξint are the radial coordinates of singularities of analytic continuations of the scattered and inter-
nal fields, respectively.
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In the near-field zone the conditions are stronger, and in the limit case, when one needs convergence of
the solutions at any point up to the scatterer surface, we have

max{ξsca} < min{ξ(η, ϕ)} and max{ξ(η, ϕ)} < min{ξint}, (5)

where ξ = ξ(η, ϕ) is the equation of the scatterer surface. Note that all the conditions involve only the
geometrical parameters of the scatterer, but not the refractive index and diffraction parameter.

As test particles in this paper we select the spheroidal Chebyshev particles having the surface equations
ξ(η) = ξ0 (1 + ε cos(n arccos η)), where ξ0 is the radial coordinate of an unperturbed spheroid. For such
particles, there is a region of values of the geometrical parameters (ε, n, ξ0) outside that the EBCM and
SVM give divergent solutions for the far-field zone. Numerical tests for different values of the physical
parameters well confirmed this conclusion. The same was observed for the conditions of convergence of the
expansions in the near-field zone. Note that for spheroids (ε = 0) the conditions (4), (5) are always satisfied,
provided the spheroidal coordinate system is properly selected [5].

The solution given by the generalized PMM converges for any Chebyshev particle as the matrix of the
system is positively determined. Note that when the EBCM/SVM solutions converge, agPMM

l (N) ≈ aEBCM
l

for all l, except for a few l ∼ N. When the EBCM/SVM solutions diverge (the matrices are ill-conditioned),
agPMM

l (N) and aEBCM
l differ for all l (see [1] for more details).

5 Numerical examples

The left panel of Fig. 1 shows how a measure of errors in the cross-sections (far-field characteristics) calcu-
lated by our EBCM code for non-absorbing oblate Chebyshev particles depends on the number of terms kept
in the expansions (1). We see that besides small aspect ratios (a/b ∼ 2–4), the convergence weakly depends
on this shape parameter and one can reach extremely high accuracy even for very flattened particles (a very
similar behaviour was observed for our SVM code).

For larger values of the parameters ε and n, EBCM and SVM solutions converge slower or diverge when
the condition (4) is not satisfied. Our gPMM solution converges always, but it used to need a rather large
number of terms to reach high accuracy as it has been observed for the methods under consideration when
the spherical functions were used [1].

In the right panel of Fig. 1 we compare results obtained with EBCM codes based on the field expansions
in terms of the spherical and spheroidal functions for non-absorbing oblate spheroids (ε = 0; for particles
with ε > 0, the convergence of the solution using the spherical functions becomes even worse). In the case
of the use of the spherical functions, the accuracy quickly decreases with growing a/b. When the spheroidal
functions are used, high accuracy of the results is achieved already for very small N ∼ 10 even for spheroids
with the aspect ratio a/b > 100. The same occurs for the SVM solution, while the gPMM solution converges
as usual slower with growing N.

It should be noted that our EBCM, SVM, and gPMM codes differ only in a few dozens of operators,
and the main part of computational time is spent on calculations of the same spheroidal function values.
Therefore, it is worth combining these codes in one, where a proper way of computations of unknown field
expansion coefficients is selected for a given particle by comparing convergence of the considered solutions.

To conclude, in this paper we have considered the use of single expansions of the fields in terms of
the spheroidal functions to solve the light scattering problem for a non-spheroidal particle. The technique
developed can be used in a very wide range of particle shapes and the codes created will be available at our
DOP site (http://www.astro.spbu.ru/DOP).
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Figure 1: Left panel: The relative difference δ = |Cext − Csca|/(Cext + Csca) in dependence on the number
of terms N for non-absorbing oblate spheroidal Chebyshev particles with n = 6, ε = 0.1 and a/b = 2 − 64
(xv = 3, m = 1.5, α = 45◦, TM mode). Results for the EBCM with the spheroidal functions. Right panel:
The dependence of δ on N for non-absorbing oblate particles with different values of the aspect ratio a/b
(ε = 0, xv = 1, m = 1.5, α = 45◦, TM mode). Comparison of the EBCM with the spherical (thin lines,
a/b = 2 − 8) and spheroidal (thick lines, a/b = 2 − 128) functions.
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Abstract

The linear polarization caused by aligned inhomogeneous (porous) nonspherical analogues
of cosmic dust grains in a line of sight is analyzed, and several significant effects are re-
vealed. Very strong dependence of the polarizing efficiency (PV/AV) on the structure of
porous particles is discovered. The wavelength dependence of the polarization is found to
be able essentially to constrain the porous particle models of cosmic dust. The polarization
in silicate bands is shown critically to depend on nonconfocality of the silicate core and ice
envelope shapes in the commonly used spheroidal model.

1 Introduction

Even today solution to the light scattering problem for a inhomogeneous nonspherical particle whose size
is equal or larger than the wavelength remains a difficult task. Hence applications of such particles to mod-
elling of the observed manifestations of cosmic dust are rather seldom. Quantitative interpretations of these
manifestations look unreliable either because of our poor knowledge of the basic physical properties of in-
terstellar (IS) grains, and qualitative considerations of the main optical properties of realistic models of the
grains are still very incomplete.

2 Polarizing efficiency of porous cosmic dust analogues

There is a widespread opinion that cosmic dust grains are inhomogeneous and in many environments very
porous. There may be different kinds of inhomogeneity of these grains — from small inclusions to quasi-
layers or envelopes, to aggregates, etc. This inhomogeneity was mainly modelled using homogeneous par-
ticles with some effective refractive index (EMT-model) or aggregates of subparticles (DDA-model). How-
ever, the EMT-models are basically applicable to grains with randomly distributed Rayleigh (i.e. small in
comparison with the wavelength) inclusions, while DDA-modelling is very computational time consuming
and so far one seldom paid attention to the polarizing properties of the aggregates simulating cosmic grains.

The particles with many very thin layers provide a grain structure model that in principle differs from the
EMT-one and can be easily computed. This layered model became in particular interesting when Voshchin-
nikov et al. [1] found that the optical properties of multilayered spherical particles were close to those of
particles with different size (Rayleigh and non-Rayleigh) inclusions.

2.1 Two grain structure models: layers vs inclusions

As it was earlier observed for spheres in [1], we found in [2], using the software developed in [3], that the
optical properties of nonspherical particles with cyclically repeating layers of different materials tend (with
an increase of the number of layers and the corresponding decrease of their thickness) towards some limit
properties depending only on the volume fractions of the materials and the parameters characterizing the size
and shape but not the structure of the particles (see also [4]). An example is presented in the left panel of
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Fig. 1, where we plot the efficiency factors Qpol = |CTE
ext − CTM

ext |/πr2
v. Here, CTE,TM

ext are the extinction cross-
sections for differently polarized incident radiation, rv is the radius of a sphere having the same volume
as the nonspherical particle. Note that the limit values of the factors become independent of the order of
materials within the layer cycles, and so one can say of (radially) homogeneous mixing of materials in the
particles.

Figure 1: Left panel: Polarization factors Qpol for prolate spheroids with nonconfocal boundaries of layers
in dependence on the diffraction parameter xv = rv/2πλ. Layers of astrosilicate, vacuum and amorphous
carbon cyclically repeat, the volume fractions are fsil = fvac = famc = 0.333, the aspect ratio of all layer
boundaries a/b =1.4. Right panel: Polarizing efficiency in visual (PV/AV) for porous spheroids of different
sizes characterized by the radius of an equivolume sphere rv. The solid curve shows the values typical
of layered particles, the dashed curve those for particles with randomly distributed Rayleigh inclusions
(materials involved are astrosilicate, amorphous carbon, vacuum). The case of spheroids with all layer aspect
ratios a/b = 1.4 and the porosity p = 0.9.

Thus, when the optical properties of the EMT and layered models essentially differ (e.g., for the porosity
p = 1 − f > 0.5, where f = fsil + famc is the material filling factor), a comparison of the models provides a
convenient way to study possible effects of the internal structure of dust grains.

2.2 Dependence of polarization degree on the particle structure

We find that for porous particles with randomly distributed Rayleigh inclusions and with a large number of
very thin layers, the extinction cross-sections can be of the same order while the polarization cross-sections
differ in 3–5 times. So, the polarizing efficiency shows very strong dependence on such a difference in the
internal structure as it can be seen in the right panel of Fig. 1. The effect is observed for other values of
a/b, p and particle orientations.

Thus, the polarizing efficiency of real inhomogeneous (porous) cosmic dust grains can lie between the
values obtained for the considered structure models (the EMT and layered ones). In other words, it may be
essentially larger than the values predicted by the EMT-models basically used so far.
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Figure 2: Dependence P(λ) for porous silicate (multilayered) spheroids of the same mass and aspect ratio
a/b = 1.4 (thin lines) and the (scaled) mean observed IS polarization curves with the maximum at λmax =

0.45 and 0.7 µm (thick lines). The porosity p changes from 0 to 0.95. The compact particles have the volume
of a sphere with the radius rcomp = 0.2 µm, rpor is the radius for the porous particles.

3 Wavelength dependence of linear polarization

Under some conditions this dependence can be a more important test for porous particle models of cosmic
dust than IS extinction curves. For example, in recent modelling of observed IS extinction using very porous
(multilayered) particles in [1], the extinction curves were easily fitted using spheres with MRN-like size dis-
tributions. Here, we present and discuss polarization curves P(λ) typical of such porous submicron particles
having a spheroidal shape (see [2] for more details).

In Fig. 2 we find that for compact (p = 0) single size spheroids the theoretical polarization curve is
narrower than the observed one, e.g., for λmax = 0.7 µm. Obviously, when one takes into account a size
distribution, the theoretical curve will become wider and will be able well to fit the observed one.

With growing porosity for the same mass of particles, the maximum of the theoretical polarization curve
very strongly shifts to the blue wavelengths (in particular, for the porosity p > 0.6–0.7) and the width of the
curve becomes essentially larger (cf. the curve for p = 0.5 and the observed curve with λmax = 0.45 µm).

Thus, if very porous (p ∼ 1) particles are used and the IS extinction (AV) and polarization (Pmax)
are assumed to be caused by nearly the same grains, the extinction must be attributed to very large size
(xv � 1) particles producing the polarization maximum. For the models with particles having moderate to
large porosity (p > 0.3–0.4), special efforts will be also required to make their theoretical polarization curves
as narrow as the observed ones. So, fitting of the polarization curves can strongly constrain the cosmic dust
models with porous particles.

4 Polarization in the silicate bands

It is commonly assumed that the 10/20 and 3 µm bands, when simultaneously observed in spectra of some
astrophysical objects, are due to grains with silicate cores and ice envelopes. So far, the polarization by
such core-mantle particles was modelled either using the Rayleigh approximation or the exact separation of
variables method. In both cases spheroidal particles only with confocal boundaries of the core and envelope
could be and were studied.
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We consider (a bit) more realistic particles with nonconfocal boundaries of the core and envelope using
the methods developed in [3]. In Fig. 3 some results obtained for such particles are presented. It is well seen
that extinction in the silicate bands (as well as not shown extinction and polarization in the ice band) does
not depend on variations of the core shape, while polarization changes very strongly.

Figure 3: Extinction (left panel) and the linear polarization degree (right panel) in the 10/20 µm silicate
bands for two-layered spheroids with the nonconfocal boundaries of the silicate core and ice envelope. The
oblate particles have the aspect ratio a/b =1.2. The ratio for the core (a/b)core changes from 1.423 (an oblate
spheroidal core confocal in shape to the envelope) to 1.0 (a spherical core) and 1.2 (a prolate core). The
particles have the volume of a sphere with the radius rv = 0.1 µm, the core volume is equal to a half of the
envelope volume. Circles show observational data for the object BN in Orion.

Thus, if the polarization in the silicate bands is mainly caused by silicate particles with ice envelopes, a
variety of the shapes of envelopes and cores of real grains can be expected and hence the theoretical results
obtained earlier only for confocal core-mantle particles must be reconsidered. Involving any deviations from
the confocality of core and envelope shapes must make the theoretical polarization profiles much wider.
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Abstract

Some features of the multiple light scattering by non-spherical particles are discussed.
Problems of calculation accuracy, difficulties of simulations and constructions of effec-
tive algorithms are considered. Special attention is paid to the possible reasons of loss of
accuracy and strong distortion of the results of simulations.

1 General description

The problem of multiple light scattering by non-spherical particles is important for different applications in
many fields of science and in industry.

Let θ(r) ∈ [0; π] , φ(r) ∈ [0; 2π] , α(r) ∈ [0; 2π] are the angles which determinate the particle position
at a point r ∈ V ⊂ R3 in the laboratory coordinate system. Let g(r) is the number density of particles with
normalized distribution such that

∫
V g(r)dr = 1. Here, σ(r, θ(r), φ(r), α(r)) is the scattering cross section of

non-spherical particle at the point r ∈ V with orientation θ(r), φ(r), α(r).
Denote as q(r, θ(r), φ(r), α(r)) a probability that particle scatters a photon (particle albedo) and as 1 −

q(r, θ(r), φ(r), α(r)) a probability of photon to be absorbed. Let S (r, ˜ωi−1, ω̃i) is a probability density of
scattering in the direction ω̃i at the point r if the incident direction is ω̃i−1 (phase function). The directions
ω̃i−1 ,i are given in the local (particle) frame of references related to the particle at the point r.

For simplicity, we restrict ourself by the case when it is necessary to calculate the flux density of light
escaping from volume V in a given direction Z ∈ R3, ‖Z‖2 = 1. This procedure consists of the estimate of the
average value of simulated random quantity ξ which is determined by the recurrent relation ξi = ξi−1 +WiHi,
where ξ0 = 0 and W0 = 1. Here, i is number of the collision of the photon with a particle, W and H are the
quantities described below.

The procedure of simulation includes the following steps.

1. Let at given moment photon arrives at the point of the collision ri with a particle from the direction ωi

(‖ωi‖ = 1). Here, ω is direction in the laboratory frame of references.

2. Calculate directions ω̃i and Z̃ corresponding to directions ωi and Z in the particle frame of reference
at the point r.

Let a photon has a weight Wi at given moment of time. Calculate new weight W̃i = WiS (ω̃i, Z̃).

Using functionsσ(r, θ(r), φ(r), α(r)) and g(r), we find the distance Li = ‖Ri − ri‖2 and optical thickness
τi from the scattering point ri to boundary volume in the direction Z (the corresponding point of
intersection with boundary is Ri)

τi =

∫ Li

0
σ(ri + Zl, θ(ri + Zl), φ(ri + Zl), α(ri + Zl))g(ri + Zl)dl.



100 Ninth Conference on Light Scattering by Nonspherical Particles

3. Calculate quantity Hi = W̃i exp(−τi) and new value ξi.

4. Simulate new direction ω̃i in the local coordinate system using distribution density S̃ (ri, ω̃i−1, ω̃i),
then find a new weight

Wi = Wi−1q(ri, θ(ri), φ(ri), α(ri))S (ri, ω̃i−1, ω̃i)/S̃ (ri, ω̃i−1, ω̃i)

and new direction ωi in the laboratory reference system.

5. For given value of ωi find the distance L1i = ‖R1i − ri‖2 from the scattering point ri to boundary
volume (point R1i) in the direction ωi and calculate optical thickness

Ti =

∫ L1i

0
σ(ri + ωil, θ(ri + ωil), φ(ri + ωil), α(ri + ωil))g(ri + ωil)dl .

If ‖Ti‖2 ≤ ε (ε ' 10−6 is the width of the zone near the boundary), the process of simulation of photon
trajectories is stoped.

6. Simulate new free path λi of the photon in direction ωi with the density P̃(x), x ∈ [0; L1i] and find new
weight

Wi+1 = Wiσ(ri + ωiλi, θ(ri + ωiλi), φ(ri + ωiλi), α(ri + ωiλi))g(ri + ωiλi) exp(−T (λi))/P̃(λi). (1)

Here,

T (x) =

∫ x

0
σ(ri + ωiλ, θ(ri + ωiλ), φ(ri + ωiλ), α(ri + ωiλ))g(ri + ωiλ)dλ.

7. Find new scattering point ri+1 = ri + ωiλi and return to item 1.

Note that the fictitious density distributions S̃ and P̃ are introduced if the optical thickness of volume V is
large or the phase function S shows several sharp peaks. If this is not a case and the phase function S is
rather smooth, we have S/S̃ = 1 and instead of Eq. (1) new weight can be found as Wi+1 = Wi(1− exp(−Ti))
if we simulate real density by free path.

2 Details of the simulation

• If the phase function S has at least one sharp peak, it is very useful to use new quantity S̃ ∼ S S̃ ′,
where function S̃ ′ has peak in the direction Z̃ in the case of first scattering only. This modification of
the algorithm allows us to decrease a variance of ξ.

• If the optical thickness of the volume V is large, it is recommended to introduce a special distribution
S̃ ∼ S S̃ ′, where function S̃ ′ has peak in the direction in Z̃ not only for first scattering. If this is not a
case, an enormous number of simulations is required in order to reach acceptable result.

• If the function S̃ has more than one sharp peak, it should be possible to approximate function S̃ by
the combination of several functions S̃ j, j ∈ 1 · · · n each of those has only one peak.

• If the volume V has large optical thickness, it is also useful to include special distribution P̃ ∼ PP̃′,
where P is real density of the free path of photon and P̃′ is solution to the conjugate equation. In this
case the density S̃ must be found in accordance with P̃.

• The solution to the conjugate equation in the case of light scattering by non-spherical particles and
non-regular distribution of the angles θ(r), φ(r), α(r) cannot be obtained by analytical methods. Hence,
we must use the best approximate solution to the appropriate problem for plane geometry with
isotropic scattering.
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3 The choice of the fictitious density

The reliability of the estimate accuracy for calculations of the light flux density behind the plate of large
optical thickness is discussed in [1]. The reasons of the possible strong underestimating of fluxes are de-
tected. It is shown that to overcame this difficulty more exact analytical solution to the conjugated equation
is required.

In [2] the fictitious densities of random walk and random scattering angle are given. These densities give
null variance of the estimate by collision for particle flux density behind the plate of finite optical thickness
in the case of isotropic scattering. It should be noted that in the case of isotropic scattering the solution
to the point optimization task is more important than for anisotropic scattering when phase function has
strong peak in the forward direction. Therefore, approximate solution to the optimization problem for the
anisotropy case can be obtained from the exact solution for isotropic scattering using the correct value of
characteristic number and new factor related to the angular distribution of the asymptotic solution to problem
with anisotropic scattering. Such approach is realized in [3].

The method of obtaining the asymptotic solution to the problem with anisotropic scattering is described
in [4]. It should be pointed that it is very essential to use full optimization for both random walk and random
angle while the latter is more important. This is shown in [5].

The fundamental solution to optimization problem is described in [6]. This solution allows us to con-
struct optimum estimate for any functional in radiative transfer theory if the energy of photon is not changed.

In the case of spherical particles, the methods discussed above were used in the codes described in [7–
9]. Modifications of these schemes allow us to construct very effective codes for simulations of multiple
scattering of light by non-spherical particles.
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Abstract

Interest in metal nanorods (NRs) stems from their unique optical properties related with
tunable dipole and multipole plasmon resonances. In this report, we discuss recent efforts
to explore the synthesis, optical properties, and biomedical applications of metallic, mainly
gold, NRs. We aim to highlight the following topics: (1) effective methods for controlling
NRs geometry; (2) the extinction and scattering spectra of gold and silver NRs predicted
by the electrostatic and the T-matrix solutions; (3) depolarization of light scattered by ran-
domly oriented gold NRs; (4) optical effects due to the orientation ordering; (5) multipole
plasmon resonances in gold NRs; (6) biomedical applications of metal NRs.

1 Introduction

The unique optical properties of plasmon-resonant particles together with the high specificity of biomolec-
ular recognition open new possibilities for applications to extra sensitive detection of different analytes [1],
biomedical diagnostics and therapy [2], targeted drug delivery [3], laser killing of cancer cells [4] or bac-
teria [5], and optical imaging [6]. Nonspherical nanoparticles of noble metals, especially those of gold and
silver nanorods, are of great interest owing to their additional (longitudinal) dipole plasmon resonance band
that can be easily tuned to a desired wavelength within VIS–NIR region by variation in the aspect ratio.
Besides the absorption spectra, the resonance light scattering spectra are of growing interest for particle
characterization [7] and biomedical applications [8]. This invited talk complements other recent review ar-
ticles on synthesis, properties, and applications of gold and silver nanorods [9, 10] and other anisotropic
nanostructures [11].

2 Methods for fabrication of metal nanorods and nanowires

Directional synthesis of nanorods (NRs) is possible under certain anisotropic growth conditions. For in-
stance, one can use the hard template method in which the metal ions are reduced in porous materials such
as silicon oxide or alumina by electrochemical or sonochemical techniques in the presence of a detergent
[12]. Another method of NR preparation is based on tetrachloroaurate reduction in the presence of “soft
templates” (micellar surfactant solutions) [10]. The core idea of soft-template methods is to grow particles
by using nonspherical micelles as a new-phase anisotropic interface. To fabricate gold or silver nanowires
with a predicted geometry, the electron beam lithography is a versatile and powerful technique [13]. For
more information on the methods for preparation of nanoparticles, the readers are referred to the review by
Daniel and Astruc [12].
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3 Optical properties

It is well known [14] that a small isotropic metal ellipsoid with semi-axes (a, b, c) exhibits three plasmon
resonances corresponding to the excitation of a particle along the major geometrical axes

ε(λa,b,c) = (1 − 1/La,b,c) εm(λa,b,c), (1)

where La,b,c are the so-called geometrical depolarization factors. For spheres, there is the single depolar-
ization factor value La = Lb = Lc = 1/3; hence, Eq. (1) leads to the single plasmon resonance ε(λ0) =

−2εm(λ0). Thus, for small spheres, the LPR peak position does not depend on the small sphere size. By con-
trast, the axially symmetrical nanoparticles (a, b, b) have two different depolarization factors La , Lb, La +

2Lb = 1. Accordingly, such particles possess two characteristic extinction and scattering resonances at-
tributed to the minor and major particle sizes, i.e. to the transversal and longitudinal exciting electric fields.
Here, the terms “transversal” and “longitudinal” designate direction of the incident electric filed with respect
to the particle symmetry axis. The geometrical depolarization factors strongly depend on the particle shape
[14], so the LPR peak position can easily be tuned by variation in the particle aspect ratio. These theoretical
predictions have been confirmed in experiments and model simulations For relevant references, the readers
are referred to reviews [9, 11] and citations in Refs. [8, 15, 16].

According to the van de Hulst (1957) and Kerker (1969) books, the depolarized ratio of the scattered in-
tensities, Ivh/Ivv cannot exceed 1/3 for “usual” small randomly oriented particles. Recently, we showed [16]
that this conclusion does not hold for nonspherical plasmon resonant metal particles. Our analysis was based
on the Rayleigh approximation and the exact T-matrix method as applied to spheroids and circular cylin-
ders with semispherical ends (s-cylinders). The extinction and static light scattering spectra (450–850 nm,
at 90◦) as well as the depolarized ratio of He-Ne laser light scattering were measured with gold nanospheres
(the average diameters of 20–50 nm) and nanorods (the longitudinal plasmon resonance peak positions at
650–950 nm). The measured depolarization ratios of nanospheres and nanorods were in good agreement
with theoretical calculations based on TEM estimations of the average particle size and shape. Orientation
alignment of nanorods results in some interesting polarized optical properties [10, 12] that can be explained
by using a simplest dipole approximation.

To date, the existence of two dipole plasmon resonances for metal nanorods is well established both
theoretically and experimentally. During past 5–8 years, there appeared several observations of multipole
plasmon excitations in gold and silver nanowires deposited onto a substrate (see, e.g., [13, 17] and references
therein). In the same line, we found theoretically [18] a new quadrupole absorption and scattering peaks that
can be effectively excited in rodlike colloidal particles oriented at ∼54◦with respect to the incident TM wave.
Our numerical simulations [15, 18] included two noble metals (gold and silver) and four particle shapes
(spheroids, circular cylinders, s-cylinders, and rectangular prisms). For particles with axially symmetrical
shape, we used the T-matrix method; for prisms, the discrete dipole approximation (DDA). Quite recently,
Schatz and Mirkin with co-workers [19] published the first experimental observation and DDA simulation
of multipole plasmon resonances in colloidal gold nanorods prepared by a hard-template method. Some
promising applications of multipole plasmon resonances to the surface enhanced Raman scattering (SERS)
were considered in Ref. [17].

4 Biomedical applications

There are quite limited numbers of reports on biospecific functionalization of gold nanorods. In particular,
Chang et al. [20] reported on successful functionalization of gold nanorods by anti-mouse IgG that was
immobilized on the {111} end faces of gold nanorods through a thioctic acid containing a terminal carboxyl
group. Our group has developed [8] the application of gold NR+protein A conjugates to a dot-immunogold
assay with the example of biospecific staining of hIgG molecules adsorbed onto small membrane spot.
Salem et al. [21] demonstrated the novel properties of bifunctional Au/Ni nanorods in gene transfer. Finally,
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Murphy and co-workers [10] recently described the biospecific one-dimensional self-assembling of biotiny-
lated gold nanorods after addition of target streptavidin molecules. Quite recently, Liao and Hafner [22]
developed a new promising bioconjugation technology in which the stabilizing surfactant CTAB molecules
were replaced by thiol terminated methoxypoly (ethylene glycol) so that the nanorods were stable in buffer
solutions free of surfactant.

5 Conclusions

One can expect that during the present decade the colloid chemistry and lithography methods for the prepara-
tion and manipulation of rod-like metallic nanostructures, the methods for surface functionalization of metal
nanorods by biospecific molecules, and the theoretical methods for extensive computer simulations will be
developed far enough to allow for the fabrication of nanobiosensors and nanodevices with extraordinary
properties.
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Abstract

Based on the observational results obtained by multichannel polarimetry, we have derived
the fraction of continuum light in the C2 band, and polarization due to C2 molecules for
three comets, which are typical in polarization behaviors for three groups: low, high and
jet-affected under simple assumptions. Also, using phase angle dependence of polarization
due to diatomic molecules by Öhman, we have obtained the polarization caused by C2 as 6
– 8% at a phase angle of 90◦. It should be taken into consideration evolutionary effects on
dust after the ejection from the nucleus to understand polarization behaviors of comets.

1 Introduction and observational data

Levasseur-Regourd et al. showed on the basis of polarization behaviors in continuum that comets are classi-
fied into two groups; high and low polarization groups [1]. Kikuchi studied that at least for a case of C/1995
O1 (Hale-Bopp), a prominent jet played an important role in polarization behaviors [2]. In the present study,
we discuss the gas to dust ratios in C/1989 X1 (Austin), C/1996 B2 (Hyakutake) and Hale-Bopp. These three
comets are typical for the low and high polarization groups, and for the jet-prominent comet, respectively.

Difference in the gas to dust ratiois considered to be one of possible explanations of polarization be-
haviors in the relation of phase angle and polarization in the positive branch. We have shown a method to
estimate gas to dust ratio, using the data obtained by multichannel polarimetry [2]. Here, we show a more
extensive study with the results obtained by the multichannel polarimeter [3]. In the present study, we show
that the fraction of continuum light in the C2 band and then polarization due to C2 molecules for Austin,
Hyakutake and Hale-Bopp. And then, with help of Öhman’s relation [4], we derive the polarization due to
C2 molecules at a phase angle of 90◦.

All the data used in the present study were obtained by the multichannel polarimeter at the Dodaira
Observatory [3], and the numerical results for inner comae were given in Kikuchi [2]. Also, we use the
results of scanning observations through the nuclei for Hyakutake and Hale-Bopp.

2 The fraction of continuum and polarization due to C2 in the C2 band

Note firstly that we have made multi-channel photometry simultaneously with polarimetry but without cor-
rections for atmospheric extinction. In other words, we have photometric results of polarization standard
stars uncorrected for atmospheric extinction, since we made observations of these stars with the same filter
system for checking consistency of instrumental effects.

Assumptions made in the present study are simple.
(1) The light in the continuum channels is of purely continuum.
(2) In the C2 channel (0.514 µm), the light is due to continuum by dust and emission band of C2

molecules.
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These are expressed for the quantities in the C2 band as:

F(obs) = F(cont) + F(C2), (1)

P(obs) = αP(cont) + (1 − α)P(C2), (2)

where α = F(cont)/(F(cont) + F(C2)). It should be noted that the assumptions mentioned above hold only
in a case that the cometary atmosphere is optically thin. We derive firstly α and P(C2), and then applying
Öhman’s relation for phase angle dependence of polarization due to diatomic molecules, we derive the P(C2;
90◦), which is the parameter to be discussed later.

Polarization level of continuum in the C2 band is estimated by interpolation on the basis of wavelength
dependence of polarization of continuum. For flux in the C2 band, however, we have to arrange the spectrum
of comets to be of the same resolution, since bandwidths of channels are not the same. For this purpose, we
divide fluxes of the comet by those of a reference star at all channels. In principle, the smooth spectrum of
a reference star is only necessary for the normalizing procedure.
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Figure 1: Phase angle dependence of P(C2), P(cont) and P(obs) for Austin and Hyakutake.
Fittings to Öhman’s relation are also shown by dotted lines for Austin (A) and Hyakutake
(H).

We used observational results of unpolarized solar-type stars listed by Serkowski [5] for references, since
we observed these stars frequently for checking polarimetric efficiency of the instrument. Using normalized
spectra through the process mentioned above, it is possible to estimate the continuum level in the C2 band
by interpolation of the results obtained in the adjacent continuum channels of 0.484, 0.62 and 0.73 µm.
Note that the obtained results are not free from errors caused by difference in colors of reference stars,
atmospheric extinction etc.

In Fig. 1, we show phase angle dependence of calculated polarization, P(C2) and P(cont), and also
observed polarization, P(obs) at the C2 channel based on observations of the inner comae for Austin and
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Hyakutake in past [2]. The phase angle dependences of P(C2) for Austin and Hyakutake are well fitted
to Öhman’s relation. Polarizations at a phase angle of 90◦are 7.3 ± 0.3 and 8.6 ± 0.4% for Austin and
Hyakutake, respectively.

In Fig. 2, we display the relation of α and P(C2) obtained by the scanning observations for Hyakutake
and Hale-Bopp at phase angles of 78◦– 81◦ for Hyakutake and 47◦ for Hale-Bopp, respectively. Hyakutake
shows an almost expected relation in a case of optically thin atmosphere. The maximum polarization, P(C2;
90◦), is estimated as 6.2 ± 0.4%. The P(C2; 90◦)s obtained in the present study should be regarded to be
consistent with Öhman’s prediction [4] and the result by Le Borgne et al. [6] at the present stage.
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Figure 2: The relation between the continuum fraction and polarization due to C2 in the
scanning observations for Hyakutake on March 26, 1996 and Hale-Bopp on March 12,
1997. The dotted line is the most probable relation between α and observed polarization for
Hyakutake. The observations were made at phase angles of 78◦– 81◦ for Hyakutake and
47◦ for Hale-Bopp, respectively.

The accuracy of the results in the scanning observations relative to that at the nucleus is good. However,
it should be noted that a systematic error is still associated in determining the polarization at the comet center.
So, we consider at the present stage that P(C2; 90◦) is uncertain, since we are not free from systematic errors
mainly originated by selection of reference stars.

Behavior of Hale-Bopp is not so simple. The fraction of continuum light, α, for Hale-Bopp was certainly
larger than that for Hyakutake, although Hale-Bopp was observed only at small phase angles. Also, Hale-
Bopp showed many peculiarities caused by the prominent jet including effects due to optical thickness: very
high polarization in positive branch, the disagreement of the polarization peak with the nucleus, the change
of optical properties along the jet (polarization increases as α decreases: see Fig. 2; α ≥ 0.8), and the red
color in the central region [2]. Among these peculiarities, the red color in the central region disturbed to
estimate the continuum flux in the C2 band at the comet center. In conclusion, although we consider still
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difficult to estimate α and P(C2) for Hale-Bopp accurately, it is certain that the fractions of continuum light
in the C2 band for three comets are in order of polarization strengths at corresponding phase angles in the
positive bransh.

3 Discussion

The most important source of systematic errors in the present study is in the process of constructing nor-
malized spectra through difference in spectral features including the effect of the strong absorption due to
MgI-b (0.516–8 µm) of reference stars and atmospheric extinction. On the other hand, the largest source of
random errors in observing work comes from variations of sky conditions.

We used the intermediate bands in the red region to obtain results of good signal to noise ratios. Al-
though we constructed filter systems taking into consideration spectral features of comets, the effects due
to molecular contamination still remain, and apparent polarization is reduced as Jockers et al. have studied
based on imaging polarimetry [7]. However, as shown in [2], the ratio of polarization at 0.67µm to that at
0.484 µm in Austin is larger that in Hyakutake, and this is hardly explained by dilution due to molecular
emission of almost zero polarization, since dilution is considered to be larger in the intermediate channel.
In this context, we stress that the very high polarization was not observed in the highly resolved observa-
tion for Hyakutake compared with those for comets in the high polarization group, and also that negative
polarization was observed in Austin [2]. So, dilution effects are certainly present, but should be regarded as
limited. We consider at the present stage that dilution by molecules is difficult to explain the whole behavior
of polarization.

It is natural to consider cometary dust would show some evolutionary phenomena after the ejection from
the nucleus as observed in the jet of Hale-Bopp [2]. So, in future work, we should examine evolutionary
effects, in other words, explain the phase angle dependence of polarization in continuum just like the case
that we interpret the observed HR diagram with evolutionary effects. One of the checkpoints of studies of
this kind is: the phase angle dependence of polarization due to diatomic molecules like C2 must be the same
for all comets.
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Abstract

Measurements of circular and linear polarization of some comets directly and, in some
cases, indirectly indicate the existence of non-spherical aligned dust particles in their at-
mospheres. We review the available data on circular and linear polarization of comets.
Changes in the parameters of the starlight transmitted through the coma during star oc-
cultation by comet are direct evidence for the presence of oriented dust particles. We also
examine all polarimetric observations near inversion angle and zero phase angle as well as
in whole range of phase angles order to find the systematic deviations of the Stokes param-
eter U from 0 and the polarization plane relative to the scattering plane. These data make
possible definite conclusion that in comets particles can be aligned.

1 Introduction

The fact that cometary grains are non-spherical is widely recognized now and, therefore, they can be aligned.
However, there are not too many direct observational evidences for this. One of them is circularly polarized
light detected in comets [1–6]. The spatial distribution of circular polarization (CP) over the coma and its
dependence on the phase angle stimulated searching for other observational evidences for alignment of dust
particles in cometary atmospheres. Among them may be changes of the linear polarization parameters of star
light during its occultation by comet, deviations of the polarization plane from the perpendicular or parallel
position relative to the scattering plane, variations of the polarization plane over cometary coma. Therefore,
the purpose of this paper is review of all observational evidences of the presence of aligned non-spherical
dust particles in comets.1

2 Circular polarization

Circular polarization of scattered light is currently reliably detected only for three comets. Left-handed and
right-handed CP was detected in comet Halley [1–3]. The observed values of CP were highly variable over
the coma and showed temporal variations, from 0.04% up to 2.3%. The degree of CP was found strongly
dependent on the aperture size. First high-precision measurements of CP over the coma were obtained
by Rosenbush et al. [4] for comet Hale-Bopp, which showed a very complex morphology [8]. Only left
circularly polarized light with a maximum value 0.26± 0.02% was detected for all measured areas of the
coma. The degree of CP was less than 0.08% at the cometary nucleus. Variations of CP up to 0.1% were
found in the coma (see Fig. 1, left panel). The region of highest polarization coincided with shells. The
smallest values of polarization were measured between the shells. Manset and Bastien [5] also measured CP
in this comet. The absolute value of CP was found at the same level up to 0.3%, however both left and right
circularly polarized light was detected during their period of observations.

The spatial distribution of CP along the cuts through the coma and photometric center in the solar
and antisolar directions was investigated for comet S4 (LINEAR) [6] (see Fig. 1, right panel). Systematic
variations of both the value and sign of CP were detected along the cuts. The maximum value of CP reached

1For review of general properties of cometary dust see paper of Kolokolova et al. [7].
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Figure 1: Variations of the circular polarization with the cometocentric distance for comet C/1995 O1 (Hale-
Bopp) (left panel) and along the cut through the coma and photometric center of comet C/1999 S4 (LINEAR)
(right panel).

up to ≈1%. In most cases, the degree of CP was close to zero in the near-nucleus area of the comet. The left-
handed as well as right-handed polarization was observed over the coma although left circularly polarized
light was systematically observed in the sunward part of the coma. It should be noted that on July 21, 2000,
immediately after the complete disintegration of the nucleus, polarization in both directions was mainly
left-handed, on average -0.41± 0.07%.

Using all available data one can construct the composite phase-angle dependence of CP for comets
Halley, Hale-Bopp, and S4 (LINEAR) (Fig. 2). This dependence shows an increase of absolute value of CP
with the phase angle. Thus, circularly polarized light and its variations with the phase angle provides definite
proofs for the presence of aligned particles in these comets [6].
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Figure 2: Composite phase-angle dependence of circular polarization for comets C/1999 S4 (LINEAR),
C/1995 O1 (Hale-Bopp), and 1P/Halley. Filed circles correspond to the data for comet S4 (LINEAR) [6];
open circles and squares are the data for comet Hale-Bopp [4, 5]; open triangles and diamonds are the data
for comet Halley [1, 2].

3 Transformation of polarization parameters during stellar occultations

The existence of oriented particles in comets was directly confirmed in polarimetric observations of stars
occulted by the comae of comets C/1990 K1 (Levy) by Rosenbush et al. [9] and Halley by Bastien et
al. [10]. Changes in the degree of linear polarization and position of the polarization plane of the starlight
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transmitted through the coma of comet Levy were detected. For comet Halley, the polarization of background
star increases during occultation (?), but the positional angle of the polarization do not change significantly.
Polarimetric observations of a stellar occultation by comet Hale-Bopp confirmed these results [4]. Since
during the occultation we observe forward-scattered stellar radiation, this transformation of polarization
parameters points to the alignment of dust grains in the atmospheres of these comets.

4 Systematic deviations of polarization parameters

A first detailed study of transition from the negative polarization to the positive one was carried out by
Beskrovnaja et al. [11] using all available measurements of polarization of comet Halley. The authors found
the deviations between the polarization plane and the normal to the scattering plane that testifies to the
smooth rotation of polarization plane in the narrow vicinity of the inversion angle (see Fig. 3). A significant
deviation of the polarization degree from zero was detected for comet 47P/Ashbrook-Jackson near zero
phase angle, at α = 0.1◦ [12]. The observational deviations may arise only due to the violation of isotropy
of the light scattering that may be caused by local alignment of cometary dust. Really, from the imaging
polarimetry [13, 14] it is clearly seen a complex morphology of comae including the local areas with both
negative (positional angle of polarization is parallel to scattering plane) and positive polarization.
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Figure 3: Smooth rotation of the polarization plane in the vicinity of the inversion angle for comet Halley.
Data are taken from (see [11] and references therein). Solid line presents the model curve for rotation of the
polarization plane computed according to [11].

In the case of light scattering by spherical particles the arised polarization can be positive or negative.
Therefore, it is generally believed that the third Stokes parameter U is equal to zero. However, the systematic
deviations of the parameter U from 0 and the polarization plane from 90◦ relative to the scattering plane were
found for comet Halley (Fig. 4). All available measurements in the red continuum obtained by ten groups of
observers are presented versus the phase angle in this figure. The figure demonstrates significant component
of polarization (anisotropic polarization), that does not relate to the scattering plane, and clear deflections in
the directions of polarization. These deviations obtained for whole range of phase angles can be explained
by inhomogeneity or anisotropy of medium, in which dust particles are partly aligned.

5 Conclusions

Described observational findings support the idea that dust particles in cometary atmospheres are non-
spherical and partly aligned. The observations of CP with the same sign in different parts of cometary coma
and the phase-angle dependence of CP probably testify to global mechanism of grain alignment, whereas
the variable sign over local areas of the coma may indicate the presence of local alignment. Taking into
account these results in theoretical studies allow one to determine properties of cometary dust particles and
the alignment conditions in comet atmospheres.
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Abstract

The scattering properties of metal-coated fibers are studied. It is shown that the optimum
thickness of the metal layer exists, for which the extinction efficiency can significantly
exceed the extinction efficiency of the homogeneous metal particles with identical size. At
the same time the backscattering efficiency of coated particles remains lower than that of
the homogeneous ones.

1 Introduction

Numerous works have been addressed to the study of the resonance effects of spherical and non-spherical
small particles, including coated and multi-layered structures. One has to distinguish here between several
different phenomena. First, there are the smooth maxima of the extinction and scattering efficiencies as a
function of size parameter z in the region z > 1. These exist for the homogeneous particles and for multi-
layered structures as well. There are also the narrow resonant peaks superimposed upon these maxima, if
the frequency is close to a natural one (Stratton), and often called a “morphology dependent resonance” [1].
The resonance phenomenon takes place also for small (compare to wavelength) spherical particles and high
(optical or higher) frequencies. It relates to the so-called surface (Frölich) modes and was described in the
literature for homogeneous [1], coated [2], and multi-layered particles [3].

In the present work we investigate metal-coated fibers with a diameter much smaller than the wave-
length. Furthermore, the thickness of the metal layer is also much smaller than the wavelength. However,
the frequencies we deal with are much lower than the natural (or Frölich) ones, thus the resonance discussed
above is not expected here. For such fibers one can obtain an interesting effect. It reveals itself in the exis-
tence of the optimum coating thickness providing the maximum extinction efficiency, which turns out to be
significantly larger than that for the homogeneous metal particle with the same outer size. At the same time,
the scattering efficiency remains smaller than that of the homogeneous fiber.

2 Basic consideration

Here we demonstrate the existence of an optimum thickness for certain combinations of dielectric and metal
materials (we do not call this effect a resonance in order to avoid the confusion with the common use of this
term).

Consider a metal-coated cylinder with core radius r and the outer radius R. R − r = d is the coating
thickness. The extinction efficiency can be represented as a sum of scattering and absorption contributions
Qext = Qsca + Qabs. For a given core and coating materials, and a fixed core radius, both Qsca and Qabs
are functions of d. The scattering efficiency rises with increasing coating thickness, approaching a value
calculated for the homogeneous metal particle of the same size. On the other hand, Qabs depends on d in a
more complicated way. For a very thin coating it has also to rise with increase of coating thickness, however,
further increasing d leads to a significant decrease of the field penetrating into the particle, and thus one can
expect a reduction of the absorption efficiency.
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This suggest that there may exist an optimum thickness d0

∂

∂d
(Qabs + Qsca)|d=d0 = 0 (1)

Since the analytical treatment of the proper expressions is cumbersome, we illustrate the idea in a rather
rough approximation, where the arguments of the Bessel functions are presumed small enough that only the
first terms (the first two for J0) in the series are kept. Additionally, we assume that the metal coating pro-
vides that only the zero order term in the Mie solution contributes significantly. Consider a coated infinitely
long fiber, illuminated by a normally incident wave with electric field Ein parallel to the fiber axis. In our
approximation Qext= KRe{b0}, where K is the proper constant coefficient. Let m1 be the refraction index of
the core, and m2 the refraction index of the metal layer, |m1| � |m2|. For normal incidence we have [4]:

b0 =
J0(x2)

H(1)
0 (x2)

m2Hb
0 − D(1)

0 (x2)

m2Hb
0 − D(3)

0 (x2)
. (2)

Here,

Hb
0 =

P0(m2x2)D(1)
0 (m2x2) − B0D(2)

0 (m2x2)

P0(m2x2) − B0
, (3)

B0 = P0(m2x1)
m2D(1)

0 (m1x1) − m1D(1)
0 (m2x1)

m2D(1)
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. (4)

where according to commonly used notations:

D(1)
n (z) =

J′n(z)
Jn(z)

, D(2)
0 (z) =

Y ′n(z)
Yn(z)

, D(3)
n (z) =

H(1)′
n (z)

H(1)
n (z)

and
Pn(z) =

Jn(z)
Yn(z)

, x1 = kr, x2 = kR.

In our case H(1)
0 (z) ≈ iY0(z), and further:

B0 ≈ P1(m2kr), (5)

Hb
0 ≈ −

J1(m2kR) − J1(m2kr)
J0(m2kR) − J1(m2kr)

, (6)

b0 ≈ −im2
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0 = im2
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. (7)

In the framework of the accepted approximation, we have

b0 ≈ im2
1 − k2R2

4
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. (8)

Let m2=νriη, then

Re(b0) ≈ 1 − k2R2
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Differetiating Eq. (9) with respect to d, we obtain the equation for the optimum thickness d0 from the
condition: ∂

∂ d Re(b0) = 0
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|m2 |2kr

2

2R ln
(

kR
2

)d0kη +
ηk3R

2
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4

d0 + νη
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4
+ η
|m2|2k2r

4
= 0. (10)
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Keeping the main order terms only, we obtain finally

d0 =
ν +

|m2 |2kr
2

ν+
|m2 |2kr

2
ln kr

2
− k2r2 + ν k2r2

2

r. (11)

These calculations were carried out here only in order to illustrate that for metal coated fiber an optimum
thickness d0 could exist.

3 Numerical example

In order to improve the thermal insulation of different materials, it was proposed [5] to use metal-coated
glass or polypropylene micro fibers as efficient additives that increase the absorption and scattering of IR
radiation. In Fig. 1 we present results of calculations of extinction efficiency of aluminum coated glass fiber
as a function of fiber radius r and the coating thickness d. It can be seen that for each radius there exists an
optimum coating thickness where maximum extinction can be obtained.
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Figure 1: Extinction efficiency of aluminum coated glass fiber as a function of fiber radius r and the coating
thickness d.

Caps et al. [5] could not detect this effect in their experimental study, since they use fibers of larger
diameter and were not able to control accurately the coating thickness.
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4 Conclusion

We have shown that metal-coated dielectric fibers can produce very strong extinction compared to un-coated
or metallic fibers. For a given fiber radius, the values of absorption and scattering efficiencies depend on
coating thickness and dielectric properties of fiber core and coating materials.

References

[1] S. C. Hill and R. F. Benner, “Morphology Dependent Resonances”, In: Optical Effects Associated with
Small Particles, P. W. Barber and R. K. Chang Eds. (World Scientific, Singapore, 1988).

[2] J. L. West and N. J. Halas, “Engineering Nanomaterials for Biophotonics Applications: Improving Sens-
ing, Imaging and Therapeutics,” Annu. Rev. Biomedical Engineering 5, 285–292 (2003).

[3] J. Sinzig and M. Quinten, “Scattering and Absorbing by Spherical Multilayer Particles,” Appl. Phys.
A58, 157–162 (1994).

[4] I. Gurvich, N. Shiloah, and M. Kleiman, “Calculations of the Mie Scattering Coefficients for Multilay-
ered Particles with Large Size Parameters,” J. Quant. Spectr. Rad. Transfer 70, 433–440 (2001).

[5] R. Caps, M. C. Arduini-Schuster, H.-P. Ebert, J. Fricke, “Improved Thermal Radiation Extinction in
Metal Coated Polypropylene Microfibers,” Int. J. Heat Mass Transfer, 36, 2789–2794 (1993).



Satellite remote sensing, Kokhanovsky 119

Satellite remote sensing of atmospheric aerosol and clouds

Alexander Kokhanovsky1,2

1Institute of Environmental Physics, University of Bremen, O. Hahn Allee 1, D-28334, Bremen, Germany
2Institute of Physics, National Academy of Sciences of Belarus, Minsk,

F. Skarina Pr. 70, 220070 Minsk, Belarus
tel: +49 421-218-2915, fax: +49 421-218-4555, e-mail: alexk@iup.physik.uni-bremen.de

Abstract

The techniques to retrieve aerosol and cloud parameters from spaceborne observations are
reviewed. The correspondent uncertainties, challenges, and problems in this area are iden-
tified. Ways to improve current satellite products are outlined.

1 Introduction

Studies of microphysical and optical properties of aerosols and clouds are of great importance for a number
of applications including environmental control and climate research. This explains great efforts put in this
area by the international research community. Ground, airborne, and satellite techniques are used to retrieve
characteristics of particles suspended in the terrestrial atmosphere. This paper addresses key issues and
uncertainties related to remote sensing of particulate matter from space.

2 Cloud remote sensing

Cloudiness covers about 60 percent of sky at any given time globally. Therefore, it is the main factor in-
fluencing the weather and climate on the Earth. Optical, thermal and microwave sensors placed on satellite
platforms enable to monitor the clouds and related atmospheric processes with increasing precision and ro-
bustness. An important role belongs to optical instruments on geostationary orbits, which obtain information
on atmospheric state over a given location with regular intervals (e.g., 15 min repetition time with the spatial
resolution 3 km2 for Spinning Enhanced Visible and Infrared Imager placed on Meteosat Second Generation
(MSG-2)).

Passive optical remote sensing techniques are based on the analysis of spectral and directional proper-
ties of light reflected by atmosphere. Sometimes, the polarization characteristics of backscattered light are
analyzed as well. However, space polarimeters were never deployed on geostationary orbits and also they
have operated only for a short time on polar orbiting satellites. Clearly, the most accurate information on
the atmospheric state can be obtained using polarimetric highly spectrally resolved measurements having
also high spatial resolution and broad spectral coverage. Such a comprehensive observation system is very
expensive and does not exist at the moment although its various components are currently at the testing
stage.

To retrieve cloud properties from spaceborne observations, one needs to separate effects of clouds on
radiation from other processes like scattering of light by other atmospheric constitutes (e.g., atmospheric
gases and aerosols), gaseous absorption, and reflection from underlying surface. This is quite a complex
task taking into account the variability of atmospheric gasesous (e.g., ozone, nitrous oxide) and aerosol
(soot, dust, sea salt, etc.) characteristics. The spectral and directional properties of underlying surface are
also highly varying depending on the location and season. Therefore, it is an important task to retrieve the
underlying surface characteristics simultaneously with atmospheric parameters. This makes it possible to
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avoid (at least, partially) a priori assumptions on the atmospheric state and underlying surfaces currently
used in cloud remote sensing from space.

Modern passive satellite remote sensing of clouds from space is based on the analysis of the spectral top
of atmosphere reflectance both inside and outside gaseous absorption bands. Molecular scattering depends
on the wavelength and can be easily removed from a measured signal for a given satellite scene. Measure-
ments of the cloud optical thickness and effective radius of droplets and crystals are obtained analyzing
the atmospheric reflection function at two wavelengths almost free of gaseous absorption (e.g., 645 and
1600 nm). The reflection at the visible wavelength is almost entirely determined by the cloud optical thick-
ness and the size of particles is retrieved from the near-infrared channel, where both water and ice absorb
radiation. The level of absorption (e.g., probability of photon absorption) is determined by the size of cloud
droplets and crystals and also by their shape.

An important task is the separation of the underlying surface contribution. It is performed using the
average underlying surface reflectances measured in the cloudless days over the same region. Sometimes,
databases of surface spectra for a given location depending on the season are used. This is an important
matter for thin clouds. For optically thick clouds, the contribution of the surface reflectance can be often
neglected because the signal from the surface is very weak in this case. The threshold value of the ground
albedo At at which the underlying surface influence on the cloud reflection function can be neglected depends
not only on the cloud optical thickness but also on the value of the ground albedo A itself. It is of advantage
to use UV or deep blue spectral intervals. Then the value of A is rather small both for land and oceanic
surfaces (usually below 1–3 percent, if snow and ice are absent). Over oceans, infrared measurements (e.g.,
at wavelengths larger than 700 nm) are of advantage because then the contribution of oceanic surface to the
top-of-atmosphere reflectance is rather low and can be often neglected.

Before the retrievals can be performed, the rejection of cloudless pixels and the separation of warm
cloudiness from ice and mixed clouds must be done. Different algorithms must be used for the retrieval of
characteristics of warm and cold clouds both due to different shape of particles and also due to the different
refractive index of water and ice. Such a separation is usually performed using the thermal infrared. Then
water clouds are identified by higher brightness temperatures. However, water droplets (e.g., in supercooled
clouds) can exist even at low temperatures depending on the size of particles and atmospheric conditions.
To avoid this problem, the correlation plot of the cloud phase index (PI), p, which is the ratio of reflectances
at the wavelengths 1550 and 1670 nm, versus the cloud brightness temperature (e.g., at the wavelength 12
micrometers) can be used. It was found that PI is larger than approximately 0.8 for water clouds. Therefore,
the regions of cloud fields with p > 0.8 and low temperatures can be identified as regions with supercooled
water. Then water cloud retrieval chain must be followed even if the cloud temperature is below freezing
point.

The retrieval of properties of water clouds is straightforward because the shape of particles is known in
advance. The cloud optical thickness and effective radius can be found using precalculated look-up-tables
depending on the channels used in the analysis. Calculations are performed in the assumption of a single
vertically and horizontally homogeneous plane-parallel cloud layer. The cloud inhomogeneity and also the
presence of several layers with possibly different thermodynamic states can bias results considerably. The
account for 3D effects is the hot topic of modern cloud remote sensing. This requires understanding of
radiation smoothing and roughening due to horizontal photon transport.

Properties of ice clouds are retrieved assuming the shape of crystals in advance. This can bias results
depending on the proximity of the assumed distributions to the predominant shapes existing during mea-
surements. Yet another problem is due to the fact that shapes of crystals in cloudy media are very diverse
and it is hardly possible to find the crystals of completely the same shape in the whole cloud system under
investigation. This calls for the statistical approach for modeling of ice cloud optical characteristics. In par-
ticular, the phase function of fractal ice particles can be used in the retrieval procedure. Such particles do
not exist in clouds. However, the correspondent phase functions closely follow those obtained in laboratory
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and in situ measurements. The size of crystals can be derived from the retrieved values of the probability
of photon absorption (PPA), β, for a given crystalline medium. One can avoid the specification of the shape
of crystals in advance of the retrieval, taking into account that it follows approximately for the convex ran-
domly oriented particles with sizes much larger than the wavelength: β = [1 − exp(−l/l0)]β0, where β0 is
the value of PPA for infinitely large absorbing scatterers defined as the scatters, which do not allow photons
escape from their volumes after the penetration through the surface of crystals, l0 is the penetration depth
defined as λ/(4πκ), κ is the imaginary part of the refractive index of ice for a given wavelength λ. Therefore,
it follows that one can derive the particle absorption length (PAL) l from measurements of probability of
photon absorption β = 1 − ω0, where ω0 is the single scattering albedo of a cloudy medium. The value of l
is proportional to the effective radius of particles with the coefficient of proportionality being depending on
the shape. The parameter β0 can be estimated using the Mie theory.

Geometrical characteristics of clouds can not be retrieved outside of gaseous absorption bands because
only the product of the cloud geometrical thickness H and the cloud extinction coefficient Kext (the cloud
optical thickness (COT)) enters the correspondent theory. Clouds having the same COT but different values
of H can not be distinguished using top-of-atmosphere reflectance measurements outside gaseous absorption
bands. The situation is radically changed in the gaseous absorption band. For instance, the concentration of
oxygen decreases with height. Therefore, the the absorption band of oxygen (e.g., at 761 nm) as detected
from the observation of the reflectance spectrum is determined by the cloud position. High clouds screen
oxygen in the lower atmosphere and, therefore, correspondent absorption band in the reflectance spectrum
becomes more shallow. This can be observed by an orbiting satellite spectrometer and used for the deriva-
tion of cloud top height (CTH). It must be underlined that the information on CTHs is very important for
climate problems because it makes a difference if trace gases are mostly located under the clouds or above
them. The existing climatology of cloud top heights is based on the observed cloud top temperatures. This
could be biased due to the problems related to thin cirrus clouds or the surface contribution for low clouds.
Interestingly, cloud bottom height can be also obtained from top-of-atmosphere reflection function measure-
ments in the oxygen bands. However, to increase the accuracy of the retrieval, one needs to use independent
measurements of CTH with lidar or thermal infrared techniques. The physical basis for the dependence of
the reflection in the oxygen absorption bands on the cloud geometrical thickness is the fact that geometri-
cally thicker clouds enable higher absorption of radiation by O2 molecules due to multiple scattering effects.
Hence, thicker clouds having the same CTH will produce more pronounced absorption bands in reflectance
spectra. Interestingly, the O2 A-band spectrometry can be used for the vertical profiling of clouds as well.

3 Aerosol remote sensing

Atmospheric scenes for cloudless sky are used to retrieve characteristics of atmospheric aerosol. Cloud
screening is one of main unresolved problems in operational satellite aerosol remote sensing. Indeed, small
subpixel clouds (e.g., cirrus and aircraft exhaust condensation trails) are very difficult to detect. A number
of important cloud screening techniques have been developed. They include, e.g., the brightness thresholds
in the visible, the spatial pattern analysis and also the reflection function thresholds values in the gaseous
absorption bands. For instance, the absorption by water vapor is quite strong at 1375 nm in the absence of
clouds. Clouds screen tropospheric water vapor reducing the absorption feature on the spectral reflectance
curve at this wavelength. This can be used to detect subpixel clouds. Yet another possibility is to study the
behavior of the reflection function in deep blue and UV. Then cloudy scenes (especially, for high clouds)
show the decrease in the reflectance as opposite to the case of clear sky, when reflection function increases
towards the shorter wavelengths (at least till the spectral region, where the absorption of UV radiation by
ozone takes place).

The aerosol optical thickness (AOT) for clear sky pixels is retrieved using spectral fits of the measured
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top-of-atmosphere reflection function as compared to the calculated ones for a number of aerosol models.
For this one must remove the molecular scattering and absorption contributions from a registered signal.

In particular, the 1D radiative transfer equation is used to create correspondent look-up-tables. Local
aerosol characteristics are calculated using the model of spherical scatterers. This may bias the retrievals
considerably, if aerosol particles are predominantly of nonspherical shape (e.g. , desert dust outbreaks). Yet
another problem is due to unknown value of the probability of photon absorption by aerosol media, which
is difficult to determine from a satellite.

The contribution of the surface reflectance can be neglected in the near-infrared over oceans. The re-
trieved AOT at several spectral points in the near infra-red is extrapolated to the visible enabling the at-
mospheric correction over oceans. The difficulties with remote sensing of aerosol over land have not been
completely solved up do date. Modern satellite retrievals over land work either for dark pixels (e.g., dense
green vegetation) or use some a priori assumptions (e.g., the correlation of surface reflectances in the visible
and in the near-infrared as obtained from airborne experiments, the concept of the normalized differential
vegetation index, etc.). This limits their applicability in terms of location and season. The retrievals of AOT
are difficult to perform over snow, ice, and deserts, where contribution of atmospheric signal is very low in
the comparison to the contribution of ground reflectance. Some of aerosol remote sensing problems can be
solved using spaceborne spectral Stokes-polarimetry.

The spectral slope of the reflection function determines the spectral AOT τ(λ) and, therefore, the size
of aerosol particles aef . The columnar concentration of aerosol particles N (in m−2) can be determined
using the following equation: N = τ/Cext, assuming a homogeneous atmosphere and the average extinction
cross section Cext determined from the information on aef and a number of a priori assumptions, including
the shape of particles and their refractive index. Well calibrated spectrometers with high spectral resolution
(e.g., 0.1-0.2 nm in O2 A-band) can be used for the vertical profiling of atmospheric aerosol. The information
on the density of the aerosol substance, humidity and mixing layer height enables the determination of the
aerosol mass concentration (e.g., in µg/m3). However, correspondent estimates have rather poor accuracy at
the moment. This can be further improved with the launch of space polarimeters and lidars.

4 Conclusions

Modern techniques to retrieve microphysical and optical properties of aerosols and clouds using backscat-
tered light measurements have been reviewed. A number of challenges and problems in the area of satellite
remote sensing of particulate matter from space have been identified. This includes the necessity to ac-
count for the shape of scatterers in the retrieval procedures and also the better characterization of underlying
surface spectra.
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Abstract

It is well known that circular polarization is evidence of a symmetry violation in the
medium. Recent observations revealed spatial distribution of circular polarization in comets
and its change with the phase angle. This stimulated our search for the asymmetries in
cometary atmospheres responsible for the circular polarization. Since multiple scattering
is unlikely in low-density cometary atmospheres, we concentrated on asymmetries of the
comet dust grains themselves. We consider asymmetry in the optical properties of comet
material as well as asymmetry of the particle shape. The first case occurs when particles are
made of chiral material, e.g. organics, which possesses optical activity. The asymmetry in
particle shape appeared to be responsible for two important consequences: (1) alignment of
the particles by radiative torque; (2) circular polarization of light scattered by such aligned
particles. As the most realistic example of asymmetric particles we consider aggregates and
calculate for them radiative torque as well as circular polarization. A tentative analysis of
the observational data based on the considered mechanisms is provided.

1 Introduction

Circularly polarized light in comets provides further proofs of a complex structure of comet dust grains and
puts constraints on their shape and composition. For a long time observations of circular polarization (here-
after CP) in comets were unreliable, e.g. strongly dependent on aperture size. High-precision measurements
of CP over the coma began with observations of comet C/1995 O1 (Hale-Bopp) [1, 2] and then continued
with the observations of comet C/1999 S4 (LINEAR) [3]. For both comets spatial variations of CP within
the coma were found; in case of comet S4, they appeared to be quite smooth and systematic. The degree
of CP toward the cometary nucleus was about 0.1%, while it reached ≈ 1% in both directions in the coma.
Combining the data for several comets, the phase-angle dependence of cometary CP was found (Fig. 1).

Theoretical studies show that CP appears as a result of some asymmetry in the scattering medium,
which can be due to: (1) multiple scattering of light in an anisotropic medium; (2) scattering by aligned non-
spherical particles; (3) scattering by optically active or chiral particles. In some environments, e.g. molecular
clouds, CP results from multiple scattering of light in optically dense and asymmetric medium [4]. However,
cometary atmospheres, at least for the cometocentric distances >500 km, where CP has been measured, are
usually transparent. This is why we concentrate on other possible sources of CP, related to the intrinsic
asymmetry of the particles themselves: light scattering by particles made of optically active materials and
interaction of radiation with irregular particles. Note, that CP can also result from the fact that the dust is
dominated by particles characterized by some specific asymmetry (see, e.g., [5] where circular polarization
of random-oriented asymmetric aggregates was studied) but we are not aware about natural reasons that can
produce such an asymmetry in cometary particles.

2 Scattering by particles containing chiral materials

Chirality in nature is best known as a property of organic molecules, existing in L (left-handed) and D
(right-handed) forms, which are identical in all respects except that they are mirror images of each other.
Non-living systems contain equal numbers of the L and D molecules. But for terrestrial biomolecules there
are only L-amino acids and D-sugars. This property is called homochirality. As a result of homochirality,
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Figure 1: Dependence of circular polarization on phase angle; the plot combines results for three comets.

the media that contain biomolecules demonstrate optical activity, i.e. their refractive index is different for
polarization of different handedness. In such media light characterized by CP of different signs have different
speeds that results in so called optical rotation, which separates left- and right-handed polarized waves (see
for details [6], section 8.3). The effect is especially strong for organic molecules since they produce not only
optical rotation, but also possess circular dichroism, i.e. have different absorption for left− and right-handed
CP [7]. Since high CP was measured in star-forming regions (see review [8]), the irradiation of cosmic
organics by circularly polarized light in protoplanetary nebulae became a popular idea regarding the origin
of homochirality and gave rise to the hope that chiral organics could be found in primitive solar-system
bodies, e.g., comets.

We study the effect of chirality on light-scattering properties of cometary dust using the theoretical
solution for an optically active sphere [6]. Although cometary dust consists of particles more complex than
spherical ones, we try this as a first approximation. We consider particles with the size distribution measured
in situ for the dust in comet Halley [9] and use the values of the refractive indices and specific optical rotation
typical for the amino acids discovered in meteorites [10]. According to [7], their specific rotation angle is
∼100◦, which corresponds to the difference in the refractive index for the left and right CP equal to 3× 10−6

and their circular dichroism produces the difference in the imaginary part of the refractive index on the order
1 × 10−8. Supposing that only 10% of the material is optically active, we obtain CP that decreases with
phase angle and reaches −0.15% at the phase angle 120◦. CP produced by the light scattered by comet dust
can easily attain larger values since the optical rotation for amino acids gets larger as the temperature drops
[11]. Application of a realistic aggregate model of comet dust (see, e.g. [12, 13]), can also significantly
increase values of CP, due to optical interaction between the particles in the aggregate, which provides an
effect similar to the effect of multiple scattering, but stronger due to proximity of the interacting particles.

3 Alignment of irregular particles: radiative torque

Irregular grains have, in general, different cross sections for left and right handed photons. As a result,
unpolarized light, which can be represented as a superposition of equal fluxes of left and right-handed
photons, spins up irregular grains since they extinguish different number of photons with CP of opposite
signs. As some grains extinguish more left-handed, while the other extinguish more right-handed photons,
the unpolarized light passing through the cloud stays unpolarized, while grains in the cloud get spun up. This
effect is called radiative torque. It was introduced in [14, 15], although was largely ignored until the work
[16]. As was shown in [15], apart from the spin up, radiation can align grains. Grain alignment for a number
of grain shapes was demonstrated in [17] in the case of fast Larmor precession about magnetic field, typical
for interstellar medium. For comets, interaction with magnetic field is negligible. Then the precession is
slow and alignment happens with respect to the radiation direction [18].

Since comet particles are, most likely, aggregates, they are highly irregular, and thus for them radiative
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torque should be an efficient alignment mechanism. A strong constraint on the mechanism that can align
comet dust is that it should be rapid. Indeed, significant values of CP were observed at distances of 500–
1000 km from the nucleus of comet S4. Dust with velocities of 300–500 m/s [19] needs ∼ 103 s to reach these
distances. Also, in cometary atmospheres radiative torque competes with mechanical alignment produced
by gas drag. As radiative torque tends to align particles so that their major axis of inertia gets perpendicular
to the radiation propagation, the gas drag aligns them parallel to the gas flow, i.e. in the solar and anti-solar
directions. Thus, these mechanisms work against each other.

We calculate numerically both radiative torque and gas drag, implementing the most realistic model of
cometary environment. We consider comet particles as ballistic aggregates consisting of 128 monomers of
size 0.05 µm. We use the DDSCAT software package [20] to calculate the radiative torque on aggregates
made of astronomical silicate [21]. Our calculations showed that for cometary environment, where gas
damping and radiative torque compete, we could easily get radiative torque to dominate due to the low
density of comet gas. Using characteristics of the gas production in comet S4 from [22], we estimate that the
gas density was 2.5 × 1011 mol/cm3 near the nucleus, decreased as ρ−2 (ρ is the distance from the nucleus),
reaching values ≤ 105 mol/cm3 at the distances where CP was observed. Our calculations demonstrate that
at this gas density the complete alignment of particles by radiative torque is achieved already at the distances
∼120 km from the nucleus and at larger distances gas interaction does not perturb the alignment.

We calculate CP produced by the above described aggregate using the T-matrix code from [23] that
was found more efficient than the DDA code for light-scattering calculations. Data are obtained for a set
of orientations of the major axis in the plane perpendicular to the light propagation and then added up.
Figure 2 shows that at phase angles smaller than 120◦ the computed CP decreases with the phase angle
that matches the observed behavior, and reaches the observed values of CP, although its behavior is more
complex. Note, that presented in [5] results for random-oriented ballistic aggregates (similar to considered in
this paper) show CP that does not exceed 10−3%. Thus, alignment is the main factor that forms CP presented
in Fig. 2. It is likely that averaging over a set of aggregates can smooth the curve. Of course, the influence
of the refractive index and aggregate size should be studied before the model can be used for a quantitative
interpretation of the data. However, the preliminary results on alignment of aggregates by radiative torque
and ensuing computations of the CP produced by such aligned aggregates indicate that this mechanism is
feasible to explain cometary circular polarization.

Figure 2: Circular polarization of light scattered by aggregate of 128 spherical particles whose major axis of
inertia is aligned perpendicular to the direction of light propagation.
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Abstract

The intensity of light backscattered when low-power laser radiation is incident on the skin is
investigated under in vivo conditions. The exposure of blood to low-power laser light in the
absorption range of haemoglobin leads to an increased intensity of the backscattered light.
The theoretical calculation using the existing optical model of erythrocyte aggregation has
suggested that the fragmentation of erythrocyte aggregates is the most probable mechanism
leading to the enhanced backscattering.

1 Introduction

The absorption coefficients µa of the overwhelming majority of biological tissues are large enough in the
visible region. For example, µa = 4.87 cm−1 at λ = 633 nm for human blood (Hb), 2.7 cm−1 for the
dermis and 3.6 cm−1 for intima. Therefore, we can suppose that the absorbed laser radiation can produce
local small heating in the zone of irradiation by the low-power laser radiation and consequently change its
characteristics.

Recently in [1] it was shown that low-power laser irradiation of the blood in absorption range of
haemoglobin leads to fragmentation of erythrocyte aggregates in the blood in vitro. It would be interest-
ing to analyse this effect carefully and in vivo conditions.

Generally intensity backscattered radiation is a complex phenomenon which depends on the hematocrit,
volume of identical scatterers, structure factor, the characteristic spatial organisation of the scatterers and
backscattering cross-section of a single scatterer [2]. Therefore the intensity of light backscattered when
low-power laser radiation is incident on the skin was investigated.

2 Theoretical model

At present there is no acceptable theory of scattering by particles of arbitrary shape that would be suitable
for describing the processes of interaction of radiation with complex structures similar to blood erythrocytes
and their aggregates. Only in the case when individual isolated erythrocytes are investigated there is sense
in using the cumbersome exact and even approximate solutions to the problems of interaction of electro-
magnetic waves with the particles of irregular shape, which requires lengthy calculations. It is practically
impossible to use such solutions for blood, where particles of various shapes and sizes are present. For this
reason, until the present time, the theory of scattering by homogeneous spherical particles has been widely
used for interpreting the data of experimental investigations of blood by optical methods. In all cases, the
Mie theory is hardly suitable for quantitative analysis. Nevertheless, it can be used as a first approximation
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for revealing the tendencies for any optical characteristic of the single erythrocytes and their aggregates to
be changed.

According with the earlier-proposed optical model of erythrocyte aggregation [3], the scattering proper-
ties of erythrocytes and its aggregates were identified by the properties of the equivalent volume spheres. The
shape of the isolated erythrocytes was approximated by circular cylinder with a concave base. It was consid-
ered as a model of formation of aggregates in the form of rouleaux from N erythrocytes when erythrocytes
contact by periphery edges. A radius of the sphere of equivalent volume for the aggregated erythrocytes was
calculated from the equation

Revs =

(
3

4π
Ver

)1/3

= 0.5
{
N

[
3R2(h + h0) − (h − h0)3/4

]}1/3
, (1)

where Ver is the volume concentration of the erythrocyte (hematocrit value), h0 the minimum thickness in
the centre, h the maximal thickness on the edge. The values of backscattering intensity and of extinction
coefficient were calculated according to
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where A is a coefficient containing parameters of experiment, i(r, n, κ, λ, β) and ε(r, n, κ, λ) are Mie scattering
characteristics of the particle (isolated erythrocyte or aggregate of erythrocytes with the radius of equivalent
volume sphere r), β is the angle of scattering, n and κ are relative values of the real and imaginary parts of the
complex refraction index, λ is value of wavelength in surrounding media, f (r) the particle size distribution.

The calculations were carried out for polydisperse ensembles of spherical particles with gamma size
distribution f (r) = arµ exp(−µr/R0) (R0 is the most probable radius of sphere of the equivalent volume,
a the normalization factor). Values of the optical characteristics were obtained by integrating Eqs. (2), (3)
within the bounds (1 − 0.2)R0 ≤ r ≤ (1 + 0.2)R0. The parameter µ in the particle size distribution function
was the same for all values of R0. The parameters of erythrocytes varied within the following limits: the
minimum thickness in the erythrocyte centre 0.9 ≤ h0 ≤ 1.2 µm, the maximum thickness on the erythrocyte
edge 1.7 ≤ h ≤ 2.4 µm, the radius of the erythrocyte base R = 3.5 µm and R = 4.4 µm, the real part of
refractive index 1.03 ≤ n ≤ 1.05, the imaging part of refractive index κ = 10−4. Values of I′(β) in Eq. (2)
were calculated for different scattering angles in the interval 170◦ ≤ β ≤ 180◦.

3 Experimental results

The RBC back reflectance records of volunteers showed typically cyclic variations with time at two basic
frequencies with heart rate, and another slower frequency more variable amplitude cycle, presumed to be
vasomotor [4]. Therefore, to estimate the back-reflectance value we had to make averaging during 1 minute
and use this value 〈Rh〉 for the estimation of back-reflectance during the laser irradiation.

As follows from the experimental results, laser irradiation leads to increase the intensity of backscat-
tering radiation. The statistical analysis of the obtained results shows that the character/behaviour of Rh is
different for the patients, but the value of backscattering intensity increases during the irradiation time.

The intensity of Rh begins to grow after 1 minute of irradiation for 50% of patients, for one only after
10 minutes, but usually the backscattered intensity saturates after 3–5 minutes of the irradiation. Obviously,
dynamics of change and the saturation value Rh will depend on the optical characteristics of the skin and
blood.
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The processes of the aggregation of erythrocytes is very sensitive to the processes in the human organism,
especially in cases of different pathologies. At low shear stress in different pathologies (psoriasis, coronary
diseases, and so on) the characteristic times for formation of linear (T1) and 3D (T2) erythrocyte aggregates
altered significantly.

Cardiovascular disease is among the clinical conditions with well established hemorheological con-
sequences. Red blood cells aggregation increases in various conditions associated with stable ischemic
heart disease, myocardial infarction. Ischemic diseases of various organs are known to be associated with
hemorheological impairment. In short, all vascular insufficiencies and ischemic diseases may result from
the disturbance of local homeostasis. Therefore, we can suppose that change of the backscattered radiation
(depending on the average size of the erythrocyte aggregates) under the laser heating should depend from
diagnose of diseases.

In fact, the detailed analysis of anamnesis of diseases showed that the dynamics of a change in the in-
tensity of scattered radiation during the laser irradiation depended on the diagnosis of the disease. Both the
dynamic of backscattered radiation and the saturated intensity are correlated with diagnosis of the cardio-
vascular disease.

As follows from our results an increase in the scattering for the patients with the diagnosis “atheroscle-
rosis” begins, as a rule, not immediately, but 3–5 minutes after the beginning of irradiation. For the patients
with other diagnoses of cardiovascular diseases and healthy volunteers an increase in the scattering begins
practically immediately after the beginning of irradiation. It is interesting that the intensity of scattering with
the identical exposure time is substantially more than for patients with atherosclerosis.

One of the possible reasons for this effect can be the aggregative properties of the blood with atheroscle-
rosis which make it difficult to separate the erythrocyte aggregates during the small laser heating.

From another side, atherosclerosis begins with a thickening of the intimal, i.e. the inner layer is com-
posed primarily of endothelial cells, layer of blood vessels [5]. This inner layer composed of elastin,
collagen, and smooth muscle largely determines the elastic properties of the vessel. In other words, with
atherosclerosis the geometric and elastic properties of the walls of vessels change. However, it is possible
to assume that the optical parameters of blood vessels during the disease were changed as well. Therefore,
the laser irradiation of the blood leads to the smaller and slower heating of the blood and with respect to a
smaller increase in the intensity of scattered radiation.

Of course, this preliminary result is not enough for the diagnostics cardiovascular disease but a good
base for the future investigations in the clinical or scientific research.

4 Conclusions

We studied the dependence of the back-scattered intensity on the degree of aggregation for different ery-
throcyte refractive index, refractive index of plasma and attenuation coefficient of the erythrocytes. Our
theoretical calculations using the existing optical model of erythrocyte aggregation have shown that the
fragmentation of erythrocyte aggregates is the most probable mechanism leading to the observed enhanced
backscattering.
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Toruń Center for Astronomy Nicolaus Copernicus University Gagarina 11, Pl-87-100 Toruń, Poland

Distances to stars can be measured in three possible ways:

• Using a standard rod i.e. measuring the trigonometric parallax either using the size of the terrestrial
orbit or e.g. that of a detached binary system; the method is very basic but the precision deteriorates
with the distance as the measured angles get small while their errors remain the same.

• Using a standard candle; this is typically the spectroscopic parallax, based on the assumption that
a determined Sp/L leads to a well calibrated MV. In this case one needs not only to have the abso-
lute magnitude but also the interstellar extinction well estimated. The period-luminosity method for
cepheids belongs also to this category.

• Using estimates of column density(ties) of certain gases present in the interstellar medium, providing
they fill quite evenly the space between the stars.

A relation between the “detached” Ca II K line and estimated distance was already observed by Struve
[1]. Such a result suggests a reasonably uniform distribution of the feature’s carrier in the interstellar space.
The results of further work on the subject were published by Sanford [2], Merrill and Wilson [3], Evans [4],
and Beals and Oke [5]. All those early papers presented intensity — distance relations with considerable
scatter. As it was not clear how much of the scatter was due to inhomogeneous distribution of the absorbing
clouds and how much — to measurement errors (especially in distance), these formulae saw relatively little
use in later years, with other methods of estimating distances being preferred. Many later studies have used
the lines of Ca II, Na I, K I and other elements to study both spatial and velocity structure of the interstellar
medium (e.g., Welty et al. [6], [7], Crawford et al. [8], Welty and Hoobs [9], Crawford [10], Price et al. [11],
Smoker et al. [12] and references therein), revealing the ubiquity of clouds in which these spectral features
originate. However, despite increasing quality and resolution of the spectra, the early results on the intensity
— distance relation were for nearly half a century difficult to improve on, because of the problems associated
with estimating stellar distances in the range of particular interest for bright early-type stars (hundreds of
parsecs to kiloparsecs).

Our sample of targets covers almost the whole Milky Way. In the northern hemisphere the observations
have been performed at the Observatory on top of the peak Terskol (Northern Caucasus) using the high
resolution (R=120,000) Maestro as well as the medium resolution (R=14,000) CMMS spectrographs and
the Zeiss 2m telescope. Some of the spectra, acquired using the Musicos spectrograph fed with the 2m BLT
were included as well. The sample contains also several spectra from the BOES spectrograph fed with the
1.8m telescope of the Bohyunsan Observatory in Korea. The Southern hemisphere was covered using the
spectra from the Feros spectrograph, attached to the 2.2m ESO telescope at La Silla. The observational
material was gathered between 1993 and 2006. We collected in total 192 spectra of different resolutions in
which the equivalent widths of CaII H and K lines can be measured and the trigonometric parallaxes —
available in the Hipparcos catalogue. It is of importance that the applied spectrographs were the echelle
ones, allowing to involve the whole spectrum of interstellar absorption features, available to ground-based
observations.

We have measured equivalent widths of the selected features, as our spectra are of different resolutions.
In every case we attempted to measure together all Doppler components of the line. If the intensity of
an interstellar spectral feature is related to distance one can expect it to be composed of many Doppler
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components, each of them weak. In such a case the saturation effects can be expected to occur only if the
lines originated in single clouds are very strong. Our sample includes all reasonably strong atomic and
molecular lines.

Typical errors in the Hipparcos parallaxes are of the order of 1 miliarcsecond. We chose to use directly
parallaxes rather than their inverse as the parameter to correlate line intensities with. While the expected
relation with distance might be simpler (linear), performing the inversion would result in serious problems
because, for a part of our sample of stars, the errors of Hipparcos parallaxes are comparable to the parallaxes
themselves. The gaussian distribution of errors in parallaxes means that for many stars the measured parallax
values are very close to zero, or even negative; for such stars it is impossible to obtain a reasonable distance
estimate from the parallax alone. However, rejecting such objects from the sample may result in serious
biases (Arenou and Luri [13], Smith [14]), as it preferentially excludes objects for which the error in the
parallax is negative (making the measured value too low), while leaving those with positive errors in the
sample. Also, the inversion makes the error distribution for each star asymmetrical,which complicates any
further work, e.g. fitting functions to data. Lutz-Kelker type corrections (Lutz and Kelker [15]) do not really
solve the problem, as they are dependent on hard to verify and often unrealistic assumptions on spatial
distribution of stars (Smith [14]).

Figures 1 and 2 present the parallax vs EW(Ca II H and K) relations. For clarity, only errorbars for the
parallax are drawn for all data points; the average errorbar for the equivalent width is close to the size of
the filled symbols. The approximately inverse dependence is conspicuous. The two discrepant stars in the
lower left of the diagrams are HD 37022 and 37023, situated 13 arcseconds apart. Hipparcos parallaxes for
both are identical and certainly in error (negative). The Ca II data were fitted with a function of the form
π = 1/d = 1/(aEW + b). The parameter b was included to allow for a possible region of space near the
Sun, producing virtually no absorption. It is well known that the Sun is situated in a volume of very rarefied
and hot medium, referred to as the Local Bubble (e.g. Cox and Reynolds [16]). The Bubble extends in
different directions to between 65 and 250 pc from the Sun (Sfeir et al. [17]), and is apparently open towards
high-latitude directions in both Galactic hemispheres (Welsh et al. [18]); the clouds present in the Bubble
typically generate only a few mÅ in Ca II absorption (Crawford et al. [8]). In our case the average radius of
the Bubble, as measured towards our sample of stars, corresponds to the b value — about 100 pc. It is to be
mentioned that the distances slightly exceeding the radius of the Local Bubble cannot be measured with a
high precision. The method cannot also be used in cases of spectral types later than B3 as stellar components
of H and K lines may cause serious errors.

The fit was performed numerically, with the use of a weighted ordinary least squares algorithm. Thus,
our estimates for the parallax of a star for given equivalent widths of Ca II lines are:

1/d = π = 1/(2.94EW(K) + 100),

1/d = π = 1/(4.82EW(H) + 108),

where the parallax is in arcseconds and the equivalent width in mÅ.
The proposed method can thus be used at relatively large distances, i.e., from a few hundred parsecs to,

most likely, a few kiloparsecs, not far from the Galactic plane. As the equivalent widths of Ca II lines can be
measured with high precision – as long as sufficiently high quality spectra are available – they can provide
reasonably accurate distance estimates for early-type stars beyond the range of individual Hipparcos paral-
laxes. This method of distance estimation can also be particularly convenient in the case of atypical objects,
where the luminosity calibration of the spectral classification is likely to be difficult and very inaccurate.

Relations, similar to those, presented in Figs. 1 and 2 were composed for KI lines as well as for molec-
ular feature of CH (4300Å), for some of the unidentified diffuse interstellar bands and the colour excess,
representing the dust component of the interstellar medium. However, in all these cases no correlation was
found. Apparently, all the above mentioned carriers (including dust grains) fill only very limited and dense
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Figure 1: Correlation between tirgonometric par-
allax and the equivalent width of the CaII H line.
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Figure 2: Correlation between tirgonometric par-
allax and the equivalent width of the CaII K line.

clumps of the interstellar medium while Ca II fills it quite evenly. It seems important that interstellar ab-
sorptions, observed along the same sightline, are apparently formed in different environments (clouds of
different physical parameters). It is to be mentioned that the Ca II “telemeter” presented here, applied to
a sample of B1V stars gave their average absolute visual magnitude MV = −3.60 ± 0.23 which is a very
reasonable value.
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Abstract

Polycyclic Aromatic Hydrocarbons, short PAHs, are the smallest interstellar grains and
certainly non–spherical. They are transiently heated by UV photons and identified by char-
acteristic infrared bands between 3 and 20 µm which can carry 20% of the total infrared
luminosity. PAHs are useful for probing the radiation field in an astronomical source, such
as a star forming region or a galactic nucleus. We propose a method that exactly incorpo-
rates the contribution of such small grains within the framework of a Monte Carlo radiative
transfer.

1 Introduction

The distribution of interstellar matter in dust enshrouded objects is usually irregular, often clumpy. Objects,
like starforming regions or galactic nuclei, are therefore intrinsically 3–dimensional and a 1-d or even 2-d
approximation is often inadequate. The radiative transfer for such complicated geometries is best treated
using a Monte Carlo (MC) technique. Very small grains, like PAHs, whose temperature fluctuates because
of their small heat capacity, in many cases dominate the appearance of a source in the mid infrared. To
compute the spectral energy distribution correctly, it is therefore desirable to include PAHs into a Monte
Carlo code.

2 Description of the method

2.1 Grains with temperature fluctuations in ray tracing

We recite how to calculate the emission of grains with temperature fluctuations in ray tracing. When we
switch to Monte Carlo, basic computational elements will be preserved. The emission of small grains, like
PAHs, whose temperature fluctuates is given by

εν = Kabs
ν

∫
Bν(T ) P(T ) dT ,

where Bν(T ) is the Planck function, Kν the absorption coefficient, and P(T ) dT the likelihood for finding an
arbitrary PAH in the temperature interval [T,T +dT ]. To numerically evaluate P(T ), we follow Guhathakurta
and Draine [1] and replace P(T ) dT by the vector P j which gives the chance of finding a PAH in the temper-
ature interval [T j,T j + dT j]. The latter corresponds to an interval in the internal energy, U, of the grain, of
width ∆U j. In equilibrium, P j follows for all j from the balance between events that populate and depopulate
the interval [T j,T j + dT j]. Equilibrium can be expressed by the equation

∑

k

A jkPk = 0 , (1)

where A j j is defined by
A j j = −

∑

k, j

Ak j .



136 Ninth Conference on Light Scattering by Nonspherical Particles

The matrix elements, Ak j, describing the transitions from j to k are in case of heating ( j < k)

Ak j =
KνJν
hν

∆νk , ν = νk − ν j .

Here, Jν denotes the mean intensity of the radiation field and ∆νk is the frequency interval defined by
∆νk = ∆Uk/h the energy width of. Cooling occurs in the infrared and one may assume that its proceeds only
from level j→ j − 1. The corresponding matrix elements are

A j−1, j =

∫ ∞

0
KνBν(T j) dν ·

[
h(ν j − ν j−1)

]−1
. (2)

The sum of all probabilities equals, of course, unity,
∑

j P j = 1.

2.2 Monte Carlo without iteration

Our MC procedure is based on the method by Lucy [2] and Bjorkman and Wood [3], which does not require
iteration and guarantees exact local and global energy conservation. The star emits photon packets of equal
energy ε, but with different frequencies ν j, j = 1, 2, . . .. A cloud cell absorbs a package of frequency ν j if
dτ j ≥ − log(z), where z ∈ [0, 1] is a random number and dτ j the optical depth of the package on its path
through the cell.

We first consider only big grains whose temperature T is constant and which have an emissivity

εν = Kν Bν(T ) .

If, after k absorptions, the cell has acquired the temperature Tk, the absorption of the next package raises its
temperature to Tk+1 > Tk. The package is then reemitted at the lowest frequency ν j for which

∫ ν j

0
Kν

dBν
dT

∣∣∣∣∣
Tk

dν ≥ z
∫ ∞

0
Kν

dBν
dT

∣∣∣∣∣
Tk

dν .

This follows from expanding the dust emission, εν(Tk+1) = KνBν(Tk+1), at temperature Tk+1 into

εν(Tk+1) ' εν(Tk) + Kν
dBν
dT

∣∣∣∣∣
Tk

dT . (3)

Despite some occasional doubts (Baes et al. [4]), it can be shown that the approach is correct.

2.3 Grains with temperature fluctuations in Monte Carlo

To include stochastically excited grains into the Monte Carlo technique, we propose, in the spirit of Bjork-
man and Wood [3], to expand the emissivity of PAHs, εν(Tk), but not as in (3) with respect to T , because we
cannot form dεν/dT for PAH emission, but with respect to the number, k, of absorbed packages,

εν(k) ' εν(k − 1) +
dεν
dk

dk .

The derivative will be smooth if k is large. If A(k−1)
ml denotes the transition matrix in Eq. (1) after (k −

1) packages have been absorbed (and reemitted) by PAHs in a cell, the new matrix elements, A(k)
ml , after

absorption of the k–th package of frequency νk are in case of heating (l < m)

A(k)
ml = A(k−1)

ml +


ε

NPAHhνk
: if νm = νl + νk ,

0 : else .
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Here, NPAH is the number of PAHs in the cell. The matrix elements, A(k)
m,l, describing cooling (l→ m = l−1),

do not depend on k, so we may drop the index k, and are as in (2)

Al−1,l =

∫ ∞

0
KνBν(Tl) dν ·

[
h(νl − νl−1)

]−1
.

Therefore, after k absorptions, reemission is at shortest frequency ν j for which
∫ ν j

0
dνKν

∫ ∞

0
Bν(T )

dP
dk

dT ≥ z
∫ ∞

0
dνKν

∫
Bν(T )

dP
dk

dT ,

where z ∈ [0, 1] is again a random number. As dk = 1, the derivative dP/dk is just the difference between
the probability vector, P j after k and (k − 1) packet absorptions, so we may write dP/dk = P(k)

j − P(k−1)
j . An

example calculation is shown in the Fig. 1.

Figure 1: To demonstrate that the code works, we compare the spectral energy distribution of a B star
surrounded by a spherical dust cloud containing PAHs computed by ray tracing (solid) with Monte Carlo
(squares). The spikes present the energy bands of the PAHs. The dust has an 1/r–density distribution and an
optical depth AV = 20 mag. The MC calculation tooks ten minutes on a PC.
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Abstract

Instead of the conventional Fraunhofer diffraction approach, small-angle scattering of light
by large ice crystal particles is considered by a new method. In this method, 2D Fourier-
transform of diffraction patterns has been calculated. These Fourier-transforms called the
S -functions consist of two parts. One of them is caused by particle projection and another
is associated with the beams transmitted through plane-parallel facets in the forward scat-
tering direction.

1 Introduction

Light scattering by particles that are much larger than the incident wavelength reveals a sharp peak near the
forward scattering direction. This peak corresponds to the classical Fraunhofer diffraction on the contour of
particle projection and it, consequently, does not depend on magnitude of the refractive index of the particles.
Therefore, the small-angle scattering is a powerful and promising tool for inverse scattering problems, i.e.
for a retrieval of particle sizes and shapes from the scattered light. In particular, the small-angle scattering
method is a base for a lot of instruments for particle sizing developed in chemical engineering. In the
atmospheric optics, this peak is called the aureole and the aureole measurements are used for many years to
study both aerosols and clouds.

In the case of ice crystals of cirrus clouds, there is also an additional term contributing to small-angle
scattering. This term appears only for pristine ice crystals where plane-parallel facets occur. These plane-
parallel facets create plane-parallel beams leaving the crystal particle in the forward direction. At large
distances, these plane-parallel beams along with the above-mentioned shadow-forming beam created by the
particle projection contour are transformed into divergent spherical waves [1, 2] that are observed as the
aureole.

Until now, the problem of small-angle scattering by ice crystal particles was considered only in certain
crude approximations. Thus, for randomly oriented pristine ice crystals, the shadow-forming beams were
factually replaced by a circle of the area of the averaged particle projection [3–7]. For horizontally oriented
ice crystals, Petrushin [8] had to replace the crystal projections by rectangles, ellipses, and circles.

In this paper, both the shadow-forming and forward-scattered or transmitted beams are calculated strictly
for the first time without any approximation about shapes of the beams. So, the problem of small-angle
scattering by randomly and horizontally oriented ice crystals is solved exactly within the framework of
physical optics. In this way, unlike the conventional direct calculation of the Fraunhofer patterns, we use
new method where the Fourier transform of the diffraction patterns called the S -function [2] is considered.
The S -function has a number of advantages. First, the S -function has an obvious geometrical meaning that
allows us to check the numerical data visually. Second, the S -function is finite, i.e. it vanishes out of a
domain of size of a particle diameter. Third, the magnitudes of the S -function belong to a small dynamic
range unlike the diffraction patterns.
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2 Diffraction patterns and the S-functions

We consider a plane-parallel beam leaving a crystal in the forward direction

η(ρ) =

{
1 inside the beam,
0 otherwise,

(1)

where ρ are the transverse coordinates. At the wave zone, its scattering amplitude is described by the classi-
cal Fraunhofer diffraction equation

f (n) =
k

2πi

∫
η(ρ)exp(−iknρ)dρ . (2)

Here n is the projection of scattering direction onto the plane ρ and k = 2π/λ is the wave number. The
diffraction pattern is equal to

I(n) = | f (n)|2 . (3)

As a result, we have

I(n) =

(
k

2π

)2 ∫
S (ρ)exp(−iknρ)dρ, where S (ρ) =

∫
η(ρ′)η(ρ′ − ρ)dρ′ . (4)

Equation (4) determines the S -function through the beam shape that reveals the obvious geometric meaning
of the S -function. On the other hand, the S -function is the inverse Fourier transform of the diffraction pattern

S (ρ) =

∫
I(n)exp(iknρ)dn . (5)

A statistical ensemble of crystal particles with various sizes, shapes and orientation can be determined by
either the statistically averaged diffraction pattern 〈I(n)〉 or the average function 〈S(ρ)〉 that are the mathe-
matically equivalent values. However, in numerical calculations, the S -function has a number of advantages
mentioned above. Therefore, it is the average S -function 〈S(ρ)〉 that is calculated in this paper.

The average S -function 〈S(ρ)〉 depends on both size and shape of the particles. We have managed to
separate the absolute sizes of particles from their shapes by means of the following normalization

S 0(r) = 〈S (ρ/
√
〈s〉)〉/〈s〉 , (6)

where 〈s〉 is the average area of particle projections and r = ρ/
√〈s〉 is the 2D dimensionless variable. As a

result, the normalized function S 0(ρ) depends only on crystal shape but not on particle size.
For pristine crystals, it is expedient to divide the normalized S -function into two parts corresponding to

the shadow-forming and transmitted beams

S 0(r) = S sh(r) + S tr(r) . (7)

These functions have the following properties:

S sh(0) = 1, S tr(0) = σs(0) /〈s〉 . (8)

Let us explain the physical meaning of the components of Eq. (7). We note that if there is no absorp-
tion, the scattering cross section is equal to double projection area 2〈s〉, where the value 〈s〉 corresponds
to the shadow-forming beam and the second value 〈s〉 corresponds to all refracted beams. These refracted
beams propagate in a set of scattering directions where the forward propagation or scattering is also in-
cluded. The number S tr(0) just determines the portion of the energy of the refracted beams that falls at the
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forward-scattered or transmitted beams, i.e. σs(0) means the scattering cross section for the beams transmit-
ted through plane-parallel facets in the forward direction.

So, the normalized function S 0(ρ) proves to be universal. It depends only on particle shape and it is
applicable to particles of either irregular or crystalline shapes. For calculation of this function for a realistic
statistical ensemble of particles, the absolute particle sizes can be easily included. We note that the first term
in Eq. (7) is independent of refractive index while the second term is determined by this index.

3 Numerical results

Figure 1 shows the normalized function S 0(ρ) calculated for randomly oriented hexagonal ice columns and
plates, where Q = height/diameter is the aspect ratio. The diameter is related to circumcircle of a hexagonal
facet. Figure 1a presents the shadow-forming part while Fig. 1b corresponds to the transmitted part where
the refractive index was assumed as 1.31. For comparison, the function S 0(ρ) for a sphere is also drawn.
Figure 2 shows the same function calculated for the normal incidence of light on horizontally oriented

Figure 1: The S -functions for randomly oriented hexagonal ice columns and plates.

hexagonal ice columns. Here, the hexagonal columns were Parry oriented, i.e. a pair of rectangular facets
was horizontally oriented and the azimuth orientation was random.

4 Discussion and conclusions

Numerical calculations of the conventional Fraunhofer diffraction patterns meet a lot of difficulties. Indeed,
these functions are not finite and, consequently, one needs to cut approximately their range of definition.
Also, these functions have a great dynamic range that lead to high demands to computer resources. On the
contrary, the S -functions are finite and monotonously decreasing. As it is obviously seen in Fig. 1a, the
S -functions for crystals with the aspect ratio of about 1 differ scarcely from those for a sphere. This fact
obviously proves that for such crystals the Fraunhofer diffraction patterns can be effectively replaced by
those for a sphere.
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Figure 2: The S -functions for Parry oriented hexagonal ice columns.
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Abstract

The method of continued boundary conditions earlier proposed for solving 2D [1] and 3D
[2] scalar diffraction problems is extended here on the 3D scattering problems for electro-
magnetic waves. Application of the method to various diffraction problems is considered.

1 Introduction

The method of continued boundary conditions (MCBC) earlier proposed for solving 2D [1] and 3D [2]
scalar diffraction problems is extended here on the 3D scattering problems for electromagnetic waves. In
the MCBC, the boundary condition is transferred from the surface S of the scatterer onto an auxiliary
surface S δ that incorporates S and is separated by a sufficiently small distance δ from it. As a result, the
boundary problem can be reduced to the Fredholm integral equation of the 1st or 2nd kind, as a matter of
preference, with a smooth kernel. This is one of the main advantages of the MCBC in comparison with the
method of extended boundary conditions (MEBC) [3] in which the boundary condition is transferred from
the boundary into the interior of the scatterer. In addition, the MCBC can be also applied to the problems
of wave diffraction on thin screens, in contrast to the MEBC. However, it is worth mentioning that, if the
boundary S is analytic (and in no other case), the MEBC can be also used to reduce the boundary problem
to the Fredholm integral equation of the 2nd kind with a smooth kernel.

The cost that one pays for the aforementioned universality of the MCBC is that this method implies
the initially approximate statement of the problem. According to [2], the inaccuracy that is inherent for the
solution is δ in the order of magnitude.

2 Formulation and solution to the problem

Let us consider the diffraction problem for an arbitrary wave field ~E0, ~H0 impinging on a compact scatterer
bounded by surface S . Let the following impedance boundary condition be met on S [4]:

~n × ~E = Z[~n × (~n × ~H)] , (1)

where ~E = ~E0 + ~E1, ~H = ~H0 + ~H1 is the total electromagnetic field, ~E1, ~H1 is the secondary one, Z is
the surface impedance, and ~n is a unit vector of the outer normal to S . Elsewhere outside S , the following
representation is valid:

~H1 =
1

4π

∫

S

{
iZ
kζ

[k2(~n × ~J)G0 − ((~n × ~J) · ∇′)∇G0] − ~J × ∇G0

}
ds′, (2)

where k = ω
√
εµ is the wavenumber, ζ =

√
µ/ε is the wave impedance of the medium, ~J = (~n × ~H)

∣∣∣∣
S

,

G0 =
exp(−ikR)

kR , R =
∣∣∣~r − ~r′

∣∣∣; ~r = {r, θ, ϕ} and ~r′ = {r′, θ′, ϕ′} are the position vectors of the observation
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and integration points, respectively. Let us consider some surface S δ that incorporates S and is located at
sufficiently small distance δ from it. In general, the requirements of the existence theorem [1] impose some
restrictions on the choice of S δ. However, the studies [2] show that, if δ is small (the condition kδ < 10−2

is usually specified in calculations), surface S δ can be chosen rather arbitrarily. Therefore, we suppose that
S δ is equidistant from S . Let us introduce the following notations: ~Jδ = (~n × ~H)

∣∣∣∣
S δ

, ~J0
δ = (~n × ~H0)

∣∣∣∣
S δ

. As

follows from Eq. (2),

~Jδ = ~J0
δ +

~n ×
1

4π

∫

S

{
iZ
kζ

[k2(~n × ~J)G0 − ((~n × ~J) · ∇′)∇G0] − ~J × ∇G0

}
ds′



∣∣∣∣∣∣∣∣∣
S δ

. (3)

By specifying surfaces S and S δ as r′ = ρ(θ′, ϕ′) and r = ρδ(θ, ϕ) in the spherical coordinate system,
respectively, and supposing that quantities ~J and ~Jδ are approximately equal at θ = θ′, ϕ = ϕ′, we can
consider relation Eq. (3) as the Fredholm integral equation of the 2nd kind with respect to function ~J � ~Jδ.
By using the representation Eq. (2) and the boundary condition Eq. (1), one can also obtain the Fredholm
integral equation of the 1st kind with a smooth kernel for finding ~J at S . The choice of equation type is
determined by reasons of convenience. To simplify the problem, let us restrict our considerations to bodies
of revolution. In this case, the desired current ~J can be represented in the spherical coordinates as

~J = −~iρ ρ
′(α)
ρ(α)

J1 −~iαJ1 +~iβJ2.

Here, the new notations are used: r′|S → ρ, θ′ → α, ϕ′ → β. Thus, in view of Eq. (3), we arrive at a system
of two integral equations for finding the unknown functions J1 and J2:

J1 = J0
1 +

ρδ(θ)
4πκδ(θ)

2π∫

0

π∫

0

{K11(θ, ϕ;α, β)J1(α, β) + K12(θ, ϕ;α, β)J2(α, β)}κ(α)ρ(α) sinαdαdβ,

J2 = J0
2 +

1
4πκδ(θ)

2π∫

0

π∫

0

{K21(θ, ϕ;α, β)J1(α, β) + K22(θ, ϕ;α, β)J2(α, β)}κ(α)ρ(α) sinαdαdβ. (4)

In these equations,

J0
1(θ, ϕ) =

ρδ(θ)
κδ

H0
ϕ

∣∣∣∣∣
S δ

, J0
2(θ, ϕ) =

1
κδ

[ρδ(θ)H0
θ + ρ′δ(θ)H

0
r ]

∣∣∣∣∣
S δ

,

κ(α) =

√
ρ2(α) + ρ′ 2(α), κδ(θ) =

√
ρ2
δ(θ) + ρ′ 2

δ(θ),

K11 =

{
iZ1
kζ

κ(α)
ρ(α) sinα

(
1
rρ
∂2G0
∂ϕ∂β − k2G0

∂2 cos γ
∂ϕ∂β

)
− ∂G0

∂r

(
ρ′(α)
ρ(α)

∂ cos γ
∂θ +

+
∂ cos γ
∂α

)
+ 1

r
∂G0
∂θ

(
ρ′(α)
ρ(α) cos γ +

∂ cos γ
∂α

)}∣∣∣∣
r=ρδ(θ)

,

K12 =

{
Z1
ikζ

[
ρ′(α)
κ(α)

(
k2G0

∂ cos γ
∂ϕ − 1

r
∂2G0
∂ϕ∂ρ

)
+

ρ(α)
κ(α)

(
k2G0

∂2 cos γ
∂ϕ∂α − 1

rρ
∂2G0
∂ϕ∂α

)]
−

− 1
sinα

(
1
r
∂G0
∂θ

∂ cos γ
∂β − ∂G0

∂r
∂2 cos γ
∂θ∂β

)}∣∣∣∣∣
r=ρδ(θ)

,

K21 = ρδ(θ)
{

iZ1
kζ

κ(α)
ρ(α) sinα

(
1
rρ
∂2G0
∂θ∂β − k2G0

∂2 cos γ
∂θ∂β

)
− 1

sin θ

[
1
r
∂G0
∂ϕ

(
ρ′(α)
ρ(α) cos γ+

+
∂ cos γ
∂α

)
− ∂G0

∂r

(
ρ′(α)
ρ(α)

∂ cos γ
∂ϕ +

∂2 cos γ
∂ϕ∂α

)]}∣∣∣∣∣
r=ρδ(θ)

+ ρ′δ(θ)
{

iZ1
kζ

κ(α)
ρ(α)

(
1
ρ
∂2G0
∂r∂β− k2G0

∂ cos γ
∂β

)
−

− 1
r sin θ

[
∂G0
∂θ

(
ρ′(α)
ρ(α)

∂ cos γ
∂ϕ +

∂2 cos γ
∂ϕ∂α

)
− ∂G0

∂ϕ

(
ρ′(α)
ρ(α)

∂ cos γ
∂θ +

∂2 cos γ
∂θ∂α

)]}∣∣∣∣∣
r=ρδ(θ)

,
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K22 = ρδ(θ)
{

iZ1
kζ

[
ρ′(α)
κ(α)

(
1
r
∂2G0
∂θ∂ρ − k2G0

∂ cos γ
∂θ

)
+

ρ(α)
κ(α)

(
1
rρ
∂2G0
∂θ∂α − k2G0

∂2 cos γ
∂θ∂α

)]
−

− 1
sin θ sinα

(
∂G0
∂r

∂2 cos γ
∂ϕ∂α − 1

r
∂G0
∂ϕ

∂ cos γ
∂β

)}∣∣∣∣∣
r=ρδ(θ)

+ ρ′δ(θ)
{

iZ1
kζ

[
ρ′(α)
κ(α)

(
∂2G0
∂r∂ρ − k2G0 cos γ

)
+

+
ρ(α)
κ(α)

(
1
ρ
∂2G0
∂r∂α − k2G0

∂ cos γ
∂α

)]
− 1

r sin θ sinα

(
∂G0
∂ϕ

∂2 cos γ
∂θ∂β − ∂G0

∂θ
∂2 cos γ
∂ϕ∂β

)}∣∣∣∣∣
r=ρδ(θ)

.

System of equations (4) is approximate because it is derived using the assumption that the approximate
equalities J1δ(θ, ϕ) � J1(θ, ϕ), J2δ(θ, ϕ) � J2(θ, ϕ) are valid at θ = α, ϕ = β. At the numerical solution to
integral equations piecewise constant approximation of the unknown functions and a method of collocation
are used. The quantity of basic functions and points of collocation is equal to N.

3 Results of numerical studies

Let us consider the application of the proposed algorithm to some specific problems of diffraction. Figures 1a
and 1b show the scattering pattern and the residual of the boundary condition, respectively, for diffraction
of a plane wave on a cone having the height kh = 3 and a spherical base with radius ka = 1, obtained at
N = 16. The incidence angles are specified as θ0 = π

2 , ϕ0 = 0. Figures 2a and 2b show the calculated
scattering patterns (components FE

θ and FE
ϕ , respectively) for an impedance body produced by rotation of

the figure ρ(θ) = a(1 + τ cos 2 θ) (the twolobe of rotation) with ka = 10, τ = 0.26, Z = 38.21i. The plane
wave is supposed to be incident along the axis of rotation (curves 2). For the sake of comparison, the figures
also show the results of the similar calculations for twolobe with dielectric coat (curves 1) and the same
geometric parameters. These data are taken from a yet unpublished work of D. B. Demin, A. G. Kyurkchan,
and N. I. Orlova (by approbation of the authors). The thickness of the coat is specified as kt = 0.1, with
εr = 4 and µr = 1. The value of the equivalent impedance is calculated as [4]

Z = i
√
µ

ε
tg(k1t).

It can be seen that the impedance approximation can yield a sufficiently good accuracy although, in the

Figure 1: The scattering pattern (1a) and the residual (1b) for with kh = 3 and ka = 1, obtained at N = 16.

problem considered, the scatterer has a shape that substantially differs from the spherical one, and its curva-
ture is rather high. All calculations have been executed at quantity N of basic functions in the representation
of required currents corresponding to known criterion [5]: N ∼ 10− 20L/λ, where L — length generatrix of
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body and λ wavelength. About the same accuracy at the same recommendations at the choice of quantity of
basic functions it is achieved in a classical method of the current integral equations [5], however with use,
though and well fulfilled, but, nevertheless, essentially more complex techniques.

Figure 2: The components FE
θ (2a) and FE

ϕ (2b) of the scattering pattern for a twolobe of revolution.

4 Conclusions

In this work MCBC is extended on the 3D scattering problems for electromagnetic waves by the impedance
bodies. The boundary problem is reduced to the solution vector Fredholm integral equation of the 2nd kind
with a smooth kernel. Application of the method to various diffraction problems is considered.
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Abstract

This work presents and compares experimental and numerical results obtained for the light
scattering of micron-sized spherical particles (glass, silica) coated with absorbing mantles
(graphite, organic black paint). Their comparison validates the use of light scattering studies
for the determination of the physical parameters of dust particles. It is of interest for the
interpretation of remote light scattering observations.

1 Introduction

Comparison between experimental and numerical simulations are mandatory to assess the results used to
interpret critical light scattering observations. Such approaches have already been used for light scatter-
ing by polyhedral particles [1]. This work presents results obtained for the linear degree of polarization
and intensity of the light scattered by micron-sized spheres (with a gaussian size distribution), coated with
absorbing mantles. Materials such as glass, silica and graphite, have been chosen for their well known prop-
erties and their presence in astrophysical media. Comparison with interstellar and cometary dust particles,
suspected to consist of silicates grains covered with organics material [2], is of interest for the interpretation
of astronomical light scattering observations.

2 Methods

2.1 Method for experimental simulations

Experimental simulations are made with PROGRA2, an experiment dedicated to the study of the light scat-
tering properties of dust particles [3–5]. The instrument is an imaging polarimeter with randomly polarized
laser sources in green (543.5 nm) and in red (632.8 nm). Compact particles are levitated through micrograv-
ity during parabolic flights. The results presented here were obtained during the CNES campaigns of March
and September 2005.

2.2 Method for numerical simulations

Core-mantle particles are simulated through a stratified sphere model [6]. The code we use [7] takes into
account the size distribution measured on the SEM images. It also takes into account specific parameters of
the PROGRA2 experiment (e.g. averaging over 1◦ phase angle). Input parameters are the wavelength of the
incident light, the complex refractive indices of the core and the mantle of the sphere, the size distribution
of the core and the thickness of the mantle (much smaller than the radius of the core).
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1a

1b

Figure 1: SEM pictures of the two samples (top) with their size distributions (bottom). 1a Glass spheres
covered with graphite, 1b Sicastar-black c© spheres. The size distributions measured on the SEM images (�)
follow Gaussian laws with mean sizes of about 110 µm and 20 µm, respectively.

3 Samples

Figure 1 presents SEM pictures of the two sets of particles, together with their measured size distributions.
The first sample is made of glass spheres (already studied with PROGRA2 [5]) coated in the labora-

tory with thin mantles of deposited graphite. The size distribution of the spheres approximately follows a
Gaussian law with a mean size around 110 µm. The mantle is thin, of the order of the micron. The complex
refractive index of the glass spheres is 1.52 + i 6 10−4 at 543.5 nm [5].

The second sample is made of industrial Sicastar-black c© spheres (Micromod Gmbh) consisting of silica
spheres (possibly hollow) covered with an organic black coating. The size distribution of the spheres follows
a Gaussian law with a mean size around 20 µm. The thickness of the coating is of about 50 nm. The refractive
index of the silica spheres is 1.48 + i 10−4 at 632.8 nm [8].

4 Comparison between experimental and numerical simulations

Comparisons between the results derived from the PROGRA2 measurements and the stratified spheres nu-
merical simulations are presented.

Figure 2 compares the experimental results in green with phase curves computed for a stratified glass-
graphite sphere. A very good fit is obtained with a mantle refractive index of 2.0 + i 0.03 and a thickness
of 200 nm. Figure 3 compares the experimental results in red with phase curves computed for a stratified
silica-organic sphere. A good fit is obtained with a mantle refractive index of 2.2 + i 0.5 and a thickness of
50 nm.

5 Discussion

The phase curves show that the linear degree of polarization depends highly upon the absorption (imaginary
part of the refractive index) and the thickness of the mantle in the 80◦ to 160◦ phase angle range (Figs. 2, 3).
From very good fit obtained in the case of glass-graphite spheres, we can deduce an refractive index value for
the graphite mantle of 2.0+i 0.03. In the case of the Sicastar-black c© spheres, the slight discrepancy between
the data points and the best fit around 20◦ and around 90◦ is interpreted by the formation of aggregates of
spheres during the levitation, as confirmed from the size distribution retrieved during the flight with the
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Figure 2: Comparison between experimental results (◦ with errorbars) and model (line) for glass-graphite
spheres. Left, polarization; right, intensity. Mantle refractive index of 2.0 + i 0.03 and thickness of 200 nm.
The imaginary part of the mantle refractive index varies between 0.01 and 0.05.
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Figure 3: Comparison between experimental results (◦ with errorbars) and model (solid, dashed and dotted
lines) for Sicastar-black c© spheres. Left, polarization; right, intensity. 3a, the imaginary part of the mantle
refractive index varies between 0.3 and 0.5. 3b, the thickness of the mantle varies between 20 nm and 200
nm.

overview camera. Aggregation has indeed been shown to smooth out the phase function and to decrease the
maximum value of the linear degree of polarization [4, 7]. It could also arise from the fact that a Gaussian
law do not represent accurately the size distribution of the levitated particles. The refractive index of the
organic black paint is deduced to be 2.2 + i 0.5. The refractive indices values obtained for the absorbing
mantles are of the order of values measured for other deposited graphite samples (1.75 + i 0.1 [9]) and
amorphouscarbon (1.88 + i 0.71 [10]).

Finally, the intensity phase curves are less dependent on the model parameters confirming the importance
and greater precision of polarimetric studies to retrieve physical information from remote observations.



150 Ninth Conference on Light Scattering by Nonspherical Particles

6 Conclusions

We have studied the light scattering behaviour of coated spheres and compared experimental results with
numerical simulations of stratified spheres. Our results validate the experimental and numerical simulations
procedures. The study points out the influence of absorbing mantles on the light scattered by compact par-
ticles. The complex refractive index and thickness of the mantle can be retrieved from polarimetric light
scattering measurements. Such results are of interest for the interpretation of astronomical light scattering
observations in terms of formation and composition of dust particles. Complementary results are expected
from next parabolic flight campaigns.

Acknowledgments

Part of this work was supported by the CNES, SEM images were taken at LPLE-Paris6, graphite deposition
on the particles by V. Guerrini.

References
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Abstract

Aligned non-spherical dust particles polarize starlight passing through the dust cloud. They
also emit polarized far infrared and sub-mm radiation. Substantial progress in understand-
ing of grain alignment theory makes the interpretation of the polarized radiation in terms
of underlying magnetic fields much more reliable. I discuss a number of fundamental pro-
cesses that affect grain alignment. In particular, I shall discuss how subtle effects related to
nuclear spins of the atoms alter the dynamics of dust grains. I shall discuss how the the-
ory explains the existing observational data and demonstrate when the polarization can and
cannot be interpreted in terms of the underlying magnetic fields.

1 History of ideas

Observations by [1, 2] revealed that interstellar dust grains get aligned with respect to magnetic field. It did
not take long time to realize that grains tend to be aligned with their long axes perpendicular to magnetic
field. However, progress in theoretical understanding of the alignment has been surprisingly slow in spite of
the fact that great minds like L. Spitzer and E. Purcell worked on the problem (see [3–7]). Formulating the
adequate grain alignment theory happened to be very tough and a lot of relevant physics had to be uncovered.

Originally, it was widely believed that interstellar grains can be well aligned by a paramagnetic mech-
anism [8]. This mechanism based on the direct interaction of rotating grains with the interstellar magnetic
field required to have magnetic fields that are stronger than those uncovered by other techniques1. Later, in
a pioneering work made by Purcell [6] has been shown a way how to make grain alignment more efficient.
Purcell [6] noticed that grains rotating at high rates are not so susceptible to the randomization induced by
gaseous collisions and introduced several processes that are bound to make grains very fast rotators. For
decades this became a standard explanation for grain alignment puzzle, although it could not explain several
observational facts, e.g. why observations indicate that small grains are less aligned than the large ones.

2 Relevant physics

New physics of grain internal motion uncovered fairly recently explains inefficiency of alignment of small
grains by Purcell’s mechanism. Lazarian and Draine [11] found that small grains flip frequently due to
the coupling of rotational and vibrational degrees of freedom of a grain. As the result regular torques, e.g.
torques due to ejection of H2 molecules, get averaged out and grains rotate at thermal velocities. The param-
agnetic alignment of thermally rotating grains as we mentioned earlier is inefficient (see [12]). Interestingly
enough, Lazarian and Draine [13] found that coupling of rotational and vibrational degrees of freedom
happens most efficiently through the so-called nuclear relaxation that arises from nuclear spins of species
within the grains. This relaxation makes grains of size ≥ 10−5 cm rotate thermally, which makes the Purcell
mechanism inefficient for most of dust in diffuse interstellar medium.

1As discussed for instance in [9] the very small grains are likely to be aligned by this mechanism and this can explain the
peculiarities of the UV part of the spectrum of the polarized radiation observed (see [10]). The efficiency of the Davis-Greenstein
mechanism increases as the grain size decreases.
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3 Radiative torques

Introduced first in [14] and [15] the RT were mostly forgotten till a more recent study [16], where their
efficiency was demonstrated using numerical simulations (see also [17–19]).

The RT make use of interaction of radiation with a grain to spin the grain up. Unpolarized light can
be presented as a superposition of photons with left and right circular polarization. In general, the cross-
sections of interaction of such photons with an irregular grain will be different. As the result of preferential
extinction of photons with a particular polarization the grain experiences regular torques and gets spun up.

The predictions of RT mechanism are roughly consistent with the molecular cloud extinction and emis-
sion polarimetry [20] and the polarization spectrum measured [21]. RT have been demonstrated to be effi-
cient in a laboratory setup [22]. Evidence in favor of RT alignment was found for the data obtained at the
interface of the dense and diffuse gas (see [9] and Fig. 1).

Figure 1: pmax/AV as function of AV from our calculations with radiative torques and the observation data
by Whittet et al. [23]. Observational error bars are not shown. The flatterning of the observational results at
AV > 4 mag. is likely to be the consequence of the cloud being inhomogeneous. We use a homogeneous
slab and the MRN distribution of dust with amax = 0.35 µm. Work done with T. Hoang.

While it was originally believed that RT could not align grains at optical depths larger than AV ≈ 2 mag.,
a recent work [19] demonstrated that the efficiency of RT increased sharply with the grain size and therefore
bigger grains that exist within molecular clouds can be aligned for AV more2 than 10. Large grains may

2The studies by one of us reveal that for fractal molecular clouds the alignment can be present for cores with AV of 30. In
addition, as large grains do not flip frequently the Purcell torques and Purcell’s alignment gets efficient as well.
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constitute an appreciable part of the total mass of dust within a cloud, while still be marginal in terms
of light extinction. Therefore, a non-detectable polarization in optical and near infrared does not preclude
substantial polarization to be present in submillimeter. This makes submillimeter polarimetry the preferred
tool for studies magnetic fields and magnetic turbulence in molecular clouds.

4 Relation to magnetic field

Most of the processes produce grain alignment in respect to magnetic field, even if the alignment mechanism
is of non-magnetic nature. This is true due to the rapid precession of grains about magnetic field. This
precession stems from the substantial magnetic moment that grains get due to their rotation [15]. Indeed, a
rotating paramagnetic body gets a magnetic moment due to a Barnett effect. The corresponding period of
grain precession τL is ∼ 105B−1

3 a2
−5 s, where the the external magnetic field is normalized over its typical

interstellar value of 3 × 10−6 G and grain size is chosen to be a = 10−5 cm. This means that for turbulent
motions on time scales longer than τL grains orientation in respect to magnetic field lines does not change
as the consequence of the adiabatic invariant conservation.

If the alignment happens on the time scales shorter than τL the dust orientation may not reflect the
magnetic field. For the RT such a fast alignment will happen with longer grain axes perpendicular to the
direction of radiation, while the fast mechanical alignment will happen with longer axes parallel to the
flow3. The mechanical and RT alignment takes place on the time scale of approximately4 gaseous damping
time, which is for interstellar medium is ∼ 1011T−1/2

100 n−1
−20a−5 s, where typical temperatures and densities

of cold interstellar medium, which are, respectively, 100 K and 20 cm−3, were used for the normalization.
Note, that magnetic alignment takes place over even longer time scales, namely, ∼ 1013B3a2

−5. Therefore, in
most cases the magnetic field indeed should act as the alignment axis.

It is worth noting that the turbulent fluctuations over time scales that are shorter than τL do not suppress
alignment. The rapidly precessing grains preserve their orientation to the local direction of magnetic field
and undergo the alignment even when this local direction is changing its orientation in space. In this respect
grain alignment is a local process that can reflect local direction of magnetic field for magnetic ripples larger
than τLVA, where VA is Alfvén speed. Whatever is the process of alignment, if it aligns grains over timescale
larger than τL the alignment is perpendicular or parallel to magnetic field. This allows to study some aspects
of magnetic turbulence without asking fundamental questions about mechanisms of alignment.

5 Summary

Grain alignment is a subject that is very rich in terms of physical processes. The advances in understanding of
grain alignment processes made the theory predictive and allowed to explain the observational data available.
This enables one to reliably interpret observed polarization in terms of underlying magnetic fields.
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3The rule of thumb for mechanical alignment is that it tends to minimize the grain cross section for the grain-flow interaction,
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4The mechanical alignment happens faster due to the fact that the flows are supersonic. This is an important difference to be
considered for transient alignment, but has marginal consequences for the most of interstellar gas.



154 Ninth Conference on Light Scattering by Nonspherical Particles

References

[1] J. S. Hall, Science 109, 166 (1949).

[2] W. A. Hiltner, Astrophys. J. 109, 471 (1949).

[3] L. Spitzer and J. Tukey, Astrophys. J. 114, 187 (1951).

[4] E. M. Purcell, Physica, 41, 100 (1969).

[5] E. M. Purcell, In: The Dusty Universe, G. B. Field and A. G. W. Cameron (eds.), 155 (New York, Neal
Watson, 1975).

[6] E. M. Purcell, Astrophys. J. 231, 404 (1979).

[7] L. Spitzer and T. A. McGlynn, Astrophys. J. 231, 417 (1979).

[8] J. Davis, and J. L. Greenstein, Astrophys. J. 114, 206 (1951).

[9] A. Lazarian, J. Quant. Spect. Rad. Transf. 79–80, 881 (2003).

[10] S.-H. Kim and P. Martin, Astrophys. J. 444, 293 (1995)

[11] A. Lazarian and B. T. Draine, Astrophys. J. 516, L37 (1999).

[12] W. G. Roberge and A. Lazarian, MNRAS 305, 615 (1999).

[13] A. Lazarian and B. T. Draine, Astrophys. J. 520, L67 (1999).

[14] A. Z. Dolginov, Astrophys. Space Sci. 16, 337 (1972).

[15] A. Z. Dolginov and I. G. Mytrophanov, Astrophys. Space Sci. 43, 291 (1976).

[16] B. T. Draine and J. C. Weingartner, Astrophys. J. 470, 551 (1996).

[17] B. Draine and J. Weingartner, Astrophys. J. 480, 633 (1997).

[18] J. Weingartner, and B. Draine, Astrophys. J. 589, 289 (2003).

[19] J. Cho and A. Lazarian, Astrophys. J. 632, 361 (2005).

[20] A. Lazarian, A. A. Goodman, and P. C. Myers, Astrophys. J. 490, 273 (1997).

[21] R. H. Hildebrand, J. A. Davidson, J. L. Dotson, C. D. Dowell, G. Novak, and J. E. Vailancourt, 2000,
ASP 112, 1215 (2000).

[22] M. Abbas, P. Craven, J. Spann, D. Tankosic, A. LeClair, D. Gallagher, E. West, J. Weingartner, W.
Witherow, and A. Tielens, Astrophys. J. 614, 781 (2004).

[23] D. C. B. Whittet, P. A. Gerakines, J. H. Hough, and H. Snenoy, Astrophys. J. 547, 872 (2001).



Coherent backscattering effects, Litvinov 155

Coherent backscattering effects from random media of complex particles

Pavel Litvinov,1 Victor Tishkovets,1 and Klaus Ziegler2

1 Institute of Radio Astronomy of NASU, Chervonopraporna St.,4, Kharkov,61002, Ukraine
2 Institut fuer Physik, Universitaet Augsburg, D-86135 Augsburg, Germany

tel: +38 057-7061414, fax: +38 057-7061415, e-mail: litvinov@ira.kharkov.ua

Abstract

Coherent backscattering effects for random media of fractal-like clusters are considered.
It is shown that random media of fractal-like clusters exhibit brightness and polarization
opposition effects, which are like those observed for some atmosphereless Solar system
bodies. Conditions for a bimodal angle dependence in the degree of linear polarization
are discussed and the manifestation of the enhanced backscattering phenomenon in the
intensity of scattered radiation is studied.

1 Introduction

We have considered sparse random media consisting of fractal–like clusters of spherical particles. Such me-
dia may be good models of some kinds of natural media, where scatterers can be considered to be agglom-
erates [1]. Media containing such types of scatterers can exhibit brightness and polarization backscattering
effects that were observed for Saturn’s rings and Galilean satellites of Jupiter [2].

We have considered sparse media for which both the inhomogeneity of wave in close vicinity of scatter-
ers and correlation between scatterers in medium can be neglected, and averaging over particles positions is
considered to be independent of averaging over particles properties.

2 Brightness and polarization backscattering effects for random medium of
chaotically oriented fractal-like clusters

Table 1 contains the properties of the media considered in the paper. We characterize these media by such
parameters as the minimum size parameter of sphere circumscribing the cluster x (x = ka, a is the sphere
radius, k = 2π/λ the wave number, λ the wavelength of incident radiation), complex refractive index of
constituent particles of cluster m̃0, the size parameter of constituent spherical particles x0, the filling factor
of cluster ξ0 (ξ0 = N(x0/x)3, N is the number of particles in cluster), and the filling factor of the medium
ξ (ξ = n04πx3/3k3, where n0 is the concentration of particles in the medium). ξ is related with extinction
mean free path klext and imaginary part of the effective complex refractive index of the medium Im(m̃eff) by
the equation:

klext =
1

2Im(m̃eff)
=

k2Cextξ

V0
,

where Cext is extinction cross section averaged over particle properties, V0/k3 average volume of medium
scatterers.

In Table 1 we presented also definition of the filling factor of the medium: ξeff = n04πx3
eff
/3k3, where

xeff is the equal-volume size parameter of particles of medium.
Typical forms of clusters of Media 1–3 are presented in Fig. 1. In Fig. 2 the results of calculations of

normalized intensity (R11/R
(nc)
11 (180◦)) and the degree of linear polarization (PLP = −R21/R11) of radiation

scattered by Medium 1 (see Table 1) are presented. Here, curve 1 corresponds to single scattering by an
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Table 1: Semi-infinite random media of fractal-like clusters

Media Properties of media

Medium 1 x = 14.4, ξ = 0.026, ξeff = 0.005, klext = 314.26
Properties of constituent particles: x0 = 1.2, m̃0 = 1.5 + 0.001i
Parameters of the clusters: ξ0 ≈ 0.19, N = 334, fractal dimension 2.5, prefactor constant 8

Medium 2 Similar to Medium 1 but with m̃0 = 1.5 + 0.05i, klext = 338.25

Medium 3 Similar to Medium 1 but with x = 8.34, x0 = 0.7, klext = 327.65

Figure 1: Three different realizations of fractal-like cluster with N = 334, fractal dimension 2.5 and prefactor
constant 8.

individual cluster with parameters described in Table 1. For single scattering by an individual cluster we
assume that multiple scattering inside the individual cluster is taken into account. Single scattering charac-
teristics of chaotically oriented fractal–like clusters have been calculated using free accessible via Internet
Mackowski’s code [3]. Curve 2 describes angular behavior of incoherent component (the elements of matrix
R(nc)) in third-scattering approximation, when single scattering by an individual clusters as well as ladder
diagrams at second and third scattering orders between different clusters in the medium are taken into ac-
count [5]. Curve 3 corresponds to the case when the backscattering enhancement phenomenon (BEPh) at
second and third scattering between different clusters are taken into consideration. In this case, the elements
of coherent matrix RC, which include cyclical scattering diagrams, are calculated in third-scattering approx-
imation [5]. To demonstrate the influence of the orders of scattering on the angular behavior of intensity and
the degree of linear polarization the curve 4 and 5 are plotted. Curve 4 presents the elements of incoherent
matrix R(nc) at multiple scattering in the medium (it is the solution to the vector radiative transfer equation
[4]). Curve 5 is the result of double–scattering approximation for reflection matrix R(nc) + RC [5].

In Fig. 2 the brightness and polarization opposition effects, caused by BEPh at second and third scat-
tering between different clusters, manifest themselves mainly in the range of the scattering angles 175◦ ≤
ϑ ≤ 180◦ (compare curves 2 and 3). In PLP (Fig. 2 for −R21/R11) BEPh leads to sharp negative peak, since
P0 for individual clusters of Medium 1 is rather positive than negative in the range 0◦ ≤ ϑ ≤ 180◦. Since
this phenomenon is the result of multiple scattering between different clusters, brightness and polarization
opposition effects becomes more pronounced with growing orders of scattering (compare curves 3 and 5 on
Fig. 2).

Cooperative effects, typical for an individual cluster, are washed out by multiple scattering between
different clusters (depolarization of single scattering occurs at multiple scattering). But in the second and
third-order scattering approximation they are still noticeable in the range 160◦ ≤ ϑ ≤ 175◦ (see Fig. 2, curves
1–3, 5). It is especially well seen for the degree of linear polarization. In the range 160◦ ≤ ϑ ≤ 175◦ the
cooperative effects of multiple scattering within individual clusters are responsible for the broad negative
branch of PLP (Fig. 2 for −R21/R11, curve 1–3, 5). When multiple scattering is taken into account for
Medium 1, the cooperative effects typical for individual clusters, almost completely disappear (see curve 4
on Fig. 2).

Figure 3 presents results similar to those on Fig. 2 but obtained for Medium 2, consisting of quite strongly
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Figure 2: The brightness and polarization backscattering effects for Medium 1 (Table 1).

Figure 3: The brightness and polarization backscattering effects for Medium 2 (Table 1).

absorbing clusters (see Table 1). The cooperative effects for clusters of Medium 2 are less pronounced than
for clusters of Medium 1 (see curve 1 on Fig. 2 and Fig. 3). Nevertheless, the multiple scattering between
different clusters of Medium 2 washes out the cooperative effects not so significant as for Medium 1 (curve
4 in Figs. 2, 3). As a result, the broad negative branch of PLP for Medium 2 remains noticeable (curve 4 on
Fig. 3 for −R21/R11).

Figure 4 shows the data for Medium 3 (see Table 1). The clusters of Medium 3 differ from the clusters
of the Medium 1 in the size parameter of constituent spherical particles only. Assuming that the complex
refractive index of the constituent particles slightly depends on the wavelength of incident radiation, one
can consider the data presented in Fig. 2 and Fig. 3 as obtained for the identical medium but at the different
wavelength: λ = 0.4 µm and λ = 0.68 µm, respectively.

One can see that at different wavelengths polarization opposition effect for media, composed of quite
complex particles, manifest itself as sharp peak of PLP of slightly different depth. With growing λ broad
negative branch of PLP may become less pronounced and may completely disappear (Figs. 2, 4 for−R21/R11,
curves 1, 2). Figures 2 and 4 for R11/R

(nc)
11 (180◦) show that the features of the brightness opposition effect

strongly depend on wavelength. In [6], [7] it was shown that when an asymmetry of phase function of a
single scattering increases due to forward-backward scattering, the width of the intensity peak increases
too. The phase function of single scattering is much more elongated in forward direction for the clusters of
Medium 1 than for the clusters of Medium 3. This is a reason why the intensity peak is much broader for
λ = 0.4 µm (Medium 1) than for λ = 0.68 µm (Medium 3) (curves 2–5 on Figs. 2, 4 for R11/Rnc

11(180◦)).
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Figure 4: The brightness and polarization backscattering effects for Medium 3 (Table 1).

3 Conclusions

Bimodal and asymmetric angular dependencies of PLP similar to that described in this section were observed
for Saturn’s rings and Galilean satellites of Jupiter [2]. Note, that there are other possible explanations of
these observational data (see, for example, [2], [8]) and further theoretical and experimental investigation
have to be performed to find out which approach is more realistic. Investigated in this paper conditions
of appearance of bimodal angle dependence of the degree of linear polarization and manifestation of the
enhanced backscattering phenomenon in intensity of scattered radiation may be used for this purposes.

Acknowledgments

Authors are grateful to M. I. Mishchenko and D. Makowski for free access to computer radiative transfer
code and for T-matrix code for cluster of spherical particles in arbitrary orientation.

References

[1] F. Moreno and F. Gonzalez (Eds.), Light scattering from microstructure, (Springer–Verlag, Heidelerg,
2000).

[2] V. K. Rosenbush, V. V. Avramchuk, A. E. Rosenbush, and M. I. Mishchenko, Astrophys. J. 487, 402–414
(1997).

[3] D. Mackowski and M. Mishchenko, J. Opt. Soc. Am. A13, 2266–2278 (1996).

[4] M. I. Mishchenko, J. M. Dlugach, E. G. Yanovitskij, and N. T. Zakharova, J. Quant. Spectrosc. Radiat.
Transf. 63 409–432 (1999).

[5] V. P. Tishkovets, J. Quant. Spectrosc. Radiat. Transf. 72, 123–137 (2001).

[6] V. P. Tishkovets, P. V. Litvinov, and S. V. Tishkovets, Optics Spectros. 93, 899 (2001).

[7] P. V. Litvinov, V. P. Tishkovets, K. Muinonen, and G. Videen, In: Wave Scattering in Complex Media:
From Theory to Applications, B. van Tiggelen and S. Skipetrov (Eds.), 567 (Kluwer, Dordrecht, 2003).

[8] Yu. Shkuratov et al., In: Photopolarimetry in Remote Sensing, G. Videen, Ya. Yatskiv, and M.
Mishchenko (Eds.), 191–208 (Kluwer, Dordrecht, 2004).



Optical model of lymphocytes, Loiko 159

Elaboration of optical model of lymphocytes
as applied to scanning flow cytometry

Valery A. Loiko,1 Gennady I. Ruban,1 Olga A. Gritsai,1

Svetlana M. Kosmacheva,2 and Natalia V. Goncharova2

1B. I. Stepanov Institute of Physics, F. Scaryna avenue, 68, 220072, Minsk, Belarus
tel: +375 17-284-2894, fax: +375 17-284-0879, e-mail: loiko@dragon.bas-net.by

2Centre of Hematology and Transfusiology, Dolginovsky avenue, 160, 223059, Minsk, Belarus

Abstract

The peripheral blood lymphocytes of normal individuals are investigated by methods of
specialized light microscopy. Lymphocyte structure is characterized with reference to po-
larizing scanning flow cytometry. Linear correlation dependence between sizes of lympho-
cyte and its nucleus is indicated. The morphometric model of lymphocyte is constructed.
The findings are used as the input parameters for elaboration of optical model of lympho-
cyte with reference to polarizing scanning flow cytometry.

1 Introduction

Scattering of light from biological particles is of great interest due to different application in medicine,
biology, etc. Studying the cell morphology allows one understand the nature of scattering from biological
particles and develop new optical methods for noninvasive biomedical diagnostics as well. From this point
of view the investigations of blood cells (especially white blood cells) as objects of scattering are very
important. The problem of cell identification is actual at that analysis. For its solution the methods of flow
cytometry are widely used [1].

In a conventional flow cytometer the simultaneous measuring of forward and side scattered signals
allows one identify lymphocytes, granulocytes, and monocytes of peripheral blood. The identification of
cell subpopulations is carried out by fluorescence signals.

In a polarizing scanning flow cytometer [1] the significance of the scattering channel is enhanced. It is
realized by measuring of an angular pattern of scattered light in a wide interval of scattering angles [1]. The
optical properties of cell depend on its size, refractive index, and morphology [2]. This is possible to extract
detail information on cell characteristics by the angular pattern measurements.

The problem of cells identification with flow cytometer by measuring of scattered light is the inverse
problem of the scattering-media optics [1]. For its solution the optical models of cells are required. To
develop the optical model with reference to the polarizing scanning flow cytometry one has to know the
geometro-optical characteristics of cells. The better we know the range of sizes, variation of structure and
shape of cells, the more reliable solutions are obtained and the problem of cell identification is more precisely
solved. That is why we need the optical models including detailed information on the shape, structure, size,
and refractive index of the cells.

There are different models of biological particles. Escherichia coli bacterium is modeled by a cylin-
der capped with hemispheres of the same radius as the cylinder and by prolate spheroid [3]. The bacteria
length distribution obtained from optical micrographs is used as an element of the bacterium model. In light
scattering simulation, the models of biological cells are gradually improved from the simple ones such as
two-dimensional models of opaque disk or ring and three-dimensional models of homogeneous or concentric
spheres, to the ones taking into account the eccentricity of nuclear location in spherical cell, and biconcave
discoid shape of erythrocyte [4].
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Despite the fact that there have been a lot of investigations on lymphocyte morphology the optical
model of lymphocyte (and morphometric as well) with reference to scanning flow cytometry has not been
developed. There are vast data on lymphocyte size and morphology in smears. That data are widely used
in medical diagnostics. It is difficult to adjust available lymphocyte data to develop the model suitable for
scanning flow cytometry which deals with the cellular suspensions. There are also size data of Coulter
counters. Coulter technique determines cells volume and concentration in suspension. The output signal of
such counters is not directly related to the cell volume [5]. The cell nuclei volume determined by Coulter
counters can be greatly distorted. Besides, Coulter counters do not allow one to determine the cell shape
parameters which have an impact on the cell light scattering.

In scanning flow cytometry the spatial distribution of light scattered by an individual particle flying with
a high rate in a flow is recorded. The obtained data have to be analyzed rapidly to identify the cells in a
real-time scale (milliseconds). For this aim one needs to use the algorithms which take into account the size
of computer memory and computer time. It means that the optical models of cells have to be flexible to meet
the above conditions.

In this paper the normal peripheral blood lymphocytes are investigated in suspension by the light mi-
croscopy methods. The morphometric model of lymphocyte is developed. The results are used for elabora-
tion of optical model of lymphocyte with reference to scanning flow cytometry.

2 Lymphocyte measurements and analysis

Peripheral blood lymphocytes are investigated in suspension by methods of light microscopy using Leica
DMLB2 microscope. Cellular suspension is sandwiched between object plate and cover slip as in a mi-
crocuvette. The microscope is used in differential interference contrast (DIC), and fluorescence (F) modes.
The lens with 100X magnification and numerical aperture of 1.25 are used. The cell micrographs are made
by microscope-mounted digital camera DC 150 with 5 MPixels matrix. We use Leica image processing
software IM 1000 to measure the size of the optical image of the cell.

Our observations show, that the shape of lymphocytes in suspensions is usually slightly elongated (el-
lipsoidal) or round. The shape of lymphocyte nucleus is usually round or ellipsoidal. In accordance with our
measurements the mean value of the ratio between major and minor axes (maximum and minimum linear
sizes) of lymphocyte equals 1.1. It means that as a whole lymphocytes are not perfectly round. The mean
value of the ratio of major and minor axes of the nucleus equals 1.2. These data display that the nucleus is
more elongated than the lymphocyte itself.

Our measurements display that the mean value of lymphocyte size is about 7.5 microns and the mean
value of lymphocyte nucleus size is about 6.2 microns. The nucleus occupies the most part of small lympho-
cytes unlike medium and large lymphocytes. Minimum value of the ratio between the major lymphocyte and
nucleus axes is close to unity. Its value corresponds to small lymphocytes. In that lymphocytes it is difficult
to see the cytoplasm in the optical microscope.

There is a positive correlation between nucleus size and lymphocyte size. It is statistically highly sig-
nificant, the probability P < 0.0001. The last is determined as follows: P = PN(|r| ≥ r0), where r is the
correlation coefficient, r0 is the sampling correlation coefficient [6]. The value of the coefficient in the range
from 0.22 to 0.56.

The experimental data of the nucleus and lymphocyte sizes are presented in Fig. 1. One can see that
the experimental data are dispersed practically symmetric about the line of linear regression. They do not
demonstrate the explicit nonlinear trend, although the value of the correlation coefficient is far from the
maximum value (the lattter is equal to unity).

When simulating light scattering by lymphocytes with reference to scanning flow cytometry it is neces-
sary to reduce the real shapes of cell and nucleus to the simple ones which are mathematically computable
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Figure 2: Morphometric scheme of lymphocyte. Notations
are in the text.

in an on-line regime. As a first approximation, lymphocyte and nucleus can be modeled as the ellipsoidal
particles. The morphometric scheme of lymphocyte is presented in Fig. 2. It takes into account some features
of lymphocyte organization, such as nucleus displacement and off-orientation. We determined the nucleus
displacement as a distance between the lymphocyte center A and its nucleus center B. The coordinates of
both centers are the intersection points of major and minor axes of lymphocyte and its nucleus, respectively.
The nucleus off-orientation was defined as angle a between the major axes of lymphocyte and its nucleus.
The mean value of displacement of nucleus is about 0.3 µm, the mean value for off-orientation is about 10
degrees. The indicated values of the nucleus displacement and off-orientation are not large, nevertheless
polarizing scanning flow cytometer can, potentially, detect them.

3 Conclusion

The peripheral blood lymphocytes of normal individuals are investigated by the methods of specialized
light microscopy. Lymphocyte and lymphocyte nucleus shapes are characterized with reference to polarizing
scanning flow cytometry. The morphometric parameters of cells are measured and analyzed at the conditions
corresponding to that of flow cytometry. Linear correlation dependence between sizes of lymphocyte and
its nucleus is obtained. The morphometric model of lymphocyte is created. The findings are used as the
input parameters for elaboration of optical model of lymphocyte with reference to polarizing scanning flow
cytometry.
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Abstract

A strongly focused laser beam can be used to trap, manipulate and exert torque on a mi-
croparticle. The torque is the result of transfer of angular momentum by scattering of the
laser beam. The laser could be used to drive a rotor, impeller, cog wheel or some other
microdevice of a few microns in size, perhaps fabricated from a birefringent material. We
review our methods of computationally simulating the torque and force imparted by a laser
beam. We introduce a method of hybridizing the T-matrix with the Finite Difference Fre-
quency Domain (FDFD) method to allow the modelling of materials that are anisotropic
and inhomogeneous, and structures that have complex shapes. The high degree of symme-
try of a microrotor, such as discrete or continuous rotational symmetry, can be exploited
to reduce computational time and memory requirements by orders of magnitude. This is
achieved by performing calculations for only a given segment or plane that is repeated
across the whole structure. This can be demonstrated by modelling the optical trapping and
rotation of a cube.

1 Introduction

The T-matrix method [1] is commonly used to calculate properties of light scattering from axisymmetric
mesoscale ( 1

2λ − 5λ) particles that are homogeneous and isotropic [2, 3]. Using the T-matrix, the optical
force and torque imparted on the particle by the incident beam can be calculated [3]. The T-matrix is inde-
pendent of the incident field and only dependent of the properties (size, shape, orientation, permittivity) of
the particle. If the incident fields change, the T-matrix need not be recalculated.

We extend this method to model particles that are inhomogenous, anisotropic and have complex geo-
metrical shapes by combining the T-matrix method with the Finite Difference Frequency Domain (FDFD)
method. In the FDFD method, we discretize the computational region into a grid with sufficiently small
grid size. The inclusion of FDFD equations in the algorithm is computationally intensive. To optimize com-
putational time and memory usage, we consider the rotational symmetry of the system. If the particle is
rotationally symmetric about an axis, the system could be reduced to a 2D problem (Figs. 1a and 1b).
By choosing a cylindrical coordinate system, the section of interest can be treated in 2D rectangular (r, z)
coordinates which leads to compatibility with the FDFD cell (Fig. 1c). If the particle has nth-order dis-
crete rotational symmetry, typical of a microrotor, savings in computational time and memory could still be
achieved by performing calculations for only one repeated segment. For example, we modelling the optical
trapping of a cube, exploiting the 4th-order rotational symmetry and xy-plane mirror symmetry, to reduce
the time required to calculate the T-matrix from 30 hours to 20 minutes.
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Figure 1: a) Cylindrical coordinate system. Spheroidal particle enclosed in a cylindrical volume. b) Rect-
angular computational grid with regions (1) and (2), inside and outside the particle, respectively. c) FDFD
(Yee) cell.

2 FDFD equations

The rotationally symmetric FDFD equations were derived by expanding Maxwell’s curl and divergence
equations [4] in cylindrical coordinates

∇ × ~A =


1
r
∂~Az

∂φ
− ∂

~Aφ
∂z

 r̂ +

∂
~Ar

∂z
− ∂

~Az

∂r

 φ̂ − 1
r


∂
(
r ~Aφ

)

∂r
− ∂

~Ar

∂φ

 ẑ, (1)

∇ · ~A =
1
r
∂

∂r
(r ~Ar) +

1
r
∂~Aφ
∂φ

+
∂~Az

∂z
, (2)

where ~A represents the electric field, ~E, or the magnetic field, ~H. The evolution of both fields can be ex-
pressed as ∂~A/∂t = −iω~A. It is sufficient, as will be seen below, to consider a field with azimuthal variation
exp(imφ); the variation of the field with respect to φ would be ∂~A/∂φ = im~A. Substituting the time evolution
and φ harmonic equations into Maxwell’s equations we obtain 6 curl equations and 2 divergence equations
for electric and magnetic fields. As an example, the curl equation for ~Er is

iωεr ~Er =
im
r
~Hz −

∂ ~Hφ

∂z
. (3)

Using the Yee cell [5] in Fig. 1c for discretization, the FDFD curl equation for ~Er can be written as

iωεr ~Er(nr +1/2, nz) =
im

(nr + 1/2)∆r
~Hz(nr +1/2, nz)− 1

∆z

[
~Hφ(nr + 1/2, nz + 1/2) − ~Hφ(nr + 1/2, nz − 1/2)

]
.

(4)
The other equations can be discretised similarly.

3 Hybridizing the T-matrix method with FDFD

The T-matrix is an operator (T) which acts on the coefficients of the incoming field to produce the coefficients
of the outgoing field

~p = T~a, (5)
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where ~a represents the vector made up of the coefficients (anm and bnm) of the incoming field and ~p represents
the vector of the coefficients (pnm and qnm) of the outgoing field. The electric fields (and similarly for
magnetic fields) can be expanded in terms of incoming and outgoing Vector Spherical Wave Functions
(VSWFs)

~Ein =

∞∑

n=1

n∑

m=−n

anm ~M(2)
nm(koutr) + bnm ~N

(2)
nm(koutr), (6)

~Eout =

∞∑

n=1

n∑

m=−n

pnm ~M(1)
nm(koutr) + qnm ~N

(1)
nm(koutr), (7)

where kout is the wave vector outside the particle, and ~M and ~N are vector spherical wave functions (VSWFs)
defined in [1]. Naturally, we cannot take the sums to infinity but rather taken to Nmax which is based on
criteria defined in [2]. In our model, we would have a dielectric region within the computational grid that
would interact with the incoming and outgoing fields. So, in coupling the electric field ~E(r) from the FDFD
solutions with the VSWFs for the TE incident modes we obtain

~M(2)
n′m′(r) +

∞∑

n=1

pnm ~M(1)
nm(r) + qnm ~N

(1)
nm(r) = ~E(r), (8)

where n′ is the incident mode. Similarly for the TM modes,

~N(2)
n′m′(r) +

∞∑

n=1

pnm ~N
(1)
nm(r) + qnm ~M(1)

nm(r) = ~E(r). (9)
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Figure 2: a) Coefficient Matrix, Unknowns and Constants. b) The T-matrix is made up of four blocks that
result from the coupling between the TE and TM modes. The inset is a section of the T-matrix in detail
where the allowable coupling between m and n modes are shown as black pixels.

Due to the rotational symmetry, there is no coupling to other azimuthal modes (i.e. only one value of
m′ appears). Therefore, all fields share an azimuthal dependence of exp(imφ). Equation (8) or (9) connects
the VSWF description of the external fields and the FDFD grid. The VSWF and FDFD equations form an
overdetermined linear system (Fig. 2a) and can be solved using a standard numerical library. The FDFD
equations are inserted in the Coefficient matrix (Fig. 2a) first followed by VSWF equations. Last, the z-axis
boundary equations are inserted in the Coefficient matrix. Generally, the field is zero at the z-axis except for
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the modes m = ±1, in which case the first derivatives of the fields are zero. Cycling through all incident
modes, the solutions for pnm and qnm are solved given one incident mode at a time and their values are
inserted into the T-matrix column representing coupling between the m and n modes (Fig. 2b).

4 Discussion

The micromachines of interest may or may not have xy-plane mirror symmetry but they will typically have
nth-order rotational symmetry. Nonetheless, as with the cube we had modelled, the rotational symmetry
can be exploited to reduce the calculation time by orders of magnitude. Conventional T-matrix methods are
limited in their application to modelling homogeneous and isotropic materials, with shapes that are close to
spheroidal. The FDFD hybridization extends the modelling capability to include nth-order rotationally sym-
metric micro-machines with complex shapes made from materials that are inhomogenous and anisotropic
e.g. birefringent crystals. The Matlab script for solving the matrices in Fig. 2a was tested on a PC with a 32-
bit single 3GHz CPU and 1Gb of RAM. We performed the calculation simulating a 3000 nm radius cylinder
with grid sizes from 1000 nm–250 nm. Extrapolating from the natural log scale plot (Fig. 3), we estimated
that it would take 13.6 hours and 165.9 hours (7 days) to perform the calculation given 100 nm and 50 nm
grid spacing, respectively.
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Figure 3: Log gridsize in wavelength units versus log time (secs).

While the foregoing is directed at modelling rotational symmetric particles, we intend to model more
complex particles buy using a 3D FDFD grid or the Discrete Dipole Approximation (DDA) method [1]
coupling with the VSWFs.
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Abstract

The calculation of light scattering by arbitrarily oriented optically soft spheroids in geo-
metric optics approximation is discussed and compared with other methods.

1 Introduction

The scattering theory for a homogeneous sphere of arbitrary size was developed by G. Mie. Since then the
solutions for spheres have been rederived and calculated by many investigators. Spheroids are of particular
interest among non-spherical particles: they have a canonical shape and can be studied by well established
exact methods. For a spheroidal particle, the exact solution may be obtained, e.g., by means of the method
of separation of variables. The review of different methods of light scattering by small particles including
spheroids is given in [1]. In this work, the light scattering by large homogeneous spheroidal particles with
complex refractive index was studied.

During interaction of light with spheroidal particle the effects of diffraction and scattering are essential.
The calculation of diffraction in Fraunhofer approximation shows that differences in intensities of diffracted
and scattered parts of light are two orders at small angels. The main goal of this work is the fast analysis
of the scattered part of light from large optically soft particles (size parameter ka > 35). Interest to soft
particles, mainly, is determined by the importance of the study of the dispersed biological media [2]. In a
number of works, it was shown that geometric optics approximation permits to quickly calculate the angular
distributions of scattered intensities from optically soft particles [3, 4]. In this work, we develop a calculation
tool which can potentially permit to extend this algorithm to a system of several particles.

All results were obtained in geometric optics approximation. The validity of this approximation is dis-
cussed.

2 Calculation techniques

The calculation algorithm is the following. We assume that a collimated light beam impinges upon a
spheroidal particle along the Z-axis. The beam is divided into partial rays. The calculation principles for
each partial ray are the following:

1. After the XY-grid is defined, the (X1, Y1, Z1)-coordinates of the intersection point M1 of each inci-
dent ray with the spheroidal boundary are found. Rays not hitting the particle are not considered in further
calculations.

2. At the intersection point M1 of a ray with the spheroid we find the equations of the reflected and
refracted rays, as well as the amplitudes and phases of the reflected and refracted waves according to the
Fresnel’s formulas and Snell’s law.

3. Further on, we suppose that the reflected ray contributes to the scattering pattern while the refracted
ray propagates inside the particle.

4. The point M2 of the intersection of that ray with the rear surface of the scatterer is determined.
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5. Fresnel’s and Snell’s laws are applied to determine the amplitudes, phases and directions of the re-
flected and refracted rays at M2.

6. We assume that the refracted ray at the point M2 contributes to the scattering pattern.
7. The next point M3 of the intersection of the light ray reflected at M2 with the surface of the particle is

determined.
Repeating the steps 5–7 for this new point allows internal successive reflections and transmissions to be

taken into account until a sufficient damping is obtained. The amplitudes and phase shifts of the rays for
each “reflection – refraction” event are calculated.

After all scattered rays are calculated, they are divided into direction groups. Each group is characterized
by spherical angles θ and ϕ, as well as size by the angular resolution ∆θ and ∆ϕ. We suppose that the rays of
each group propagate in the same direction. Finally, we coherently sum up the scattered rays from the same
group taking into account their amplitudes and phases.

The calculation with each partial ray consists of 15 steps (“reflection - refraction” events at the particle
boundaries). This number of “reflection – refraction” steps gives good agreements with generally accepted
results.

The input parameters of the computer code include the size parameter and eccentricities of the spheroidal
particle, 3D orientation angels of the spheroid relative to the main coordinates, complex refractive index of
the particle, etc. At the output we obtain the angular dependencies of the scattering intensities and phases.
The time required for the calculations with AMD Athlon computer (2 GHz) is about 2–3 minutes for XY-grid
dimension equal to 1000x1000.

3 Conclusions

Testing of our algorithm in case of spheres gives good agreement with van de Hulst’s results [5]. Comparison
of our calculations with the exact Mie theory in case of spheres results in good similarity. It proves the cor-
rectness of our method. The developed calculation technique can be used in a wide range of practical tasks,
in particular, to asses the light scattering by different biological particles which shape can be approximated
by a spheroid.

Future plans in this direction are to calculate the light scattering by two or more adjacent spheroidal
particles in geometric optics approximation. For example, the shapes of linear aggregates of red blood cells
are close to prolate spheroids. Therefore, we can use the data obtained from this calculation to better under-
stand the light scattering properties of such aggregates, which is important for the assessment of the results
of light scattering measurements of RBC aggregation kinetics [6, 7].
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Abstract

The experimental data on extinction spectra of colloidal suspension of silver sub-micron
particles as well as those for planar arrays of particles are presented. It is shown that the ex-
tinction spectrum in the latter case drastically differs from that for colloidal suspension. The
effect may arise from coherent coupling of surface plasmons associated with the particles.

1 Introduction

Intriguing optical properties of small noble metal particles are of great interest over two centuries [1]. It
is largely driven by unique optical properties associated with the excitation of the collective oscillations
of the electron density termed surface plasmon resonances or surface plasmons. When confined to sub-
wavelength dimensions, plasmons can be excited by visible light and their frequency effectively tuned by
varying the size and the dielectric environment of the particles [2]. The excitation of the plasmon resonances
in silver sub-micron particles represents the most efficient mechanism by which light interacts with matter.
In fact, the cross section for the plasmon excitation in 50 nm silver particles exceeds the normalized to the
same volume absorption coefficient of any organic or inorganic species. Three major factors contributing to
such high efficiency for the interaction with light are the large density of conducting electrons, the unique
frequency dependence of the real and imaginary parts of the dielectric function, and the size confinement to
the dimension smaller than the mean free path for electrons.

The high efficiency for the interaction with light, the tunability of optical properties, chemical robustness
as well as the ability to withstand high intensity radiation without photobleaching makes silver particles a
very appealing system for various optical and photonic applications.

In this work we present the experimental results on extinction spectra of various silver sub-micron
structures, which include aqueous colloidal suspensions of naked silver sub-micron particles, Ag/Si core-
shell particles, Ag whiskers, and planar arrays of silver particles self-assembled on glass (quartz) substrates.
The results for quasi-spherical Ag particles are in good agreement with Mie theory, while presence of some
fraction of silver whiskers in colloidal suspension causes broadening and tailing of the dipole component of
the plasmon resonance centered at 545 nm. Similar behavior is observed for Si coated silver particles.

When organized into closely spaced 2D array, the Ag particles exhibit drastically different optical spec-
tra as compared to that in the suspension. Instead of two characteristic bands for dipole and quadrupole
components, the spectrum degenerates into a single intense and sharp peak positioned at ca. 436 nm [3].
Possible mechanism responsible for the described phenomenon is discussed.

2 Results and discussion

Silver particles of arbitrary size between 15 and 100 nm were synthesized according to the procedure de-
scribed rigorously in [4]. The reaction produces a fairly monodispersed suspension with a minor fraction of
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very small particles and high aspect ratio particles with a short axis of ca. 30 nm and long axis between 0.1
and 10 µm. To remove those from the suspension, gravity-filtration with nylon membranes was used. Planar
arrays of Ag sub-micron particles were prepared by self-assembling of the particles onto modified glass
substrate. Extinction spectra of the samples were measured using a Shimadzu UV-2501PC spectrometer.

Optical extinction of light at frequency ω by an isolated spherical metal particle of diameter 2a is de-
scribed by the extinction cross-section

Cext(ω, a) =
2πc2

ω2εM(ω)

∞∑

n=1

(2n + 1)Re(an + bn), (1)

where c is the vacuum velocity of light, εM(ω) is the dielectric constant of the host medium, an and bn are
scattering coefficients of the TM- and TE-modes of multipole order n respectively, Re means the real part.
For a colloidal suspension, i.e. for an ensemble of non-interacting particles, the extinction is

E(ω) = − log
(

It(ω)
I0(ω)

)
. (2)

Extinction is connected to the cross-section of (1) by Lambert–Beer’s law,

E(ω) =
∑

j

Cext(ω, a j)
N j

V
d · log e, (3)

where 2a j accounts for the diameters of particles, N j/V is concentration, d the thickness and V the total
volume of the sample.

As it was reported previously [3], the extinction spectrum for closely spaced silver particles of ca. 100
nm in diameter exhibit optical properties that are drastically different from those of individual particles due
to various light induced interactions between particles (see Fig. 1). Generally, three different types of the
interaction between sub-micron particles can be distinguished. First, particles a few nanometers apart are
electronically coupled due to the direct overlap of the electron wave functions [5]. This electron exchange
interaction blurs the electronic boundaries between individual particles resulting in the red shift and broad-
ening of the plasmon resonance as compared to the resonance of noninteracting particles. For this reason,
the extinction band of aggregated silver colloids in which sub-micron particles are in intimate contact with
each other, is broad and shifted to longer wavelengths [6]. The bigger the number of electronically cou-
pled particles, the larger is the red shift and broadening of the resonance; for infinitely big number of such
sub-micron particles the optical spectrum collapses to that of a continues silver film.

A second type of interaction (E ∼ 1/r, where r is the distance between sub-micron particles that is larger
than the wavelength of light) appears when the distance between particles is significantly larger than their
diameter. This regime is designated as far-field interaction. Each particle possesses a characteristic plasmon
resonance and, when irradiated with light, behaves as an independent oscillator. The optical response of an
ensemble of such sub-micron particles is the interference of scattered light from individual particles and can
be described by Eq. (3).

When the distance between sub-micron particles is sufficiently large so that there is no direct electron
coupling but smaller or comparable to the particles’ diameter, near-field interaction (Förster-type, E ∼ 1/r3)
play a key role in the optical response of the system. Whereas each particle encounters only the incident
field during the far-field regime, in the near-field regime each particle experiences in addition to the incident
field also the local fields from its neighbors. Moreover, not only individual particles experience incident
and local fields, electrostatic and plasmon-induced interactions between neighbors can potentially influence
their polarizability. For closely spaced sub-micron particles, especially those organized in regular struc-
tures, coherent interactions between particles can induce cooperative effects resulting in the polarizability of
individual particles being “enhanced” by their neighbors.
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Figure 1: UV-vis extinction spectra of an aqueous silver colloidal suspension (a), a closely-spaced planar
array of ca. 100 nm Ag particles (b), the same array consisted from aggregates of particles (c). The spectra
were measured on Shimadzu UV-2501PC double-beam spectrometer.

3 Conclusions

The presented experimental results are in good agreement with electrodynamic calculations based on Mie
theory [2] and numerical approximations such as DDA (discrete dipole approximation) [7]. The sharp peak
in the extinction spectra of closely spaced arrays of 100 nm Ag particles arises from a coherent plasmon
mode that results from the coupling of the electron density oscillations in neighboring particles. Because
this peak is observed for quite disordered array, the long-range order in the arrays appears to be not a
critical factor. This observation suggests that the coupling originates from light-induced, short range (near-
field) interactions between sub-micron particles rather than from diffraction type phenomena that require
long range order. The near-field interactions provide coherency (the phase correlation) for electron density
oscillations in neighboring particles.
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Abstract

The effect of the presence in the same sample of two populations of non-spherical grains
with well separated dimension ranges is addressed with the aid of laboratory measurements.

1 Introduction

Our knowledge of the Martian surface has been greatly increased by means of the data collected by the
orbiting spectrometers TES (Thermal Emission Spectrometer), OMEGA (Observatoire pour la Minerálogie,
l’Eau, les Glaces et l’Activité) and PFS (Planet Fourier Spectrometer) on board of recent NASA and ESA
missions. For a full understanding of those data it is important to determine the typical grain size of the
surface regolith and how the presence of multiple populations of grains, with different sizes and shapes,
could affect the observed spectra. In this work we present the extinction spectra of particulate samples in
order to assess the spectral effects of a “dimensional contamination”, i.e. the presence in the same sample of
two populations of grains with well separated dimension ranges.

2 Experimental measurements

A preliminary test has been done using particulate samples of quartz (SiO2), even if this material is not
thought to be abundant on Mars. The reason for this choice is due to the fact that such material has been
widely studied and its spectral behavior is well known.

The effect is analyzed for different size classes of quartz grains, chosen in the range representative of the
dimension of the surface regolith. These classes are:

• 400-300 µm;

• 300-200 µm;

• 200-100 µm;

• 100-50 µm;

• 50-20 µm.

The infrared spectroscopy has been performed by means of the usual pellet technique using potassium
bromide (KBr) as transparent matrix in which quartz grains have been dispersed. In particular, transmittance
(T (λ)) spectra of quartz particles in KBr were recorded in the wavelength range 2–25 µm by means of
Perkin–Elmer Spectrum 2000 FT-IR spectrometer. Transmittance has been converted to absorbance (A(λ))
by means of the relation A(λ) = log(1/T (λ)).

For each class we compare the extinction spectra of grains covered by a tiny dust of quartz (hereinafter
contaminated sample) with those of accurately cleaned grains (hereinafter cleaned sample). Moreover, the
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Figure 1: Granulometric analysis of the three different samples of class 50-20 µm.

spectra of the tiny dust obtained after the cleaning process (hereinafter contaminating grains) have been
also recorded. In addition, a granulometric analysis by means of laser diffraction has been performed and
the results are shown in Fig. 1 for the sample 50-20 µm.

In Fig. 2 the extinction spectra of the three different samples for the same dimensional class are re-
ported. These spectra clearly show that the dimensional contamination strongly affects the shape of the
spectral features. In fact, in the overall spectral range an expected dependence of extinction on the grain
sizes is observed. The absorbance of contaminating grains is higher than that of the cleaned sample, but it
is similar to absorbance of the contaminated sample. This indicates that the extinction at these wavelengths
is dominated by small grains. Moreover, as it was expected the strength of these spectral features increases
with decreasing particle size, while they become sharper with decreasing particle size.

In this work different size and shape distributions of particles [1, 2] are taken into account in order to
fit the experimental spectra. In particular, distribution of randomly oriented spheroids with various aspect
ratios is used [1].

3 Conclusions

This kind of analysis, coupled with reflectance measurements performed on the samples, could be important
possibly not only for remote sensing applications, but also for a correct derivation of the optical constants.
In particular, reflectance measurements could give information on the mineralogy of the Martian surface,



Extinction spectra: tiny dust and larger grains, Marra 177

Figure 2: Extinction spectra of the three different samples of class 50-20 µm.

while extinction measurements could be used in radiative transfer models in order to determine the nature
(composition and grain size) of the Martian aerosol.
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Abstract

We study the influence of the optical constants ε and µ on the scattering patterns of a
system consisting of two interacting Rayleigh particles. Specific scattering configurations
in which the particles are separated by a fixed distance and where the connecting axis has
fixed orientation with respect to the incident electromagnetic field are considered.

1 Introduction

The dipole approximation is very often used by researchers in light scattering when the size of the scatterers
is much smaller than the incident wavelength. The simplicity of the dipole model can provide insights for
other complex systems that include, for instance, multiple scattering or complicated morphologies.

The most simple system producing multiple scattering is one consisting of two dipole-like particles
separated by a fixed distance. We refer to this system as a Dipolar Bi-Sphere (DBS). This system has been
shown to be useful as a simple model for analyzing coherence effects in the backscattering direction [1–
3] polarization and intensity fluctuations of the scattered light [4], near field effects and the generation of
coupling resonances as a function of the interparticle distance [5]. All these studies consider the particles to
be non-magnetic (µ = 1).

When particles show a magnetic response to the incident field (µ , 1), the calculation of the scattered
electric field must include the magnetic effects and consequently the magnetic polarizability must be taken
into account [6].

The objective of this work is to analyze the angular dependence of the intensity of the light scattered by
a DBS. We study the role played by the multiple scattering on these patterns and how these are affected by
the presence of the magnetic permeability µ.

2 Theoretical background

2.1 System description and scattering geometry

Our scattering model consists of two identical dipole-like particles separated by an interparticle distance d.
Each particle has an electric and magnetic polarizability αe and αh, given by Kerker et al. [6]

αe = 4πa3 ε − 1
ε + 2

, (1)

αh = 4πa3µ − 1
µ + 2

, (2)
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where a is the particle radius and ε and µ are the relative dielectric permittivity and magnetic permeability
constants of each particle (assuming that the surrounding medium is vacuum). αe, αh and d will be used to
assess the degree of interaction between both components.

In our calculations, we consider the incident beam propagating along the Z direction and the scattered
radiation is measured in the ZY plane (scattering plane) at an angle θS with respect to the incident direction
(see Fig. 1). Two incident linear polarizations are used, perpendicular (S) and parallel (P) to the scattering
plane. We only consider the co-polarized scattered intensity. These will be indicated by the symbols Iss

and Ipp, respectively. The scattering configuration is represented in Fig. 1. The configuration in which the
bisphere axis is parallel with the propagation direction of the incident beam is called Longitudinal . When
the axis is perpendicular to the propagation direction we call it transverse. In particular, we say S-transverse
when the axis is perpendicular to the scattering plane and P-transverse when parallel.
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k kk
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Figure 1: Static scattering geometries. The scattering plane is located in the ZY-plane, εk is the incident
wavevector and θS is the scattering angle.

2.2 Calculation of the scattered electric field

In order to calculate the scattered field from a DBS, the Magnetic Coupled Dipole Method (MCDM) [7] will
be used, which includes the electromagnetic interaction between the two scattering components. According
to this method, the local electric and magnetic fields on particle i (i = 1, 2) can be obtained by solving the
system of four coupled vectorial equations. Once, we have the local fields (εEi, εHi) on each particle, the
scattered field can easily be calculated. The same method can be generalized to systems with an arbitrary
number of particles.

For two interacting purely electric dipoles there is an analytical solution [5]. In the case they both have
electric and magnetic polarizabilities, to our knowledge, no analytical solution is available.

3 Results

We consider two optical configurations: metallic (Re(ε) < 0, µ = 1) and those with ε and µ less than 0. We
will discuss the results of both configurations for different interaction regimes.

For two independent dipoles illuminated by a plane wave in the configuration (see Fig. 1) as described
in the previous section, the scattering patterns can be seen in Fig. 2. We will use this case as a reference to
compare further results with.
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Figure 2: Scattering patterns obtained for two independent sources with d = λ and ε = 1.01 and µ =

1. (a) corresponds to the longitudinal configuration and (b) and (c) to the two transverse configurations
respectively. Bold line corresponds to Iss and the dashed line to Ipp.

3.1 Weak interacting case

Case ε = −1 and µ = 1 (corresponds to particles with metallic character). For d = λ (Figs. 3a-c) the shape
of the scattering patterns are very similar to those previously shown in Fig. 2. The maxima and minima have
the same positions and the symmetries of the patterns remain unchanged. The only significant difference is
that the scattered intensity is now much higher, as is to be expected from these optical constants. Another
difference is that in Figs. 3b and 3c the interaction produces slight differences between Iss and Ipp. These
are most noticeable in the exact forward and backward directions. This difference between Iss and Ipp is due
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Figure 3: Scattering patterns obtained for d = λ and ε = −1 and µ = 1. (a), (b) and (c) correspond respec-
tively to the configurations shown in Fig. 1. (Bold: Iss and dashed: Ipp).

to the difference of intensity between the longitudinal and transversal modes excited by respectively S and
P incident wave for Fig. 3b. The same happens for Fig. 3c but with S and P polarizations inverted.

3.2 Particles with ε < 0 and µ < 0

The optical properties of such particles are different from those of observed particle systems and an inter-
esting case to consider. If we choose ε = −1 and µ = −2.166 (see Fig. 4) the scattering system is close to an
electromagnetic resonance in which the magnetic component dominates. It is worth noting that for magnetic
particles (µ , 1) the mirror symmetry around the 90◦ direction is broken, and preferential backward or
forward scattering can occur [6].

When ε = −1 and µ = −1 are chosen, the backward intensity for a single particle is zero. This because
when ε = µ, the scattering coefficients are equal which results in a zero backscattered intensity. For a
configuration like in Fig. 1a where multiple scattering is present, due to the symmetry, still no backscattered
intensity is recorded while for the S-transverse and P-transverse configurations some is detected.
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Figure 4: Scattering patterns obtained for d = λ, ε = −1 and µ = −2.166. (Bold: Iss and dashed: Ipp).

4 Summary

We have carried out a systematic and numerical study of the scattering patterns associated with two interact-
ing dipoles separated by a fixed distance with specific orientation with respect to the incident electromagnetic
field. The influence of the optical constants of the dipoles, ε and µ has been analyzed. We have varied the
multiple scattering level by changing the values of the optical constants, including the case with ε < 0 and
µ < 0.
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Abstract

The structural and optical properties of hydrophobic and hydrophilic soot particles in dry
and water saturated air were studied at λ = 635 nm. It was shown that a non-absorbing shell
around the soot core leads to an increase in absorption. For hydrophilic soot the absorption
enhancement factor increases to 3.5 ± 1.0.

1 Introduction

Black carbon (BC) and organic carbon (OC) are the largest contributors to the aerosol absorption in the
atmosphere, yet the absorption cross-sections of BC and OC per unit mass are subject to a large uncertainty
due to morphology, physicochemical properties, and the mixing state of carbonaceous particles. Theoretical
studies suggest a possibility of an enhanced absorption by soot – cloud drop agglomerates, however the
magnitude of the effect has never been measured directly and remains highly uncertain. This study is a
laboratory experiment aimed at the modeling of direct radiation forcing due to soot – water interaction in
the presence of glutaric acid, a water–soluble OC. Specifically, we generate in the laboratory hydrophobic
soot (acetylene soot) and hydrophilic soot (mixture of acetylene soot and glutaric acid) and investigate the
structural and optical properties of hydrophobic and hydrophilic soot particles in dry and water saturated air.

2 Experimental

The laboratory facilities employed in this study provide generation, modification and optical measurements
of soot particles under humid conditions [1]. Soot particles are generated with a diffusion acetylene burner.
The hydrophilic properties of the fresh soot particles are further modified by condensing glutaric acid vapor
at the surface of the particles in a ring gap–mixing nozzle. Glutaric acid, as well as other low–molecular
weight dicarboxylic acids, are water soluble OC emitted either directly into atmosphere as a result of biomass
and fuel burning or indirectly as a reaction product of the primary volatile OC [2]. Due to hygroscopicity an
adsorption of glutaric acid vapor by the soot surface transforms the particle from hydrophobic to hydrophilic.
In this paper, the results of optical measurements are reported for fresh hydrophobic soot (hereafter referred
to as HBS), and hydrophilic soot (HLS). HLS has a variable to soot mass ratio from 0.02 to 2. The collimated
laser beam at 635 nm (3-mW laser diode) is used as a light source for the optical cell. The intensity of
transmitted light is measured with a silicon photo diode placed into a light-protective cylinder. In addition to
light extinction measurements, total scattering is measured with an integral cosine sensor [3]. The structural
parameters of soot aggregates (size distribution as function of Ferret diameter, dF , box fractal dimension,
Db and fractal pre-factor, k f ) were derived from transition electronic microscope (TEM) observations using
digital camera and special image processing software.
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3 Results and discussion

Microstucture of soot particles

Figure 1 shows the characteristic structure of soot aggregates sampled downstream of the optical cell at both
dry and saturated conditions. The averaged values of structural parameters are summarized in Table 1.

Figure 1: TEM images of soot particles: A1, A2 – hydrophobic soot (HBS); B1,B2 – hydrophilic soot (HLS).
A1, B1 are taken at RH=10%, and A2, B2 – at RH=100%.

As follows from Fig. 1, the non-modified acetylene soot is an assembly of a large number of superfine
primary particles with mean size 41 ± 8 nm. The lack of difference in aggregates structure under dry and
saturated conditions (Fig. 1 A1 and A2) suggests the hydrophobic nature of primary particles. No substantial
difference was found between fractal and size parameters (Table 1) of the sampled particles.

Figures 1 A1 and B1 show that under dry conditions, the surface modified soot is identical to the original
hydrophobic structure. Their microstructural parameters (Table 1) also resemble each other. At the same
time, substantial differences between properties of hydrophilic and hydrophobic soot are clearly noticeable
at the saturated conditions. Figure 1B2 presents the structure of the hydrophilic soot at RH = 100%. It is
evident that after wetting, the structure of hydrophilic soot changes dramatically when compared to that
of soot at dry conditions. The hydrophilic soot particles have collapsed into globules. The straightforward
explanation of the observed structural transformation is that the soot surface contains active nuclei sites
that stimulate the growth of water droplets. As a consequence, the soot particles penetrate easily inside the
droplet. During the droplet growth and subsequent evaporation, the water surface tension forces reshape the
particle by collapsing the branched structures and ultimately forming a more dense globular shape.

Thus, hydrophilic soot particles in the moist atmosphere act as condensation nuclei for water vapor,
which leads to formation of an internally mixed aero-disperse system. Hence, it is reasonable to expect that
optical properties of such a system will differ substantially from the properties of “dry” soot.

Optical properties of hydrophilic soot particles

Figure 2 shows the ensemble averaged scattering and absorption cross sections of HLS at RH=10% as a
function of the relative thickness of the glutaric acid shell, HG.A. shell/Rsoot core around soot core [1]. Glutaric
acid does not absorb radiation in visible spectrum; therefore, a growth of shell thickness, HG.A. shell leads to
an increase of the scattering cross section. It is interesting that the absorption cross section tends to increase
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Table 1: The microstructural rearrangement parameters for hydrophobic (HBS) and hydrophilic (HLS) soot
particles as a function of relative humidity (RH). The glutaric acid to soot mass ratio for HLS (0.02) corre-
sponds to monomolecular layer.

Structural parameters RH=10% RH=100%
HBS HLS HBS HLS

Number particles in aggregate 221 195 211 195

Ferret diameter, dF µm 1.18 0.95 1.06 0.58

Gyration radius, Rg µ m 0.38 0.31 0.35 0.19

Box fractal dimention, Db 1.74 1.76 1.73 1.86

Prefactor, k f 9.57 8.89 8.72 7.01

after being coated with a glutaric acid shell. The maximum of absorption growth is 34%, although one can
see that it is within measurement errors. A similar enhancement of the absorption coefficient by 35% has
been observed by Schnaiter et al. [4] for a spark discharged soot with a thin organic coating at λ = 473 nm.

Figure 2: The scattering (a) and absorption (b) cross sections of hydrophilic soot (HLS) particles versus
relative thickness of glutaric acid shell around soot core at RH =10%.

Figure 3 shows the ensemble averaged scattering and absorption cross sections of HLS at RH=100% as
a function of hydration shell relative thickness Hwater shell/Rsoot core [1]. Presented data demonstrate a strong
growth of scattering. Furthermore, it is clearly seen that the absorption cross section (Fig. 3b) also increases.
Consequently, due to forming of the water droplet around soot particle the scattering enhancement factor
becomes 34 ± 5, and the absorption enhancement factor for HLS particles increases to 3.5 ± 1.0, i.e. a non-
absorbing shell around the soot core leads to absorption growth. This result is in good agreement with the
values of 2.5–4.0 theoretically predicted by Fuller et al. [5] for soot particles (radius ≥ 0.2 µm) positioned
within non-absorbing sulfate droplets.

4 Conclusions

Hydrophobic soot (HBS) particles do not exhibit any structural or morphological differences under dry and
saturated conditions, whereas hydrophillic soot (HLS) particles, i.e, BC with a monolayer of glutaric acid,
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Figure 3: The scattering (a) and absorption (b) cross sections of hydrophilic soot (HLS) particles versus
relative thickness of water shell around the soot core at RH=100%.

collapse into globules when relative humidity (RH) is increased to saturation. The optical properties of HBS
show very little dependence on RH while HLS scattering and absorption coefficient increase markedly with
RH. For the cases considered here the maximum enhancement in absorption for a soot-water drop mixture
was as much as a factor of 3.5, very similar to theoretical predictions. The data provided in this study should
advance the treatment of polluted cloud layers in climate models.
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1 Introduction

Dust grains in many astronomical environments are assumed to be agglomerates of small particles of differ-
ent sizes and compositions. This is especially true for cometary dust and dust in disks around young stars.
The dust grains in these environments are formed by coagulation of smaller particles, leading to aggre-
gated structures. In order to interpret observations of light scattered, emitted or absorbed by these composite
particles, a method is required that takes the details of the particles into account.

Absorption(and emission) spectra of small particles display signatures characteristic for their compo-
sitions. Spectral resonances in the refractive index of the particle material translate into resonances in the
absorption spectra. Besides composition, the spectral location of these resonances is also influenced by the
shape and size of the particles. Spectra computed for homogeneous spherical particles display resonances
with strengths and spectral locations not found in the spectra of irregularly shaped particles (see, e.g., [1, 2]).
Much progress has been made on computational methods to calculate the optical properties of aggregates of
spheres (see, e.g., [3]). However, aggregates of homogeneous spherical particles still display resonances typ-
ical for homogeneous spheres, and thus cannot be compared to observations of natural particles. Therefore,
a method is required for computing the optical properties of aggregates of irregularly shaped particles.

2 Computational approach

When a particle is much smaller than the wavelength of radiation both inside and outside the particle, i.e. the
particle is in the Rayleigh domain, its interaction with light can be approximated to be that of a dipole. When
we construct an aggregate consisting of such small particles, we have to take into account the interactions
between the constituents of the aggregate. In principle, in order to compute these interactions one has to
include multipolar interaction terms. However, as a first approximation we can limit ourselves to dipole-
dipole interactions only. This has the advantage that it limits the computational complexity and allows the
use of the Discrete Dipole Approximation (DDA) to compute absorption spectra.

In order to compute the absorption spectra we need a polarizability for each constituent of the aggregate.
Usually the Clausius-Mossotti polarizability is used for DDA computations. This is the polarizability one
has to employ when considering a solid particle and the dipoles are used to discretize the particle volume.
The DDA solution using this polarizability becomes exact in the limit of an infinite number of dipoles.
However, we consider here the dipole-dipole interactions of particles in a loosely bound aggregate. The
Clausius-Mossotti polarizability in this case provides the polarizability of homogeneous spherical particles.
Since we want to compute the absorption spectra of aggregates of irregularly shaped particles, we employ a
polarizability typical for irregularly shaped particles. We use the method of the Continuous Distribution of
Ellipsoids (CDE) which provides a statistical description of the polarizability of irregularly shaped particles
[4, 5].

We construct aggregates of irregularly shaped particles of fractal dimension ∼ 2. The aggregates are
composed of irregularly shaped Gaussian Random Field (GRF) particles [6]. We place a dipole with a CDE
polarizability at the center of mass of each GRF particle. Since we want to compute the absorption spectrum
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Figure 1: A representation of an aggregate
consisting of irregularly shaped constituents
composed of various materials. Here, the con-
stituents themselves are represented as com-
binations of small spheres.

of aggregates composed of constituents of different materials, not every constituent in the aggregate has the
same material properties. We compose the aggregate of the following materials: 60% of the constituents is
composed of amorphous silicates, 30% of carbon, 5% of crystalline forsterite, and 5% of crystalline enstatite.
An example of such an inhomogneous aggregate of irregularly shaped consituents is shown in Fig. 1.

The absorption cross sections computed using DDA are obtained from the added energies absorbed in
each dipole. This allows us to consider the contributions from each material in the aggregate separately.
In this way we can study the spectral shape of each material component of the aggregate separately, and
determine their contributions to the total absorption spectrum of the aggregate.

In general, the shapes and strengths of spectral absorption features of particles with a certain composition
are determined partly by the sizes of the particles causing the absorption and partly by their structures. Here,
by size we refer to the volume equivalent radius of the particle which is the radius of a homogeneous
sphere with an equivalent material volume. Often a particle size is determined by fitting the spectral shape
of an observed spectral feature. Since the size derived in this way depends on the structure of the particles
assumed, it is convenient to define a spectroscopic size, which is the size of a particle derived from an
observed spectral shape assuming the particles are homogeneous and solid given a certain grain shape and
structure. For example, a fluffy aggregate displays a spectroscopic signature characteristic for the much
smaller homogeneous constituents of the aggregate [7]. Thus, although the aggregate as a whole is fairly
large, the spectroscopic size is small.

3 First results and trends

Taking the above mixture of materials we construct aggregates of various volume equivalent radii ranging
from 1 µm to 7 µm. The aggregates with a volume equivalent radius of 7µm consist of 5360 dipoles. This is
the largest number of dipoles we can handle computationally at the moment. The leftmost panels of Fig. 2
show the mass absorption cross section, κ, for the mixed aggregate as a whole for three different volume
equivalent radii. It is clear that the strength of the spectral 10µm feature decreases when the aggregate size
is increased. This is what is expected theoretically and what is also observed in the 10µm spectra of, for
example, circumstellar disks (see, e.g., [8, 9]).

In the middle two panels of Fig. 2 we show the spectral behavior of the amorphous silicate component.
In the left column of these two columns we show κ for the amorphous silicate particles embedded in the
mixed aggregate. In the right column of these two columns we show κ for the case when the entire particle is
100% amorphous silicate. The differences between these two are not very large, mainly because in the mixed
aggregate case, the bulk of the material (60%) is amorphous silicate. From this we can conclude that in this
case the spectroscopic size of the amorphous silicate component in the mixed aggregate is approximately
equal to the size of the aggregate as a whole.

A different scenario is shown in the two rightmost columns of Fig. 2 showing the spectra for crystalline
forsterite. In the left of these two columns we show the case where the forsterite is embedded in the mixed
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Figure 2: Mass absorption cross sections as functions of wavelength for a mixed a ggregate (leftmost col-
umn), and the contributions from various materials in the aggregate (2nd and 4th columns for amorphous
silicate and crystalline forsterite, respectively). The mixed aggregate is composed of 60% amorphous sili-
cate, 30% carbon, 5% crystalline forsterite, and 5% crystalline enstatite. As a comparison we also show the
mass absorption cross sections for the case where the aggregate is purely composed of amorphous silicate
(3th column) and crystalline forsterite (5th column). From top to bottom the volume equivalent radii, rV , of
the aggregates are 1, 3, and 7 µm.

aggregate, while in the right column we show κ for a pure forsterite aggregate. In the latter case the sharp
feature observed for small aggregates decreases rapidly in strength when the size is increased. For the case
of the mixed aggregate, the change in feature strength between the 1µm aggregate and the 7 µm aggregate is
fairly modest. Comparing these two columns we can conclude that the spectroscopic size of the crystalline
forsterite component in the mixed aggregate is much smaller than the size of the aggregate as a whole.
For the mixed aggregate with a volume equivalent radius of 7µm we find that the spectroscopic size of the
forsterite component is approximately 1 µm. This is caused by the fact that the forsterite only contains a very
small fraction of the mass in the aggregate (5%) and is thus scattered as small pieces across the aggregate.

4 Concluding remarks

We have developed an approximate method to compute the absorption properties of inhomogeneous aggre-
gates composed of irregularly shaped constituents. Using this method we are able to study trends in the
spectra of these types of particles varying particle composition and structure. We find that the spectroscopic
signature obtained from various material components in a mixed aggregate depend on the abundance of this
material in the aggregate. For large aggregates materials with a high abundance give rise to a spectroscopic
signature typical for large homogeneous particles. However, materials with a low abundance give rise to a
spectroscopic signature typical for small homogeneous particles, even if the mixed aggregate as a whole is
fairly large. This is caused by the fact that materials with a high abundance can easily form large structures
inside the aggregate, while materials with a low abundance are scattered as small pieces inside the aggregate.
This eflects itself in a different spectral appearance.

Our findings have major implications for the interpretation of observed spectra. Usually it is assumed
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that the most pronounced spectral signatures observed are caused by the most abundant materials. However,
the spectral signature of small particles is more pronounced than that of large particles. According to our
findings a material component with a low abundance will display a spectral signature characteristic for
small particles, thus very pronounced. A material component with a very high abundance displays a much
less pronounced spectral signature, since its spectroscopic size is much larger. This might cause an anti-
correlation between the strength of a spectral signature and the abundance of the material causing it. This
effect was shown to be important for the interpretation of the infrared emission spectrum of comet Hale-Bopp
[10] but is probably also relevant in other astronomical environments. In reality, this anti-correlation might
be partly balanced by the fact that the strength of a spectroscopic resonance is also directly proportional to
the abundance of its carrier. We are conducting further research to analyze all these effects systematically.
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Abstract

We analyze the accuracy of the scalar approximation in radiative transfer computations
for plane-parallel slabs composed of wavelength-sized and larger particles. The analysis is
based on a numerically exact invariant-imbedding solution of the full vector and truncated
scalar versions of the radiative transfer equation. We show that for polydisperse spherical
particles, the scalar approximation errors become less than 2% for effective size parameters
below 2.5. However, significant errors can persist to much larger size parameters in the case
of nonspherical particles with extreme aspect ratios.

1 Introduction

Although the scalar approximation has no specific physical justification [1, 2], it has been widely used
in situations when the incident light is unpolarized and only the specific intensity of multiply scattered
light needs to be computed. The scalar approximation becomes exact in the limit of zero optical thickness,
T −→ 0 i.e., when the first-order-scattering approximation is applicable. However, the process of multiple
scattering engages all the elements of the phase matrix, not just the (1,1)-element called the phase function,
and may result in significant differences between exact vector and approximate scalar computations.

Numerical errors in the specific intensity of the reflected light resulting from the neglect of polarization
in multiple- scattering computations for plane-parallel homogeneous slabs composed of Rayleigh scatterers
were examined in detail by Mishchenko et al. [3]. In this paper we expend that analysis and consider ra-
diative transfer in homogeneous slabs composed of spherical and randomly oriented nonspherical particles
with sizes ranging from essentially zero (Rayleigh scatterers) to several times the incident wavelength. Our
discussion will be based on numerical data obtained with a numerically exact invariant-imbedding solution
of the full vector and truncated scalar versions of the radiative transfer equation [4]. To save space, we will
assume that the reader is familiar with paper [3] and will use exactly the same notation and definitions.

2 Numerical results and discussion

In order to determine the upper limit of the vector-scalar differences in the reflected specific intensity, we
will consider only nonabsorbing particles and assume that the surface underlying the plane-parallel scat-
tering medium is completely absorbing. Figures 1 and 2 are analogous to Figs. 2-7 of [3] but show the
results for polydisperse spheres distributed over sizes according to the gamma law, Eq. (5.245) of [5], with
rmin = 0 and rmax = ∞. The effective variance of the size distribution is fixed at 0.1, while the effec-
tive size parameter xeff = k1reff varies from 0.01 to 20, where k1 is the wave number in the surround-
ing medium. The relative refractive index is 1.33 and represents water droplets at visible wavelengths.
The single-scattering computations were performed using the public-domain Lorenz-Mie code posted at
http://www.giss.nasa.gov/∼crmim.
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Figure 1: Maximum overestimation εmax
o (T ) (in percent, solid curves) and maximum underestimation

εmax
u (T ) (in percent, dashed curves) versus optical thickness T for polydisperse spheres with effective size

parameters ranging from 0.01 to 1.5.

Water droplets with xeff = 0.01 are still Rayleigh scatterers, which makes the upper left panel of Fig.
1 virtually indistinguishable from the upper left panel in Fig. 2 of [3]. However, the particles with xeff ≥ 2
are already well outside the Rayleigh domain. In the interval of effective size parameters from 0 to about
1.5, the behavior of the maximum overestimation, εmax

o (T ), and the maximum underestimation, εmax
u (T ), is

quite different (Fig. 1). While the εmax
o (T ), decreases monotonically with increasing xeff the εmax

u (T ) first
increases, reaches its maximum values at xeff close to 1, and only then starts to decline. In fact, the maximum
value for is indicative of vector-scalar differences in the reflected specific intensity even exceeding those for
pure Rayleigh scattering (cf. the curves in the upper left panel of Fig. 1).

The region 1 ≤ xeff ≤ 3 is a transition zone where the vector-scalar differences rapidly decrease to
values below 1% (Figs. 1 and 2). At larger size parameters, the differences always remain smaller than
1%, thereby indicating that the scalar approximation provides results accurate enough for most practical
applications. This result may also imply that large vector-scalar differences are only typical of scatterers
exhibiting Rayleigh-like linear-polarization ratios.

To analyze how the vector-scalar differences in the reflected specific intensity can be affected by particle
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Figure 2: As in Fig. 1, but for effective size parameters ranging from 2 to 20.

nonsphericity, we performed similar computations for polydisperse, randomly oriented oblate spheroids with
the refractive index 1.33 and with the ratio of the larger to the smaller axis equal to 2. The size of a spheroid
was specified in terms of the radius of the sphere having the same surface area. To save computer time,
we used the power law size distribution, Eq. (5.244) of [5], with effective variance fixed at 0.1. The single-
scattering computations for the spheroids were performed with the public- domain T-matrix code posted at
http://www. giss.nasa.gov/ crmim.

For the spheroids, the single-scattering Rayleigh domain extends to somewhat larger effective size pa-
rameters than for the surface-equivalent spheres, which is a well-known trait of single scattering by non-
spherical particles [5]. Accordingly, the vector-scalar differences for the spheroids (not shown) peak at xeff

close to 1.2 rather than 1 and become insignificant at xeff close to 5 rather than 3. These effects of non-
sphericity appear to be rather minor.

However, the situation can be completely different for nonspherical particles with extreme aspect ratios
since in that case the single-scattering Rayleigh domain can persist to significantly greater size parameters
[5]. Indeed, our computations (not displayed here) show that the corresponding vector-scalar differences
in the reflected specific intensity remain significant even for equal-surface-area-sphere size parameters as
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large as 12 and perhaps even larger. Unfortunately, the limitations of the T -matrix code used in the single-
scattering computations did not allow us to determine the threshold size-parameter value above which the
vector-scalar differences for plate-like and needle-like particles decrease to values below 1%.

Another class of particles possessing similar single-scattering properties are clusters composed of Ray-
leigh-sized monomers [6, 7]. When such a cluster has an overall size comparable to or greater than the
incident wavelength, its phase function develops a pronounced forward-scattering peak, whereas the angular
profile of the linear-polarization ratio still closely resembles that of Rayleigh scattering. Therefore, one
should expect large vector-scalar differences in the reflected specific intensity for cluster size parameters
significantly exceeding the corresponding threshold value for the surface- or volume-equivalent sphere.
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Abstract

Metal nanoparticles close to a dielectric interface show localized plasmon resonances that
are spectrally shifted with respect to those corresponding to the isolated particle case. The
effect of particle-interface distance, relative optical properties and the angle of incidence
are numerically analyzed.

1 Introduction

Plasmon resonances excited in metallic nanoparticles are modified by the presence of a nearby interface.
In practical situations, the particle can be embedded in a dielectric medium of refractive index n, and at
a certain distance d above a dielectric substrate of index n′. Many works analyze the case of particles
located on substrates with surrounding medium of index n = 1 (see, for instance, Refs. [1, 2]). Other real
situations include d > 0 and n > n′ [3]. Very recently the modification of the spectral properties of a
metallic nanoantenna has been used to propose a new concept of optical microscopy where there is neither
a need to illuminate the sample nor to receive light from it [4]. In this research we present a study of the
spectral changes of the resonances (shift and/or broadening) produced in metallic nanoparticles when they
interact with a nearby dielectric substrate [5]. We pay special attention to the following points: (1) spectral
dependence with d, (2) influence of the reflection coefficient of the substrate and (3) role played by the
interaction of the particle near-field and the substrate.

In this research a 2D scattering model will be used. This will make the numerical calculation affordable
and it does not produce important restrictions. In fact, 2D models have been successfully used in solving
similar electromagnetic problems [6].

Figure 1: Scattering geometry.
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2 Scattering geometry

Figure 1 shows the scattering model. An infinitely long circular cylinder of radius R made of silver is illu-
minated by a monochromatic Gaussian beam of wavelength and width 2wo, linearly polarized parallel to the
incidence/scattering plane, p-polarized, (Fig. 1). Calculations are made by numerically solving Maxwell’s
equations, as derived from the application of the Extinction Theorem [7].

3 Results

For an isolated silver cylinder of R=25 nm in vacuum, the scattering cross-section (SCS) shows a single
resonance peak at λmax = 347 nm. The calculation of the SCS for every incident wavelength in the range
[300–550 nm] produces results like those shown in Fig. 2a, where the evolution of SCS(λ) for the isolated
cylinder is compared to that obtained for a cylinder above a dielectric substrate for normal incidence and
for d=2 nm and d=1 nm. The spectral dependence becomes complex and the main peak (dipolar resonance)
shifts towards longer wavelengths. The systematic calculation for several values of d allows for the plot of
λmax vs d. The same study can be carried out for a dielectric interface with n > n′, obtaining an spectral shift
in the opposite direction (blue-shift) as represented with squares in Fig. 2b. The shift of λmax is related to the
evolution of the near field, as shown by the fits used in Fig. 2b (dot-dashed line), where the expression used
is the same as that of the modulus of the electric near field [A +

√
B(R + d)−6 + C(R + d)−4], i.e. that of the

evanescent wave surrounding the cylinder. It is worth remarking that this result evidences the link between
the particle near-field and the scattering far-field properties [4].

Figure 2: (a) SCS(λ) for a silver cylinder of R=25 nm and normal incidence. (b) Evolution of the spectral
position of the dipolar resonance as a function of the cylinder-substrate gap.

The shift of λmax, and its red/blue direction according to the negative/positive sign of the reflection
coefficient at normal incidence, (n − n′)/(n + n′) is explained by considering that the particle is an electric
charge oscillator. The oscillation frequency increases due to the presence of the substrate when n > n′, but
it decreases when n < n′. This is because of the phase introduced in the reflected field (π radians), therefore
reducing (n < n′) / increasing (n > n′) the oscillator frequency [8].

Finally, it is interesting to analyze other effects. For instance, when the perpendicular component of
the excitation field increases by increasing the angle of incidence, the red/blue shifts are obtained for the
positive/negative values of (n − n′)/(n + n′), opposite to what was obtained at normal incidence, when only
the parallel component was excited. For the perpendicular component, the π phase shift is produced in the
case n > n′, which is consistent with the oscillator explanation given before. Other interesting systems may
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include a metallic sub-layer, multi-particle interaction, ordered structures, or the separate analysis of the
propagating and evanescent components of the near field.
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1 Introduction

While most recent studies attempting to reproduce the observed properties of cometary dust directly assume
that the constituent particles are of aggregate nature, a systematic study demonstrating whether the structure
of such particles can or cannot be compact is still lacking. Cometary particles should contain interstellar
grains of submicrometer size which condensed in the cool giant star atmospheres, and later, when the Solar
System formed, were incorporated into comets [1]. It is argued that these grains have a fluffy structure,
because they were glued together by organic and icy material that it is quickly sublimated from the particles
owing to solar radiation when they leave the nucleus surface. Interplanetary dust particles (IDPs) entering the
atmosphere at velocities in excess of 18 km s−1 are suspected to be of cometary origin. Many such particles
have been collected regularly in the stratosphere by aircraft [2]. However, while many IDPs have a fluffy
structure, smooth to slightly rough structures have been also found [3]. In addition, these particles suffer from
heating above 800 K during atmospheric entry. Therefore, the only direct structure determination of those
particles that will be available in the near future will come from the Stardust Mission, which successfully
returned to Earth on January 15th 2006, carrying dust samples from comet Wild-2 [4].

2 Aggregate versus compact particle models

Among the most successful models to interpret cometary dust observations in the visual, the models by
Kimura et al. [5] and Kimura and Mann [6] deserve special attention. The model by Kimura et al. [5] con-
siders aggregates of 64, 128, and 256 spheres of 0.1 µm in radius, having a refractive index of m=1.88+0.47i
at incident wavelength of λ=0.45 µm, and m=1.98+0.48i at λ=0.6 µm. The geometric albedo and phase func-
tion closely matches that of the observed cometary dust. However, the linear polarization versus phase angle
curve does not reproduce neither the depth of the negative branch nor the magnitude of the maximum of lin-
ear polarization near 90◦ phase angle. They found, however, that the depth of the negative branch increased
slightly as a function of the number of spherules in the aggregate (or the number of dipoles in the DDA a1-
term model by Kimura and Mann [6]). However, available computing resources prevent those authors from
performing calculations for more than 256 spherules in the aggregate, so that it is nowadays very difficult to
asses whether or not for still larger aggregates the depth of the negative branch would increase to ≈–1.5%
as observed.

Scattering matrices of polydisperse mineral particles have been extensively measured in the laboratory
by the Amsterdam group [7]. One of the samples studied was crystalline olivine [8], which is one of the
components that have been clearly identified in cometary mid-infrared spectra since long [9]. Recently,
Moreno et al. [10] have developed a model to obtain the scattering matrix of size distributions of irregularly-
shaped particles, using the DDA code, that mimic quite well all 6 independent scattering matrix elements as a
function of the scattering angle. Although the imaginary part of the olivine refractive index (m=1.62+10−5i)
is very low to represent cometary particles, the study indicates that some of the properties of cometary
dust (enhanced backscattering, presence of negative polarization branch near 0◦ phase angle, red color, and
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polarimetric red color) are readily reproduced with the model. One therefore may wonder whether for higher
values of the refractive index the model is able to reproduce all the observed properties.

Since the model for irregularly-shaped particles is very costly in terms of computing resources and
time, we started by making a first approach to the problem by considering non-spherical but rotationally
symmetric particles for which the T-matrix has been already implemented [11]. Specifically, we used size
distributions of spheroids. In our model, the size distributions are always limited to the range 0.05-1.5 µm
to avoid convergence problems with the T-matrix code and, for the same reason, the axes ratios are limited
to the range A/B=0.5 to A/B=2. The refractive indices have been considered in the range 1.6 to 1.9 (for the
real part), and 0.05 to 0.5 (for the imaginary part). The range of refractive indices would thus correspond to a
wide domain of materials that could be found in cometary particles. For every refractive index, and for every
axes ratio, three log-normal size distribution functions have been considered, having different geometrical
radii (from rg=0.1 µm to rg=0.3 µm), but the same standard deviation (σ=2.5).

For each parameter combination, the scattering matrix for the corresponding size distribution is com-
puted, at two incident wavelengths, 0.45 µm and 0.6 µm. Then the geometric albedo, the backscattering en-
hancement, the color, the polarimetric color, and the presence and depth of the negative branch are checked.
The geometric albedo has been computed as

AG =
S 11

k2

π

G
,

where S 11 is the element (1,1) in the scattering matrix, k = 2π/λ, and G is the total geometrical cross section
for the size distribution function considered. According to a Cauchy’s theorem [12], the average projected
area of a convex solid body equals to 1/4 of the total surface area of the body. For an specific axes ratio
spheroid, the total surface area can be computed analytically, and for a size distribution of such spheroids,
the total geometric cross section can be computed as

G =

(∫ Rmax

Rmin

g(r)n(r)dr
) (∫ Rmax

Rmin

n(r)dr
)−1

,

where Rmin and Rmax are the limits of the size distribution function n(r), and g(r) is the average projected
area of the spheroid of volume-equivalent radius r.

In principle, we selected only those scattering matrices that met the following criteria:
1) the geometric albedo at 180◦ scattering angle was lower than 0.1;
2) the phase function showed backscattering enhancement;
3) the color was red;
4) the degree of linear polarization showed a negative branch near 0◦ phase angle, and
5) the polarimetric color was red at least in the 90◦–180◦ scattering angle domain.
We found that the only solutions that met those criteria corresponded to the most extreme axes ratio spheroids
(A/B=2, oblate, and A/B=0.5, prolate), and always for the size distribution having rg=0.1 µm. Regarding
the refractive index, the real part should be in the range 1.6–1.7, while the imaginary part should be around
0.05–0.1. Thus, it is clear that there is a region in the space parameter that can reproduce the overall observed
characteristics of cometary dust. It is not expected, however, a perfect agreement with observations in any
case, provided the fact that cometary particles are not ellipsoids of revolution.

As an example, one of the best possible solutions that meet criteria 1–5 is shown in Fig. 1, upper panels.
In this graph the phase function and degree of linear polarization (for incident unpolarized light) are dis-
played, as well as some experimental values of the linear polarization as a function of the scattering angle.
The refractive index has been set to have a slight dependence with wavelength, in order to have the same
negative branch shape in the red than in the blue, as observed. The backscattering enhancement is about a
30% increase between 160◦ and 180◦ scattering angle. As mentioned before, and due to the specific particle
shape constraint, this cannot be obviously considered a “fit” to cometary observations, just an approximation
that is nevertheless not far from reproducing most of the observed features.
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Figure 1: Geometric albedo and degree of linear polarization as a function of scattering angle for oblate
spheroids (upper panels) and for an irregular particle (lower panels), for blue (0.45 µm) and red (0.6 µm
incident wavelengths). The different symbols pertain to different measurements of the degree of linear po-
larization of various comets. The spheroidal and irregular particles are sketched at the right of the panels.

Once an overall fit to the cometary dust observed properties has been found with the rotationally sym-
metric particles, our next step was to check whether an improvement can be achieved by using more realistic
particle shapes, i.e., irregular particles. The DDA code [13] provides an excellent method to handle that kind
of particles, although it is very expensive in terms of memory and CPU time requirements. We started by con-
sidering an irregular asymmetric particle, built by a set of assembled cubes (Fig. 1), for which we computed
the scattering matrix at the same blue and red wavelengths as mentioned above, for 35 volume-equivalent
radius samples between 0.05 and 1 micron, and for 10 additional more radius samples in the 1.0–1.5 mi-
crometer range. At each radius, the scattering matrix is computed as an average over 2000 orientations. The
particles are defined by a number of dipoles which varies between 152064 and 704000, as to meet the DDA
requirement |m|kd <0.5 (where d is the interdipole distance) at each volume-equivalent radius. The refrac-
tive index used for this particle was close to that of the best solution for prolate spheroids, m=1.60+0.12i.
The DDA calculations were made with the MareNostrum Supercomputer in Barcelona (Spain). This su-
percomputer compromises 2282 JS20 computer nodes (blades) and 42 p615 servers. Every blade has two
processors at 2.2 GHz running under Linux operating system with 4 GB of memory RAM and 40 GB local
disk storage. For our applications we used typically 128 blades, with typical CPU times ranging from about
2 to 11 hours (depending on the mentioned number of dipoles) for a scattering matrix calculation of a single
particle size, a single wavelength, and 2000 particle orientations.

Figure 1 (lower panels) displays the results concerning the phase function and degree of linear polar-
ization for a size distribution of those irregular particles having rg=0.15 µm and σ=2.5. It is evident that in
this case, the results are closer to the cometary observations regarding the polarization measurements than
those produced by the oblate spheroids, a logical consequence of the particle irregularity. The change in
polarimetric color at ∼95◦ angle exhibited by the spheroids has dissapeared. Again, a perfect agreement is
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not expected, as the pattern of irregularity of the particles composing the cometary dust should be by far
more complicated than that pertaining to this isolated particle. Therefore, more calculations, involving more
particle shapes with different irregularity patterns should be done.

3 Conclusion

A cometary dust model based on size distributions of absorbing compact particles cannot be ruled out.
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Abstract

We assess the inverse problem of deriving statistical particle shape parameters from ob-
served sample shapes and/or measured scattering characteristics. For a Gaussian shape
model consisting of two parameters, that is, the radial-distance standard deviation and the
power-law index of the covariance function for the logarithmic radius, the inverse problem
can be solved by studying statistics of the particle silhouettes. We provide a novel technique
for the derivation of the parameters via a translationally invariant study of the normal-vector
and chord-length statistics on the sample silhouettes. Finally, we describe the application
of the method to small particles, small solar-system bodies, and potato tubers.

1 Introduction

In theoretical studies of light scattering by irregular small particles, it is relevant to validate the shape hy-
potheses entering the numerical computations by the inversion of the actual particle shapes from, e.g., image
data on the actual particles and/or their experimental light-scattering measurements. Analogously, one may
want to estimate the statistical parameters pertaining to the shapes of small solar-system bodies, such as as-
teroids and cometary nuclei, as well as the shapes of potato tubers of different varieties. It is notable that the
inverse problem is challenging as a pure geometric inverse problem in which the actual three-dimensional
shape data are available.

The size and shape of the Gaussian particle are specified by the mean radial distance and the covariance
function of the logarithmic radial distance [1–3]. The covariance function is given as series of Legendre
polynomials with non-negative coefficients. Degree-wise, these coefficients provide the spectral weights of
the corresponding spherical harmonics components in the Gaussian particle. Weighting the spectrum toward
higher-degree harmonics will result in sample shapes with larger numbers of hills and valleys as per solid
angle. Increasing the variance of the logarithmic radial distance will enhance the hills and valleys radially.

The Gaussian sphere gives rise to an inverse problem: for given observational data on sample shapes,
what are the corresponding statistical parameters of the Gaussian sphere? The basic inverse problem was
solved for Gaussian circles, using a maximum likelihood estimator, by Lamberg et al. [4]. They also gave
the theoretical solution for Gaussian spheres. Muinonen and Lagerros [5] implemented the inverse method
for Gaussian spheres and derived statistical shape parameters for small solar-system bodies.

It was later realized [6] that the resulting covariance functions could be well explained by a power-law
dependence resulting in altogether only two shape parameters, the radial-distance standard deviation σ and
the power-law index ν of the covariance function. The two-parameter statistical shape model was applied
[7] in the interpretation of the experimental measurements of light scattering by Saharan dust particles [8].

In what follows, we describe a novel method for the estimation of σ and ν from observational data
consisting of small-particle silhouettes.
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2 Gaussian sphere

The radius vector of the Gaussian random sphere r = r(ϑ, ϕ)er is described by the spherical-harmonics
series for s = s(ϑ, ϕ) that is, in essence, the logarithmic radial distance [1]:

r(ϑ, ϕ)er =
a exp

[
s(ϑ, ϕ)

]
√

1 + σ2
er, s(ϑ, ϕ) =

∞∑

l=0

l∑

m=−l

slm Ylm(ϑ, ϕ), (1)

where a and σ are the mean and relative standard deviation for the radial distance, Ylm’s are the orthonormal
spherical harmonics, and slm’s are Gaussian random variables with zero means. Since s is real-valued, we
have sl,−m = (−1)ms∗lm, leaving Re(slm) with m ≥ 0 and Im(slm) with m > 0 (Im(sl0) = 0) as the sufficient
and necessary set of independent variables.

The standard deviations of the Gaussian random variables Re(slm) and Im(slm) follow from the covari-
ance function for the random variable s. Denote the angular distance between two directions (ϑ1, ϕ1) and
(ϑ2, ϕ2) by γ. The covariance function Σs(γ) describes the auto-covariance of the random variables s(ϑ1, ϕ1)
and s(ϑ2, ϕ2), and is given by series of Legendre polynomials,

Σs(γ) =

∞∑

l=0

Cl Pl(cos γ),
∞∑

l=0

Cl = loge(1 + σ2), (2)

where the coefficients Cl ≥ 0 (l = 0, . . . ,∞). In practice, the series representations in Eqs. (1) and (2) are
truncated at some degree lmax. In detail, the random variables slm are

slm =

√
2πCl

2l + 1

(
xG

√
1 + δm0 + iyG

√
1 − δm0

)
, l = 0, 1, . . . ,∞, m = 0, 1, . . . , l, (3)

where xG and yG are Gaussian random variables with zero means and standard deviations equal to unity.
The Gaussian random particle is fully parameterized by the mean radial distance a and the coefficients

Cl of the covariance function Σs. Here, we utilize the power-law covariance function and thus further pa-
rameterize Cl by

Cl =
C
lν
, l = 2, 3, . . . , lmax, C0 = C1 = 0,

C
lmax∑

l=2

1
lν

= log(1 + σ2), (4)

where the standard deviationσ and power-law index ν are the two statistical shape parameters, the coefficient
C being a normalization constant given by the last condition in Eq. (4).

3 Inverse methods

In what follows, we provide translationally invariant techniques for determining the statistical parameters of
a Gaussian sphere. Assume that there are Nobs silhouettes observed for as many small particles and that the
silhouettes are available as discrete sets of radial distances r(ϕ) for varying azimuth angles ϕ with respect to
a given origin of each sample silhouette.

Define a translationally invariant azimuth angle Φ(ϕ) for each closed sample curve r(ϕ) (logarithmic
radius s(ϕ)) given as a function of ϕ with the condition that Φ(0) = 0 and Φ(2π) = 2π:

Φ(ϕ) =
2π
L

∫ ϕ

0
dϕ r(ϕ)

√
1 + sϕ(ϕ)2,

L =

∫ 2π

0
dϕ r(ϕ)

√
1 + sϕ(ϕ)2, (5)
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where L is the silhouette curve length. It is important to note that moving to the invariant angle Φ removes
the size dependence from the silhouettes and that the correlation of geometric quantities as a function of Φ

is translationally (as well as rotationally) invariant.
We present two plausible techniques to solve the inverse problem. First, compute the length (d12) of

the chord connecting points P1 and P2 on the silhouette a given invariant angular distance Φ12 apart. Then,
move to a different location on the silhouette, by an invariant angle Φ, to obtain the point P3, and determine
the new end point P4 again Φ12 apart from P3. Compute the length of the chord (d34) between the new pair
of points. Repeating the procedure for a large number of chord pairs for each sample silhouette allows the
computation of the two-dimensional covariance function Covd(Φ12,Φ) for the lengths d12 and d34.

Second, instead of the chord lengths, study the angles between the normal vectors at the locations P1,
P2, P3, and P4. If ψ12 and ψ34 are the angles between the normal vectors specified by the subscripts, it
is possible to compute the two-dimensional covariance function Covψ(Φ12,Φ) for the angles ψ12 and ψ34.
In both techniques, the observed covariance functions are compared to those for Gaussian spheres in the
least-squares sense, allowing the derivation of the best-fit standard deviation σ and power-law index ν.

4 First results and discussion

We illustrate the application of the novel inverse technique based on the normal-vector statistics via the
three-dimensional modeling of the shapes of potato tubers by Torppa et al. [9]. They studied six potato
varieties by imaging silhouettes of sample potatoes from three approximate principal-axis directions. The
shape modeling was composed of ellipsoidal and Gaussian-sphere parts (with minimum and maximum
degrees of lmin = 3 and lmax = 10, respectively). The radial distance was taken to be the product of the two
parts.

The inversion for the shape parameters was carried out step-wise in an approximate way by making use
of intersections rather than silhouettes of Gaussian spheres. First, the ellipsoidal parts were estimated on
the basis of the three images as per sample tuber. Second, the residual curves were interpreted as being due
to Gaussian-sphere undulation. After preparing a look-up statistical table based on a large number (typi-
cally one hundred or more) of sample intersections of Gaussian spheres with varying σ and ν, the inverse
technique was applied to the residual curves. For the six potato varieties studied, Torppa et al. obtained a
Gaussian part with σ = 0.032 and ν = 3.4. It is notable that the inverse technique yielded reasonable results
for moderate numbers of sample silhouettes: a few dozens of silhouettes sufficed.

5 Conclusion

We have devised novel inverse techniques for the derivation of statistical shape parameters from silhouette
observations. In the present context, the preliminary inversion has been carried out using intersections of
Gaussian spheres. In the future, we will make use of the actual silhouettes of Gaussian spheres. The relevance
of the inverse techniques has been confirmed by an application to three-dimensional shape modeling for
potato tubers. It is feasible to make use of a combined ellipsoid and spherical-harmonics shape model in the
studies of small particles and small solar-system bodies such as asteroids, cometary nuclei, and satellites.
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Abstract

We study scattering of light by Gaussian-random-sphere particles with sizes comparable
to or slightly larger than the wavelength of incident light. Using an efficient computer
code based on the Discrete Dipole Approximation, the scattering computations are carried
out for a set of particle sizes, refractive indices, and statistical shape parameters. We can
summarize several results for scattering by irregular small particles. First, as compared to
scattering by spherical particles, the degree of linear polarization for unpolarized incident
light remains Rayleigh-like for larger particle sizes. Second, there is an enhancement of
backscattering in the scattering phase function. The angular width of the feature becomes
narrower with increasing particle size and refractive index. Third, in the degree of linear
polarization, there is a systematic negative polarization feature that is wider for larger re-
fractive indices. Fourth, the scattering matrix element ratio P22/P11 shows a double-lobe
feature in the backward-scattering regime.

1 Introduction

Knowledge on the light-scattering characteristics of realistically shaped particles is crucial when solving
light-scattering-based inverse problems in, e.g., Solar System remote sensing. The Discrete Dipole approxi-
mation (DDA) is a flexible method for numerical solution of scattering by irregular particles [1–5]. We make
use of the thoroughly validated DDA code by Zubko et al. [5].

The Gaussian random sphere is a way to model the shapes of irregular particles with a small number of
parameters [6–8]. In the present context, there are two statistical parameters: the relative standard deviation
of the radial distance (σ) and the power-law index of the covariance function (ν). Here, we fix ν = 4, which
corresponds to non-fractal shapes with dimension D = 2.

2 Scattering by Gaussian particles

We have carried out DDA light-scattering simulations for Gaussian particles using two refractive indices,
that is, m = 1.313 describing pure ice and m = 1.6 + i 0.0005 describing silicates. We have utilized five
different radial standard deviations: σ = 0.05, 0.10, 0.15, 0.20, and 0.245. We have generated one hundred
sample particles for each σ and treated three different orientations of each sample particle to secure reliable
results.

The computations were repeated for the size parameters xcs = 2, 4, 6, 8, 10, 12, and 14 (the last one for
m = 1.313 only), the subscript “cs” refering to the circumscribing sphere of the largest sample shape that
dictated the discretization of all the sample particles for the DDA computations. Denoting the mean radial
distance by a, the size parameter x = ka (k = 2π/λ, λ being the wavelength) is related to xcs as follows:
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Figure 1: Scattering phase functions (left) and degrees of linear polarization (right) as a function of the
scattering angle for Gaussian particles with refractive index m = 1.6 + i 0.0005, relative radial standard
deviation of σ = 0.05 (top), 0.15 (middle), and 0.245 (bottom), and power-law correlation-function index
ν = 4. See text for the description of the size parameter xcs.



Scattering by Gaussian particles, Muinonen 209

for σ = 0.05, 0.10, 0.15, 0.20, and 0.245, x = 0.517xcs, x = 0.513xcs, x = 0.507xcs, x = 0.498xcs, and
x = 0.489xcs, respectively. The size parameter x thus varied within roughly x ∈ [1, 7].

Figure 1 shows the entire scattering-angle and size-parameter maps of the scattering phase functions P11
and degrees of linear polarization −P12/P11 for the refractive index m = 1.6 + i 0.0005 with varying radial-
distance standard deviation σ. Note that the maps are interpolated based on the set of size parameters given
above. With increasing σ, the angular scattering patterns become smoother. This is due to the increased
nonsphericity and due to the intrinsic size distribution for Gaussian particles with ensemble mean radius a
being wider for larger σ.

Figure 2: Perpendicular and parallel scattering-phase-function components (left) and degree of linear polar-
ization (right) as a function of the scattering angle for a spherical particle with size parameter x = 2 and
refractive index m = 1.55 (solid lines). Also shown are the patterns when omitting the z-component of the
internal field (dotted line; the perpendicular component remains unchanged), as well as the pattern when
including only the z-component (dashed line).

For both refractive indices, the scattering phase function shows a backscattering peak, the peak becoming
narrower and more pronounced with increasing size parameter. The peak is accompanied by a negative
polarization branch that is wider for m = 1.6 + i 0.0005. In addition, the matrix-element ratios P22/P11 show
a double-minimum feature close to the backscattering direction (not shown in Fig. 1).

For starting to explain the results, scattering by spherical particles was studied. Figure 2 shows the
perpendicular and parallel scattering-phase-function components and the degree of linear polarization (with
substantial negative polarization) for a spherical particle with size parameter x = 2 and refractive index
m = 1.55 as computed using the DDA code. Although there is no net z-component of the internal field,
the z-component is the key to the negative polarization of the spherical particle in the backward scattering
regime. For a linearly polarized incident field, negative polarization arises from the z-component due to non-
destructive interference in the scattering plane defined by the wave and polarization vectors of the incident
field. In the perpendicular plane, the contribution is canceled. The z-component (generally no canceling in
the perpendicular plane either) may explain the polarization patterns obtained for Gaussian particles (Fig. 1).
The z-component may be partly responsible for the negative polarization surges observed for atmosphereless
solar-system objects [9] and measured for single particles in the laboratory [10]. Note that, in their study of
optical properties of aggrerage particles, Tishkovets et al. [11] suggest that the z-components of the external
fields of the constituent particles can give rise to negative polarization.
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3 Conclusion

We have carried out a study of light scattering by Gaussian particles in the Discrete Dipole Approxima-
tion. For varying particle size, refractive index, and standard deviation of radial distance, and for a fixed
power-law correlation function (index ν = 4), we can summarize the main results as follows. There is a
ubiquitous backward enhancement in the scattering phase function (matrix element P11), accompanied by
negative polarization in the degree of linear polarization for unpolarized incident light (−P12/P11), and a
double-minimum feature in the depolarization-related matrix-element ratio P22/P11. The angular widths of
all features become narrower with increasing particle size and decreasing refractive index. In the future, we
will extend the simulations to power-law covariance functions with varying indices and provide an in-depth
study of the causes for the backscattering effects detected.
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Abstract

The effect of surface roughness on light scattering is studied statistically using the
Gaussian-random-sphere geometry with harmonic roughness. Light-scattering simulations
are carried out with varying radial and angular roughness characteristics for four different
size parameters and two refractive indices. The results show that the effect of roughness ele-
ments on scattering are not independent of the host particle. Rather, the smaller the particle,
the larger the roughness elements need to be to affect scattering. The surface roughness also
affects the single-scattering albedo by decreasing it.

1 Introduction

Surface roughness affects the light-scattering characteristics of wavelength-scale small particles. The sto-
chastic geometry of the Gaussian sphere [1, 2] allows a systematic study of the roughness effects with
a small number of parameters. The relative standard deviation of the radial distance describes the radial
variation. For harmonic Gaussian spheres, the angular variation is parameterized by the single degree in the
spherical-harmonics expansion.

The discrete-dipole approximation (DDA, [3–5]) is a practical method for the computation of the light-
scattering characteristics of nonspherical wavelength-scale particles. In what follows, the code by Draine
and Flatau [6] is used to carry out extensive DDA simulations for harmonic Gaussian particles.

2 Modeling approach

The shape of a Gaussian random sphere [1] is described by the radius vector

r(ϑ, ϕ) =
a√

1 + σ2
exp

[
s(ϑ, ϕ)

]
er, (1)

s(ϑ, ϕ) =

∞∑

l=0

l∑

m=−l

slm Ylm(ϑ, ϕ), (2)

where ϑ and ϕ are the spherical coordinates, a the mean radius,σ the relative standard deviation of the radius,
s the logarithmic radius, and er the unit vector pointing outward in the radial direction. The logarithmic
radius is given as real-valued series of orthonormal spherical harmonics Ylm, l and m being the degree and
the order of the expansion.

Here, we consider the special case where slm of only a single degree l are nonzero, i.e. the deformation
from the spherical shape consists of single-degree spherical harmonics. For these harmonic Gaussian spheres
the variances of slm are given by

Var[Re(slm)] = (1 + δm0)
2π

2l + 1
ln(σ2 + 1), (3)

Var[Im(slm)] = (1 − δm0)
2π

2l + 1
ln(σ2 + 1), (4)
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where δ is the Kronecker symbol and m is an integer from 0 to l. For m < 0, we require sl,−m = (−1)ms∗lm
to assure that the radius is real-valued. As always, the means of slm are zero. Example shapes with varying l
are shown in Fig. 1.

Figure 1: Example realizations of harmonic Gaussian spheres (σ = 0.2) with roughness of varying degree:
l = 2 (left), l = 5 (middle), and l = 15 (right).

The effect of harmonics roughness on light scattering was studied for four different size parameters
x = 2πa/λ = 1, 2, 3, and 9 (where λ is the wavelength), two refractive indices m = 1.2 + i 0.0 and 1.4 + i 0.2,
two different standard deviations σ = 0.1 and 0.2, and seven different degrees l = 2, 3, 4, 5, 7, 10, and 15.
Since the model shapes were the same for different size parameters and refractive indices, these parameters
directly affected the size of the roughness elements relative to the wavelength outside and inside the particle,
respectively.

Light-scattering computations were carried out using the discrete-dipole approximation (DDA) model
by Draine and Flatau [6]. For the computations, 10 target shapes were generated for each combination of l
and σ. Further, the same random numbers were used to generate shapes with both σ, and the same ensemble
of 10 model shapes was used for all simulations to minimize random errors that otherwise might have been
substantial for an ensemble of only 10 shapes. Sufficient number of dipoles were used so that the accuracy
criterium d|m|k0 < 0.5, where k0 is the wavenumber in free space and d the dipole spacing, would hold for
each parameter combination. For each realization, 147 orientations were used to obtain random orientation.
Since the particles do not have sharp corners and since the calculations are also ensemble-averaged over 10
shapes, this is quite sufficient to attain random orientation.

3 Results and conclusions

The effects of harmonic surface roughness on the phase-matrix elements and the single-scattering albedo
were studied. Further, a hypothesis that the surface roughness in a sufficiently small size scale would be
invisible to the incident field and thus would not affect scattering was tested. To test this hypothesis, two
different approaches were used. First, the dependences of the phase-matrix elements on l were compared
to see if they converged toward some limiting case when l increased (roughness size decreased). Second,
particle-to-particle variations in the phase-matrix elements within the ensemble of particles (i.e., with the
same l and naturally also the same σ, refractive index and size) were studied: if scattering was insensitive to
surface roughness, this variation was to be small.

To describe the size scale of the roughness elements, a dimensionless quantity ξ = x/2l, which simply
relates the half-width of positive and negative deviations (2πr/2l) from the spherical shape to the wavelength
(λ = 2πr/x), was introduced. Were the hypothesis true, roughness with ξ below certain value would not
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significantly affect scattering. To simplify the analysis, a concept of variational surface area was introduced
to describe the total amount of particle-to-particle variation in a phase-matrix element. For this, a minimum
and maximum for each phase-matrix element at each scattering angle were evaluated over the ensemble
of particles. The variational surface area of a phase matrix element is then defined by the total surface
area between the minima and maxima. This is illustrated in Fig. 2. For the analysis, the variational surface
areas were calculated for log(P11), P12/P11, P22/P11, P33/P11, P34/P11, and P44/P11 (i.e. they are roughly
proportional to the areas covered by bars in Fig. 2). The larger the variational area, the more sensitive the
phase-matrix element is to the surface roughness.

Figure 2: Ensemble average (solid line) and the range of variation (bars) of the non-zero phase-matrix
elements for 10 random realizations of the Gaussian sphere with m = 1.4 + i 0.2, x = 3, σ = 0.1, and l = 7.

The analysis revealed that, perhaps not surprisingly, it was difficult to find truly systematic effects of
x, m, σ, and l on scattering for these wavelength-scale particles. Yet, some conclusions and generalizations
were possible.

Overall, the increase in l decreased the particle-to-particle variation in the phase-matrix elements. The
maximum in the variational surface area was often obtained at l = 3 and then the variational areas decreased
with increasing l. The decrease was not, however, usually systematic but rather exhibited local minima and
maxima.

The increase in |m| and σ generally increased the variational area, although there were exceptions. The
latter seemed to have, of all the phase-matrix elements, the largest effect on the phase function.

The way parameters m, l, and σ affected variational areas depended much on the size parameter x. At
x = 1, variational areas were generally very small, implying that shape and composition do not affect the
phase matrix elements much. At x = 3, on the other hand, the variational areas were even more sensitive
to these parameters than at x = 9. This may be connected to the minima and maxima in the extinction
spectrum.

Of all the phase-matrix elements, P22/P11 showed the weakest particle-to-particle variation. This is
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surprising, since it is customarily considered to be a measure of particle nonsphericity. Similarly to other
elements, its variation tended to decrease with increasing l, but there was one notable exception: for the
largest particles (x = 9) and the absorbing case (m = 1.4 + i 0.2), the trend was the opposite. In this case,
only particles with large l caused substantial depolarization, so there could not be much variation at smaller
l. Thus, although the incident field is less sensitive to small- than to large-scale roughness in general, for
large absorbing particles only small-scale roughness was able to effectively depolarize incident radiation.

When the dependence of single-scattering albedo on l was studied, it was found that an increase in
l decreases albedo. The effect was the more pronounced the larger the size parameter or σ. The single-
scattering albedo had the largest value at x = 3 and smallest value at x = 1.

It turned out that there is no obvious limiting ξ below which incident light is insensitive to roughness.
Instead, at x = 1 incident light was insensitive to all scales of roughness, whereas when x was increased,
it fast became sensitive to all scales of roughness considered. At x = 2 and 3, the smallest-scale roughness
could often be considered more or less invisible to incident light, but the increase in the particle size from
x = 2 to 3 already required more than halving ξ to keep the variational area from increasing. This finding
implies that the effect of roughness on scattering cannot be separated from the particle the roughness is on.
Rather, it appears that the larger the particle, the smaller the roughness elements need to be in relation to the
wavelength to be invisible to the incident field.
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Abstract

The orientation model of axially symmetric particles is introduced as the ellipsoid. The
problem of estimation of the orientation ellipsoid parameters from backscattering data is
considered.

1 Introduction

Investigations of optical properties of nonspherical particles are necessary to interpret remote sensing data
and to estimate influence of external orientating factors (gravitation, aerodynamical forces, electric and
magnetic fields, etc.).

In [1] was shown that backscattering by monodisperse horizontally oriented particles for perpendicular
incidence is determined by backscattering matrix elements and two parameters of the orientation structure.
These results were used to interpret data of crystal clouds remote sensing [2, 3].

In this paper we consider 3-dimensional case where the orientational structure of particles is represented
as the orientation ellipsoid. The problem of orientation ellipsoid parameters estimation is considered. The
numerical results of calculations using T-matrix method [4] are represented.

2 Orientation model

Let (L) is laboratory coordinate system fixed in space, (P) is coordinate system, where the Z axis is along
the axis of particle. Let α, β, γ are Euler angles of rotation that transform coordinate system (L) into co-
ordinate system (P). The orientation structure of ensemble of axially symmetric particles is determined by
the function p = p(α, β). The orientation distribution function p(α, β) depends on the size, shape, morphol-
ogy of particles, viscosity, and external orienting factors — gravitation, aerodynamical forces, electric and
magnetic fields, etc.

The function p(α, β) is identified as the orientation ellipsoid, where values of p(α, β) are proportional
to the distance from origin to the point on the ellipsoid surface r = r(α, β). Physically it corresponds to
the result of two orthogonal directed forces. The first is directed along the negative direction of Z axis of
the laboratory coordinate system, the second is directed along X axis or Y axis of the laboratory coordinate
system.

The probability density function is

p(α, β, γ) ∝ r(α, β) =
abc√

b2c2 sin2 β cos2 α + a2c2 sin2 β sin2 α + a2b2 cos2 β

, (1)

where a, b, c are semiaxes lengths.
Let e1 = b/a, e2 = c/a are parameters of orientation ellipsoid so-called horizontal and vertical directed

forces.
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3 Backscattering matrix elements

Let (Linc) is coordinate system associated with the direction of the incident wave thus that the direction of
incident wave coincides with the positive direction of Z′ axis and lies in the XZ plane of the laboratory
coordinate system. Let ϑ is the angle between Z′ and Z axes of coordinate systems (Linc) and (L) and is
called angle of oblique incidence. Then the Eulers angles determine transformation of the coordinate system
(L→ Linc).

The T-matrixes are transformed according to the formalism of T-matrix method [5]

Ti j(L) = D(αβγ)Ti j(P)D−1(αβγ), Ti j(L) = D(0ϑi0)Ti j(Linc)D−1(0ϑi0) , (2)

where to linear transformation D(αβγ) corresponds infinite-dimensional matrix with the elements — Wigner
Dn

mm′(αβγ) functions [6].
The elements of amplitude matrix in CP-representation are given by [7]

Cpq =
1
2

∞∑

n=1

∞∑

n′=1

n∑

m=−n

n′∑

m′=−n′
in
′−n−1(−1)m+m′ei(mϕs−m′ϕi)dn

pm(θs)dn′
qm′(θi)T

(pq)
mnm′n′ , (3)

T (pq)
mnm′n′ = T 11

mnm′n′ + qT 12
mnm′n′ + pT 21

mnm′n′ + pqT 22
mnm′n′ , p, q = −1, 1,

where dn
mm′(θ) are Wigner functions [6], T i j

mnm′n′ are T-matrix elements, (θi, ϕi), (θs, ϕs) are directions of
incident and scattered radiation, respectively.

In (Linc) coordinate system θi = ϕi = 0 is true and for backscattering ϕs = π + ϕi, θs = π − θi.
Using properties of the Wigner functions and T-matrix elements for axially symmetric particles in coordinate
system (P) we have

Cpq =
i
2

∞∑

n=1

∞∑

n′=1

(−1)n
∑

m3

T (pq)
m3nn′(P)B(q)

n′m3
(ϑβα)B(−p)∗

nm3 (ϑβα), (4)

B(p)
nm(ϑβα) = in

n∑

m1=−n

dn
m1 p(ϑ)dn

m1m(β)eim1α.

For backscattering matrix elements the following numerical averaging is applied

〈CpqC∗p̂q̂〉 =

∫ 2π

0
dα

∫ π

0
sin βdβp(αβ)Cpq(ϑβα)C∗p̂q̂(ϑβα), p, q, p̂, q̂ = −1, 1. (5)

4 Horizontally oriented particles

Assuming the orientation structure of horizontally oriented particles of different size and shape is same and
equal to p(αβγ) = δ(cos β − cos π/2)p(α), the parameters of orientation structure for ϑ = 0 are given

(〈cos 2α〉)2 =
1

cos2 2ϕ
〈F12〉2 + 〈F34〉2
〈F11〉2 − 〈F44〉2

, 〈cos2 2α〉 =
〈F22〉 − 〈F11〉 + (〈F11〉 + 〈F44〉) cos2 2ϕ

(〈F11〉 + 〈F44〉) cos 4ϕ
, (6)

where 〈Fi, j〉, i, j = 1, 4 are ensemble averaging backscattering matrix elements, ϕ is azimuth of reference
frame.
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5 Numerical results

Let 〈cos 2α〉ϑ is a value obtained from Eq. (6) by the calculated backscattering matrix for angle of oblique
incidence ϑ. Denote R1 = 〈cos 2α〉0◦ , R2 = 〈cos 2α〉0◦ − 〈cos 2α〉30◦ .

In Table 1 numerical results obtained from Eqs. (2-6) are given. It presents correspondence of R1, R2
and parameters of orientation ellipsoid e1, e2 for monodisperse ensemble of prolate spheroids with size
parameter ρmax = 15, aspect ratio ε = 0.25 and refractive index mr = 1.313.

Table 1: Orientation structure parameters.

e1 e2

R2\R1 0.00 0.04 0.08 0.12 0.16 0.20 R2\R1 0.00 0.04 0.08 0.12 0.16 0.20
0.00 1.00 1.22 1.50 1.86 2.35 3.07 0.00 1.00 1.00 1.00 1.00 1.00 1.00
0.02 1.00 1.23 1.53 1.94 2.52 3.41 0.02 0.70 0.71 0.71 0.71 0.71 0.72
0.04 1.00 1.25 1.57 2.04 2.73 3.96 0.04 0.53 0.54 0.54 0.54 0.54 0.54
0.06 1.00 1.26 1.63 2.16 3.06 4.80 0.06 0.41 0.42 0.42 0.42 0.42 0.43
0.08 1.00 1.29 1.69 2.34 3.50 5.00 0.08 0.32 0.33 0.34 0.34 0.34 0.42
0.10 1.00 1.31 1.78 2.59 4.22 5.00 0.10 0.26 0.26 0.27 0.27 0.28 0.42
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Abstract

Light scattering from self-affine homogeneous isotropic random rough surfaces is studied
using the ray-optics approximation. A method of horizon marching is introduced to accel-
erate the first-order scattering simulations from surfaces represented as single-connected
single-valued functions. Emphasis is given to the geometric shadowing effects as a func-
tion of surface roughness, especially, to the azimuthal rough-surface shadowing effect.

1 Introduction

Natural surfaces show roughness at all scales — from the large-scale variations describing the general shape
of the object down to the molecular structure of the medium. These roughness variations over different
size scales can often be considered to be of self-affine fractal nature: the resolved roughness is a function
of the scale of the observation. True natural surfaces are also often particulate, with particles of varying
composition, packing density, shape, and internal structure. The complexity arising from the fractal nature,
combined with the actual particulate nature, makes the interaction of electromagnetic radiation with a natural
rough surface a difficult problem to model, and simplifications are often necessary.

2 Scattering model and random rough surfaces

Different size scales have differing contributions to the light-scattering properties of the surface as a whole.
Some of the size-scale-dependent features can be studied independently, while some can be simulated as
corrections to the underlying approximate scattering models. In the regime of geometric optics, surface
roughness can have a notable effect to the radiation scattered from the surface. The surface features can
shadow the surface from incident radiation, and mask the reflection from the irradiated parts. For a homoge-
neous isotropic surface with certain roughness statistics, the geometric self-shadowing and self-masking can
be combined into a shadowing function S (θi, θe, φe) (Fig. 1), which in the single-scattering approximation
is independent of the underlying reflectance model. The shadowing function gives the probability for an il-
luminated point on a surface being visible to the observer as a function of the incident angle of illumination
θi and the exitant angles θe, φe [1]. If a scattering element of the rough surface is assigned with a reflectance
model, a rough-surface-corrected reflectance function fr(θi, θe, φe) can be obtained.

While a spectrum of advanced reflectance models have been developed with geometric shadowing as
a function of θi and θe calculated by analytical means for several types of surface roughness, the φe de-
pendence has generally been left out from the calculations because of the major increase in mathematical
complexity. Neither do these reflectance models take the fractal nature of the surface roughness in the regime
of geometric optics into account. While analytically difficult to model, surfaces with fractal properties can
be simulated numerically, and the φe dependence can be included in the simulations. Numerical simulations
allow the study of the azimuthal shadowing effect as a function of surface roughness, and the generation of
a numerical rough-surface scattering model which can be evaluated as a function of incident angles, exitant
angles, and the surface-roughness statistics, as illustrated in Figs. 2 and 3.
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The surfaces under study are of self-affine nature, represented by a two-dimensional single-connected
random function, and follow the statistics of two-dimensional fractional Brownian motion (fBm). The sur-
faces are generated using spectral synthesis with fast Fourier transform (FFT), and parameterized completely
by the standard deviation of heigths σ and the Hurst exponent H [2], which relates in two-dimensional sit-
uation to the fractal dimension D as D = 3 − H. The surfaces are considered infinite by the ray tracer
implemented, and thus the periodic nature of the FFT-generated random fields is considered to be a positive
feature, while the effect of this on the statistics of the surface [3] must be kept in mind.

Implementation-wise, the surfaces are generated as two-dimensional regular grids with heights assigned
to the vertices of the grid. The spatial resolution used depends on the Hurst exponent, and is adjusted to give
the optimum simulation speed without sacrificing statistical accuracy.

3 Numerical methods

3.1 Overview

What we are interested in is to know the points on the surface that are illuminated, where the radiation may
scatter from these points and, finally, what the total observed radiance from a certain direction is. All this
can be done using basic ray-tracing techniques, but the use of specialized optimization methods can increase
the computation speed dramatically. The decreased computation time allows for more accurate simulations,
and a reliable study of different effects as a function of the rough-surface parameters. The simulation is
carried out in the ray-optics regime excluding effects among different surface elements. The size of the
surface curvature in the simulation is considered to be much larger than the wavelength of light, and all the
interactions of a single ray of light can be considered to take place inside a single surface element.

The scattering for a single realization of a surface is simulated by tracing a constant number of rays to the
surface for each chosen angle of incidence θi. The incident rays are generated so that they will intersect the
zero plane of the surface at points distributed randomly on the xz-plane using the stratified sampling method,
in wich the surface is first bucketed, and a sample point is randomly selected from each bucket. Next, for
each sample point on the surface, we determine the directions of visibility. The integrating hemisphere is
represented as a recursive hierarchical geometry with discrete elements of solid area. A horizon marching
method is used to find the elements of solid area where the radiation can scatter directly, and the reflectance
model assigned to the point is evaluated for each unoccluded element of solid angle in the hemisphere. The
simulation is repeated for a number of surface realizations to get a proper statistical accuracy for the model,
the model is expanded into hemispherical harmonic coefficients [4] for each θi, and the coefficients are saved
to represent the model for the chosen set of parameters H and σ.

3.2 Discretization

For numerical calculations, both the surface and the integrating hemisphere are tesselated into discrete ele-
ments. The surface is triangulated for fast ray-triangle intersection tests into a uniform grid which allows for
grid tracing method to be used with run-based ray-traversal [5] for optimum speed.

The tesselation of the hemisphere is carried out with methods based on triangular hierarchical data
structures as discussed by Dutton [6]. The upper hemisphere of an octahedron was chosen to form the root of
the quadtree, and the subnodes are obtained by subdivision of the geometry. The main difference between the
current implementation and the cited previous implementations is the use of a half-edge structure to represent
the geometry with [7]. This adds some extra memory overhead to the system, but makes the recursive
subdivision of the underlying geometry fast, and simplifies the task of finding neighbors for different parts
of the structure.
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3.3 Hemisphere sampling: horizon marching

Since the surface height is represented by a single-valued single-connected function of two dimensions (x, y),
the height of the horizon θh for a point on the surface is a single-valued continuous function of the direction
φ, H(φ) ' θh. The hemisphere from a point on the surface can be factorized into two parts, divided by the
horizontal height function. The first part consisting of the directions culled by the surface, and the other of
the directions where the radiation can escape directly. If H = H(φ) can be calculated for a surface sample
point, we can immediately evaluate the scattering function to the upper hemisphere, without the need to test
each single element for occlusion. For a random rough surface, H(φ) for an arbitrary point on the surface
cannot be calculated analytically, and approximate methods have to be used.

The approximation for a single irradiated surface sample point is started by searching the height of the
horizon at φ = 0 in the space of the tesselated hemisphere geometry. After the value for H(φ = 0) is found,
a marching phase starts. The octahedral geometry combined with the half-edge data structure allows one to
travel in the hemisphere geometry in an efficient manner.

A vertex in the hemisphere geometry is in general connected to six other vertices, the pole, corners,
and edges working as special cases. Three of these are in the direction of positive φ, and three of negative
φ. From the first horizon vertex vh,φ=0, we find the lowest unoccluded neighbor vertex in the direction of
positive φ by testing the three possible traveling directions. The process is repeated from the newfound
horizon vertex, and the approximation to H(φ) is found after marching around the hemisphere. Finally, a
scanline-type method is used to select the solid area elements over the horizon.

While more complex to implement than the Monte-Carlo or full sampling of the hemisphere, the com-
putation speed is superior to both. The resulting accuracy is comparable to the full sampling, but the number
of trace calls needed is around 1

20 of the full sampling method. The current implementation is 12 times faster
than the full sampling method implemented for comparison. Future prospects are promising, and the modi-
fication of the software for simulations with single particles large compared to wavelength [8] are planned.

4 Results and discussion

The simulation method has been used to sample the surface parameter space as a function of H and σ, for θi

sampled with a resolution of 1◦. The shadowing function has been studied independently, and the first-order
rough-surface corrections have been computed for Lambertian and Lommel-Seeliger reflectance models
for different values of H and σ. The hemispherical harmonics representation allows for scattering model
interpolation as a function of θi, θe, φe, H, and σ. The outcome of the simulations is that all unresolved
scales of roughness in the geometric-optics regime have their effect on the observed radiation. The effect
depends on both θe and φe, as well as the reflectance properties of the single scatterer.

Figure 1: Geometric shadowing from a very rough fBm-surface with H = 0.2 and σ = 5.0 as a function of
θi, θe, and φe. Subplot 1 shows the simulated escape probability (1 − S ) for θi = 0◦, θe as the vertical axis
and φe as the horizontal axis. Subplots 2 and 3 show the same for θi = 45◦ and θi = 85◦, respectively.
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Figure 2: The azimuthal rough-surface shadowing effect manifests itself as a brighter area in the middle. The
surface is rendered using two simulated scattering models, and viewed near the backscattering direction. The
surface elements have a rough-surface-corrected Lommel-Seeliger scattering model. The parameters for the
plot on the left are H = 0.3 and σ = 3.0; on the right, the parameters are H = 0.2 and σ = 5.0.

Figure 3: The effect from larger-scale roughness variations. On the left, we show the same surface as in
Fig. 2 usinga basic Lommel-Seeliger model; on the right, we show a simulated model with H = 0.5 and
σ = 5.0.
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Abstract

I will outline my plan to study the relationship between the asteroids taxonomic class and
its polarization properties. Empirical model for the photopolarimetric observations of as-
teroids is used to estimate the typical polarization phase curve for each taxonomic class
of asteroids. The individual asteroids are then classified to a taxonomic class using only
the polarization observations. If the classification performs well, it gives further evidence
that the polarization observations can give significant information of the asteroids surface
compositon.

1 Introduction

Photopolarimetry has been for a long time one of the key methods to retrieve physical information about
the Solar System objects. These include the planets, their aerosols, satellites and rings, the asteroids, the
cometary comae and the interplanetary dust. Roughly speaking, they can be subdivided into objects with a
surface (planets, satellites, asteroids) and clouds of particles (aerosols in planetary atmospheres, rings, coma,
interplanetary dust). The solar light scattered by such media is actually partially linearly polarized.

Asteroid taxonomy is a classification system based on spectrometry. Asteroids are classified to classes
which correspond more or less with the surface material of asteroid. There are several competing classifica-
tion methods, and Tholen and Barucci [1] describe these methods in more detail.

Polarization is also sensitive to the surface material of the object. While spectrometry is a far more
powerful tool for material analysis, we should see some of the effects also in the polarization data. For
example, Dollfus et al. [2] show a relation between the polarization inversion angle α0 and the miminum
value Pmin, and the asteroid class. Goidet-Devel et al. [3] established that the phase curves are comparable
for asteroids that belong to the same taxonomic type, and that there are strong analogies between the phase
curves for asteroids of S, M and E type (so-called igneous) on the one hand, and C, G and P type on the
other hand.

The work that I outline here and hope to accomplish before the conference in St. Petersburg 2006 is
based on the ideas that we developed in the article about the statistical analysis of asteroidal and cometary
polarization phase curves [4]. In that article, we studied the properties of an empirical phase curve model
for asteroids (and comets) and the estimation techniques for that model. In Sects. 2 and 3 we introduce this
model and go through the previous findings about the taxonomy and polarization. In Sect. 4 we outline our
plan to continue this work.

2 Empirical model for polarization data

The polarimetric asteroidal data used in this paper comes from the Small Body Node1 database. At the time,
the data included 1635 entries for 137 asteroids (number, date of observation, filter, phase angle, polarization,
measurement error, position angle, etc.). More than 85 percent of the measurements are in the U (362 nm), B
(435 nm) and V (559 nm) and only 7 percent in the R (685 nm) wavelength domains. The phase angle range
is from 0.1◦ to 120◦, but in most cases the phase angles are limited to less than 30◦. Only some near-Earth

1http://www.psi.edu/pds/archive/asteroids.html
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Figure 1: The effect of the parameters on the polarization phase curve model (given in percents). In all
figures only one parameter changes, which is denoted in the individual figure label. The solid curve is for
the first value, dashed for the second, and dotted for the third. The other parameters have values b = 0.1, α0 =

20◦, c1 = 0.7, c2 = 1.

objects were explored at large phase angles. A classification based on spectra obtained in the visual and near
infrared domains, and data on the physical parameters of the asteroids are also available at the same address.

For modeling the observations, Lumme and Muinonen [5] have suggested the following function as an
empirical model for a polarization phase curve

P(α) = b sinc1(α) cosc2

(
α

2

)
sin(α−α0). (1)

This function has some clear advantages as an empirical model. The most important advantage is that it can
describe polarization throughout the phase angle range [0◦, 180◦]. Furthermore, the values of the function are
limited to the range [−1, 1] when the parameter ranges are correctly defined. This guarantees that the function
is always physically reasonable, as polarization ratio by definition is also in that range. Also noticeable is
that an important polarization feature, the inversion angle α0, is explicitly included in the expression.

The effects of the parameters in Eq. (1) are discussed in more detail in [4]. The parameter b is mainly
connected to the amplitude of polarization and the parameter α0 is the inversion angle. The powers c1
and c2 have an influence on the shape of the phase curve. The parameter c1 mainly affects the position of
the minimum and the second derivative of the curve, while c2 has influence on the maximum and on the
asymmetry of the curve, moving the angle for maximum polarization away from 90◦. The collection of
these four parameters offers a wide variety of different, realistic shapes for phase curves. The effects of the
parameters are showed in Fig. 1.

The common problem with empirical phase curve fitting is, that especially for asteroids, there is a lack
of good datasets. For a single asteroid, there might be just a few data points from a quite limited phase
angle range. Phase angles above ∼ 30◦ are rare, and the measurement errors can be noticeable. This heavily
affects the goodness and reliability of the phase curve fit, which is a nonlinear regression problem for our
model. For the four parameters we need at least four observations, but in practice only datasets starting from,
say eight or ten observations, can be considered useful. Furthermore, the model parameters are not totally
independent from each other, so there is multicollinearity in the model, i.e. a unique solution to the model
fit is hard to find.

In [4] we solved the model estimation problems by using the framework of Bayesian analysis and re-
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gression, where the posterior distribution of model parameters is a product of the prior distribution of the
parameters and the likelihood of the parameters given by the regression model. In Bayesian regression we
can use our prior knowledge and physical limitations of the model parameters in the prior distribution.
Physical limitations for parameter values are handled by using distributions that have probability densities
greater than zero only in the reasonable parameter range. If the data is from a sufficiently large phase angle
range, one can also use standard nonlinear regression techniques in model estimation.

3 Previous work on polarization and taxonomy

In the SBN database, there are data on 100 asteroids that belong to an identified taxonomic class, including
the ‘unidentified’ class X. In [4] we analyzed the similarities in the polarization among the classes using
clustering methods similar to Tholen’s taxonomy [1].

We estimated one polarization phase curve for each class, obtaining 14 phase curves. For all curves we
used only the range α ∈ [0◦, 30◦], since there are many classes where there are no observations beyond that.
By using the fitted curve instead of just a few selected points, we used the observed information in a more
efficient way. To classify the curves, we used a method identical to spectroscopic analysis: we discretized the
curves with a fine grid, and used principal component analysis (PCA) to extract the most important features
from the data. With only three principal components we were able to reproduce 99.8% of the variability in
the data. With these three PCA-variables for the 14 taxonomic classes, we used clustering analysis to find
the relationships between classes. In Fig. 2 the result of the clustering is presented as a tree graph.

0.0

0.2

0.8

Asteroid class

B F C CU G CPF CP P E R M S V X

semi R
2

Figure 2: Tree graph of the clustering analysis of the asteroid class polarization phase curves. The vertical
scale describes how the variability inside the group (semipartial R2) diminishes as the objects are divided
into sub-groups.

The tree-form describes the division of all classes into smaller groups based on their polarization. At the
top level, all the classes belong to the same group. The first branch in the tree separates this group into two
clearly distinguishable subgroups. This procedure continues until at the lowest level all the classes form their
own group. At each division, a measure for the variation inside the groups will be minimized. The lowest
level of the tree is not interesting, but the phases before that are, because they show the similarities between
the classes. There are several competing clustering methods and measures for the inside-group-variation,
and the results in Fig. 2 are obtained with Ward’s minimum-variance method and semipartial R2 measure
for the variation [6].

What is quite interesting is that the separation of the different groups closely reflects the historical
evolution of the taxonomical system. At the second highest level, where the classes are divided into two
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large groups, the first group consists of the C-class and its subtypes along with B, F and P, and the other
group consists mainly of the S-type, together with E, R, M, V and X. Historically the C- and S-types are
the first two classes. On the other hand, at the lowest levels classes and their subclasses are very close to
each other: C and CU, CP and P, and S and V. This shows that the polarization phase curve carries similar
information on the surface properties as the spectrometric observations.

4 Planned method to study the polarization based taxonomy

I plan to continue the work presented above, and complete a more detailed study on the relationship between
the taxonomic class of an asteroid and its polarization observations. The results will be reported in the 9th
Conference on Light and Electromagnetic Scattering in St. Petersburg in June 2006.

I will study the taxonomy and polarization relationship by dividing the asteroid polarization data into
groups by the taxonomic class. Then, a classification scheme using cross-validation is used. One by one
the observations from a single asteroid is dropped out of the data. Then, one polarization phase curve is
estimated for each taxonomic class using the model in Eq. (1) and nonlinear regression that is weighted by
the measurement errors of each observation. After that step we have 14 polarization phase curves, one for
each class, and polarization observations from one asteroid that is being classified. The observations will be
compared to the phase curves, and asteroid is assigned to a taxonomic class based on the minimum distance
of observations to the phase curves. This distance could be, for example, the sum of the weighted squared
errors between the phase curve and the observations, or it could be the optimum Bayesian classification
distance with prior probabilities for each class included.

The estimated taxonomic classes will be compared to the real taxonomic classes of each asteroid. The
rate of misclassifications is reported. The parameters to the classification scheme, e.g. the distance used,
will be optimized using the misclassification rate as a criteria. My hypothesis for this study is, that the
classification based only on the polarization observations could performe quite well. If that is the case, then
it is also proofed that the polarization observations can be used to estimate the composition of the asteroids
surface material.
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Abstract
Four computer codes based on the Discrete Dipole Approximation are compared against
each other and against exact solutions for five different scattering geometries. The interest
is in the accuracy of intensity and linear polarization values the codes produce and in the
computational time needed.

1 Introduction

Most of the existing light scattering programs can be divided into three physically different categories:
ray-optics (RO), geometrical optics (GO) and wave optics (WO) approaches. A classical example of the
ray-optics treatment is the Radiative Transfer Equation (RTE), see, e.g., van de Hulst [1]. The GO methods
are basically the same as the RO complemented only by the diffraction correction close to the forward
scattering. Finally, the WO methods can be derived more or less directly from the Maxwell’s equations
and are, in principle, exact. As a qualitative recipe it can be stated that the RO methods can be applied
to sparsely packed geometries where the packing density is less than about 10%. GO approach suits for
large solid particles and in all the other cases the exact WO methods are a must. Our long standing interest
has been to analyze light scattering by planetary regoliths and products from the paper industry. In these
applications the WO methods are the only possible ones because the packing density in both these cases
certainly exceeds 10%.

Among the WO methods the discrete dipole approximation (DDA), also known as the coupled dipole
approximation, has several special advantages over all the other existing approaches. These are that they can
be applied to quite arbitrary shaped geometries which can be inhomogeneous and anisotropic. As already
explicitly in its name the DDA has a major drawback in being an approximation although if infinite CPU
time would be possible the results should become exact. The other smaller drawback comes from the fact
that if orientation averages are needed then the computationally demanding linear equations must be solved
repeatedly.

2 Comparison between the codes

Because of the increasing popularity in the DDA codes it would be valuable to quantitatively compare several
aspects of these both in relation to each other (speed, accuracy, etc.) and in respect to the absolute accuracy.
For this we naturally need codes which can handle some geometries in a numerically exact manner. A fairly
obvious choice is to use Mie code, the T-matrix [2] code and the Cluster T-matrix [3] code. We were able to
collect four different DDA versions to do this comparison. We have compared the codes with five different
scattering geometries and with two refractive indices. Differences from exact result are reported, as well as
CPU-times and computer memory requirements. The DDA codes are sirri from Rahola, ddscat from Draine
and Flatau, zdd from Zubko and adda from the Amsterdam University group.
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We have used the following five geometries: sphere, spheroid, cylinder and two clusters of uniform
spheres, a 4-sphere and a 50-sphere cluster. All geometries have the same size (volume), and the size pa-
rameter xeq = 2πreq/λ is 5.1, where req is the equal-volume-sphere radius and λ is the wavelength. The
geometries must be represented by rectangular array of dipoles for the DDA codes. The number of dipoles
affects the accuracy of the result, but in the same time it affects the CPU time and memory consumption.
Draine and Flatau give a rule of thumb for the dipole size in the user manual of ddscat [4]. They state that the
dipole size must be small compared to (i) any structural length in the target geometry, and (ii) the wavelength
λ. The second criteria is satisfied if

|m|2π
λ

d ≤ 1
2
, (1)

where m is the complex refractive index of material and d is the dipole size or the distance between two
adjacent dipoles.

We have decided to use two refractive indices throughout the comparison, index ms is 1.6 + 0.001i
(silicate) and index mi is 1.313 + 0i (ice). For ms, d must be smaller than 0.3125 in size parameter units to
satisfy Eq. (1). We have used a value d ≈ 0.3, varying it just a little to ensure that the volume stays the same
for all the geometries. With this dipole size and the size parameter each of the geometries requires about
21 000 dipoles. The memory requirements of DDA is determined by the size of the rectangular grid that
contains all the dipoles for material. For a sphere, these ∼21 000 dipoles fit to a cubic grid with side length
of 35 dipoles. The most porous shape, cluster of 50 spheres, needs a rectangular grid of 57x59x62 dipoles.
The dipole presentation of all the geometries is shown in Fig. 1.

Figure 1: The geometries used in the comparison. From the left, sphere, spheroid, cylinder, a 4-sphere and
a 50-sphere cluster. Both the spheroid and the cylinder have an aspect ratio (diameter divided by height) of
1/2.

Sphere is rotationally symmetric shape, thus only one orientation is needed for the DDA calculations
of its scattering. For the other shapes, results must be averaged over orientations if we want to compare
the results to the random orientation T-matrix results. We have calculated results for different number of
orientation averages, but we report here only the results that use 1024 orientations (actually, for technical
reasons ddscat uses 1089 and adda 1152 orientations). The tolerance for DDA convergence is 10−5 for all
the codes.

3 Results

The results from DDA codes are compared to the results provided by the exact methods. All codes produce
the full Mueller matrix M for a given set of the scattering angles θ. We use a range for θ from 0◦ to 180◦ with
one degree steps. We will report here only the scattered intensity I (the element M11 in M) and the linear
polarization ratio P (−100% M21/M11).
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The magnitudes of values for I vary a lot, and I is often plotted in a logarithmic scale. Therefore we feel
that the pure error against exact solution is not as informative as the relative error εI(θ) = 100% (IDDA(θ) −
Iexact(θ))/Iexact(θ). For the polarization ratio P, the pure error εP(θ) = PDDA(θ) − Pexact(θ) is more suitable.
Due to the limited length of this abstract the figures showing the angular behavior of these errors will not be
presented here, but they will be available in our poster at the conference. To get an overview on the average
accuracy of the DDA codes, we report here the mean absolute errors (MAE) for the codes in Table 1. We
prefer MAE = 1/181

∑180◦
θ=0◦ |ε(θ)| over the commonly used root mean square error because MAE is more

intuitive in describing the average error if no further statistical analysis is needed.
In overall it seems that the typical relative error for I for DDA codes is somewhere between 2% and 6%

for silicate and ice type refractive indices and for particles with size xeq ≈ 5. For P, the typical pure error is
roughly from 1% to 3%. Both the errors tend to be larger for larger refractive index. The overall accuracy of
the solution is best with zdd and almost as good with ddscat, and not so good with sirri and adda.

Besides the accuracy, the CPU time and the memory requirements of a DDA code are very important
factors. Both of them currently limit the possibilities of DDA approaches in scattering studies. DDA is
very flexible because it can handle all kinds of scattering geometries, but the size parameter of the scatterer
is limited. PC computers nowadays can have few gigabytes of operating memory and for a scatterer that
requires few gigabytes of memory the CPU time needed for a single orientation can be in the order of one
CPU day. Scattering problems larger than this are not very practical to solve with DDA. With the DDA
codes studied here, this size limit is reached with a rectangular grid of dipoles with side length of about 150
to 200 dipoles. This means that using the condition on Eq. (1), the side length of the vessel that envelopes
the scatterer is about 50 to 70 in size parameter units, and the volume-equivalent sphere radius is about 30
to 45 in size parameter units.

Some examples for the CPU times and memory consumptions of the DDA codes in our study are pre-
sented in Table 2. The codes are run with the IBMSC computer at the Finnish Center for Scientific Compu-
ting (CSC). The IBMSC is an IBM eServer Cluster 1600 supercomputer consisting of IBM p690 nodes that
use Power4 processors running at 1.1 GHz speed. The computer is intended for efficient parallel computing
and if serial programs that use only one processor are executed, the performance is comparable to a modern
desktop PC.

Table 1: Mean absolute errors (MAE) for the intensity (I) and the linear polarization ratio (P) for all the DDA
codes with five geometries and two refractive indices. Errors for intensity are relative to the exact solution
while errors for polarization are pure errors and both are expressed in percentages. For every geometry,
refractive index and either I or P, the smallest error is printed in bold font and the largest error in italics.

sirri ddscat zdd adda
ms mi ms mi ms mi ms mi

sphere
I 7.027 4.602 5.944 4.019 5.938 4.030 5.921 3.896
P 2.952 2.371 2.499 2.192 2.507 2.183 2.522 2.206

spheroid
I 2.362 1.562 1.918 0.905 0.9330 1.130 4.590 4.823
P 1.314 1.109 0.727 0.527 0.740 0.934 3.263 1.818

cylinder
I 5.373 4.743 2.627 2.926 1.392 2.479 8.090 6.436
P 1.210 2.216 0.999 1.204 0.570 0.805 2.370 1.897

4-sphere
aggregate

I 3.203 1.473 1.099 0.964 1.610 0.791 1.995 1.772
P 1.830 1.882 1.676 1.761 1.967 2.106 2.079 1.780

50-sphere
aggregate

I 6.473 2.987 5.573 2.925 6.193 2.903 7.811 6.017
P 2.026 0.711 1.866 0.834 1.480 0.735 1.826 0.690
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Table 2: CPU times and memory consumptions for the DDA codes for two example cases and with mi

refractive index.
Cubic grid of 283 dipoles,1 orientation Spheroid, 256 orientations

CPU-time per
orientation (sec)

Memory per
processor (Mbyte)

CPU-time per
orientation (sec)

Memory per
processor (Mbyte)

sirri 19 54.1 41 74.8
ddscat 36 22.5 30 32.3
zdd 85 21.6 51 **
adda 10 15.3 3 21.6

In the IBMSC environment, the latest version of adda seems to be by far the fastest. The sirri code is also
quite fast in calculating single orientation. When averaging over several orientations, sirri will not perform
that well. This is due to the fact that sirri uses random orientation angles distributed evenly on the unit
sphere. The other codes use systematic sampling scheme for the orientation angles. The DDA computations
can be divided into two stages. First one is when the field induced on each dipole is calculated. Second one
corresponds to the determination of the scattered field in far zone. Since observational conditions do not
influence the first stage that consumes a lot of computation time, codes with systematic sampling approach
can use the first stage results to calculate scattering properties in a few different scattering planes with a
little extra CPU time costs. Sirri and adda use double precision floats which shows in the large memory
consumption of sirri. However, larger accuracy in number presentation does not seem to help sirri with the
accuracy of the results. It should be kept in mind that the efficiency of a code can depend on the computing
environment (processor type, compiler and operating system). For example, ddscat is faster than zdd in
IBMSC, but with a x86 Windows PC zdd (compiled with Watcom C++) is faster than ddscat (compiled
with Absoft Pro Fortran).

All the codes compared here have some good qualities and also some drawbacks. For example, zdd and
ddscat produce accurate results, adda is fast and sirri is very flexible to use allowing e.g. user-specified
list of orientation angles. All the codes can run parallel using more than one processor and adda can use
several processors even for one orientation. ddscat is freely available. On the other hand, ddscat can not use
dynamical memory allocation and user-specified orientation angles, sirri has poor accuracy with polarization
in the backscattering domain, etc.

A more detailed article of this study is under preparation and will hopefully be published soon.
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Abstract

We develop a modification of the T-matrix method that allows faster calculations of scat-
tering properties of particles with irregular shapes. This modification uses the so-called
shape-matrices (Sh-matrices), the elements of which depend on the shape of particles only
and do not depend on the particle size or optical constants. The introduction of Sh-matrices
allows for their separation within the T-matrix algorithm. For a given shape of a scattering
object we calculate the Sh-matrices only once and then can quickly calculate the T-matrix
elements for a number of sizes and refractive indices. This, in particular, allows for rapid
particle-size averaging in a particle ensemble.

1 Introduction

The T -matrix method is widely used for calculations of scattering properties of non-spherical particles [1].
In the T -matrix method, the incident and scattered electric fields are expanded in series of vector spherical
wave functions, and then a relation between the expansion coefficients of these fields is established by means
of a transition matrix (or Tmatrix). T -matrix elements depend on the optical and geometrical parameters of
the scatterer and do not depend on the illumination/observation geometry, so the T -matrix approach allows
for the separation of the influence of illumination/observation parameters and inner properties of a scattering
object such as its size, shape parameters, and refractive index. Our modification of the T -matrix approach
(specifically we use here Extended Boundary Condition Method) consists of a further development, namely,
we separate the contributions of the different inner parameters of the scattering object [2].

2 Sh-matrices

Mathematically our approach consists of introducing the so-called Sh-matrices, which depend on the scat-
tering object shape only. The elements of the T -matrix can be expressed through the Sh-matrix elements.
The calculations of the T -matrix elements are made with the following equations, see designations in [1–3]:



J11
mnm′n′

J12
mnm′n′

J21
mnm′n′

J22
mnm′n′


= (−1)m

∫∫

S

dS n (r, θ, ϕ) ·



RgMm′n′ (m0r, θ, ϕ) ×M−mn (r, θ, ϕ)
RgMm′n′ (m0r, θ, ϕ) × N−mn (r, θ, ϕ)
RgNm′n′ (m0r, θ, ϕ) ×M−mn (r, θ, ϕ)
RgNm′n′ (m0r, θ, ϕ) × N−mn (r, θ, ϕ)


, (1)



RgJ11
mnm′n′

RgJ12
mnm′n′

RgJ21
mnm′n′

RgJ22
mnm′n′


= (−1)m

∫∫

S

dS n (r, θ, ϕ) ·



RgMm′n′ (m0r, θ, ϕ) × RgM−mn (r, θ, ϕ)
RgMm′n′ (m0r, θ, ϕ) × RgN−mn (r, θ, ϕ)
RgNm′n′ (m0r, θ, ϕ) × RgM−mn (r, θ, ϕ)
RgNm′n′ (m0r, θ, ϕ) × RgN−mn (r, θ, ϕ)


, (2)
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These calculations require much time; especially, when one should carry out this calculation many times
for the same shape at different sizes or refractive indices, because of the double integral over the scattering
object surface. We suggest some modification of these equations, which makes calculations easier. For ex-
ample, the elements RgJ11

mnm′n′ and J11
mnm′n′ can be expressed using the Sh-matrix as follows [2]:

RgJ11
mnm′n′

(
X,m0

)
= Xn+n′+2

(
m0

)n ′
∞∑

k1=0

(
X · m0

)2k1

k1!Γ
(
n′ + k1 + 3

2

)
∞∑

k2=0

(X)2k2

k2!Γ
(
n + k2 + 3

2

) · RgS h11
mnm′n′,k1+k2

, (3)

J11
mnm′n′

(
X,m0

)
= X−n+n′+1

(
m0

)n ′
∞∑

k1=0

(
X · m0

)2k1

k1!Γ
(
n′ + k1 + 3

2

)
∞∑

k2=0

(X)2k2

k2!Γ
(
−n + k2 + 1

2

) · S h11
mnm′n′,k1+k2

, (4)

where X = 2πr/λ is the size parameter, r the size of the major axis of a particle, λ the wavelength of incident
light, m0 the refractive index of the particle, Sh and RgSh are the shape matrices or just Sh-matrices:

RgS h11
mnm′n′,k = iA

π∫

0

dθ


sin θ [πm′n′ (θ) τmn (θ) + πmn (θ) τm′n′ (θ)]

2π∫

0

dϕ exp
[
iϕ

(
m′ − m

)]
R̃2+2k+n+n′


,

(5)

S h11
mnm′n′,k = A

π∫

0

dθ


sin θ [πm′n′ (θ) τmn (θ) + πmn (θ) τm′n′ (θ)]

2π∫

0

dϕ exp
[
iϕ

(
m′ − m

)]
R̃1+2k−n+n′


, (6)

where R̃ = R(θ, ϕ)/X, R = R (θ, ϕ) being the shape of irregular particles in spherical coordinates; θ is the
polar angle and ϕ the azimuthal angle. Note that here we have made significant simplifications of the Sh-
matrices in comparison with those presented previously in [2]. The Sh-matrices depend on the shape of
the scattering particle only, and are independent of the particle size and refractive index, so they can be
calculated only once for some fixed shape of scattering particles.

3 Application to size and refractive-index averaging

To calculate scattering characteristics of particles averaged over size it is necessary to discretize the size-
averaging interval (Xmin÷ Xmax) over a number of increments Xi; if we divide the interval into N pieces,
then

Xi = Xmin + (Xmax − Xmin)
i
N
, i = 0 . . .N. (7)

The same kind of a discretization can be carried out for the refractive index averaging interval (m0
min ÷

m0
max); if we divide the interval into N′ pieces, then:

m0
j = m0

min +
(
m0

max − m0
min

) j
N′
, j = 0...N′ . (8)

Then, one calculates the coefficients αs
p

(
Xi,m0

j

)
(p = 1...4), βs

p

(
Xi,m0

j

)
(p = 1...2), and the orientation-

averaged scattering cross-section per particle Csca
(
Xi,m0

j

)
using the procedure described in detail in [2].

The size-averaging is performed using straightforward numerical integration:

〈Csca〉 =
1

NN′

N∑

i=0

f (Xi)
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j=0

g
(
m0

j

)
Csca

(
Xi,m0

j

)
, (9)

αs
p =

1
NN′ 〈Csca〉

N∑

i=0

f (Xi)
N ′∑

j=0

g
(
m0

j

)
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)
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p

(
Xi,m0

j

)
, p = 1..4, (10)
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βs
p =

1
NN′ 〈Csca〉

N∑

i=0

f (Xi)
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j=0

g
(
m0

j

)
Csca

(
Xi,m0

j

)
βs

p

(
Xi,m0

j

)
, p = 1..2, (11)

where f (X) is the normalized distribution over particle radii, and g
(
m0

)
is the normalized distribution of

refractive indices of the particle. If we know αs
p (p = 1..4), βs

p (p = 1..2), and the orientation-averaged
scattering 〈Csca〉 cross-section, we can calculate any characteristic of scattered light [3]. Performing multiple
computations of the above-listed values requires a significant computational investment, especially in the
case of a large interval. Using our approach makes the calculations much more rapid and efficient. Time
savings are approximately a factor of 10 for interval consisting of 100 particles [2].

4 Results and discussion

To illustrate the approach we calculate the degree of linear polarization of an ensemble of randomly oriented
cubes with a homogeneous size distribution averaged over the interval X = 5.0÷ 3.0 and with homogeneous
refractive-index averaging over the interval m0 = 1.5 ÷ 2.0 (see Fig. 1). For comparison we show a curve for

Figure 1: Degree of linear polarization
of ensemble of cubes with size averag-
ing over the interval X = 5.0÷3.0 and
with refractive index averaging over
the interval m = 1.5÷2.0. For a com-
parison we show curve for cube at X =

5.0; m = 1.313.

Figure 2: Normalized intensity and degree of linear polariza-
tion of ensemble of spheres with size parameter X = 3.0;
m = 1.2 without size and refractive index averaging (dot-
ted curves); with size parameter X = 3.0; m = 1.2 with-
out size and refractive index averaging (dash-dottted curves);
at X = 3.0 with refractive index averaging over the inter-
val m = 1.2 . . . 2.0 calculated directly with Mie equations
(solid curves) and at X = 3.0 with refractive index averag-
ing over the interval m = 1.2 . . . 2.0 calculated with T-matrix
approach (points).
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a cube with X = 5.0; m0 = 1.313. As can be anticipated, the averaging makes the curves much smoother. We
also calculate the normalized intensity and degree of linear polarization of spheres with X = 3.0; m0 = 1.2
and 2.0 (dashed and dash-dotted curves). In addition, we calculate scattering for ensembles of spheres at
X = 3.0 with averaging over the interval m0 = 1.2 ÷ 2.0. The Mie equations (solid curves) and T -matrix
approach (points) are used (see Fig. 2). As can be seen the averaging results in smoother curves, having
smaller amplitude oscillations. Calculations carried out with the Mie equations and the T -matrix approach
are very close each to other.

5 Conclusion

We develop a modification of the T -matrix method, which allows us to separate the contributions of different
parameters of the scattering object. Our approach allows for the rapid calculation of the T -matrix of different
scattering objects of a given shape, yet having different sizes or refractive indices. These calculations require
a significant time investment, especially if carried out over both a size and refractive-index distribution. By
separating the shape matrix, this investment can be reduced significantly.
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Abstract

We present results of our first photometric measurements of bright (MgO) and very dark
(carbon soot) samples at extremely small phase angles. No opposition effect of carbon soot
was found at the range 0.008 – 2.0◦; whereas the MgO deposits show a narrow brightness
spike of significant amplitude. These measurements as applied to interpretation of Kuiper
belt objects suggest that the albedo of these objects cannot be low.

1 Introduction

Telescope photometric observations have shown (see, e.g., [1] and references therein) that some Kuiper
belt objects reveal a prominent brightness opposition spike that is extremely narrow. These objects are
observed at very small phase angles, <2◦. To model this effect in a laboratory is not a simple task, since
very small angle apertures of the light source and the receiver must be used for such measurements. Our
small-phase-angle photometer/polarimeter [2] allows a minimum phase angle of 0.2◦which is greater than
the beginning of the spike of object 1993 SC. For this reason, we had tried to construct another instrument
to measure extremely small phase angles in an elevator shaft of the Kharkov National University building,
which allows us to measure samples with a laser illumination at separation distances between the sample
and the aperture of 40 meters. However, we have found that such measurements require very clean air in the
shaft, as instrumental light scattering by dust particles in the shaft air can distort the phase curves of dark
samples, suggesting a false brightness opposition surge. Finally, the instrument was constructed in an old
laboratory of our Institute that had been exploited as an analog processor for Fourier transformation of large
images. This setup allows for measurements with the minimum phase angle 0.008◦.

2 Instrument and its verification

To perform laboratory photometry of structure analogs of planetary regoliths at very small phase angles, we
constructed a new instrument using an optical bench (see Fig. 1, right). The laser extra-small phase-angle
photometer allows us to investigate the opposition effect of complicated surfaces in a vertical position in
the range of phase angles 0.008◦– 1.2◦. The extremely small phase angles are feasible due to small linear
apertures of the light source (a laser) and receiver (photomultiplier Hamamatsu H5783-01) and the large
distance from the light source and detector to the scattering surface (samples) that is 25 m. The linear
diameter of the apertures is 2 mm. In the laboratory we use a clean-room environment that helps eliminate
scattering by dust particles in air. The photometer of extremely small phase angle measurements uses gas
monomodal non-polarized lasers with wavelengths 0.44 µm, 0.55 µm, 0.63 µm, and 1.15 µm (P = 2.0 mW)
as light sources. The diameter of the output light beam is 1.4 mm. The use of polarized lasers allows us to
investigate depolarization effects. The optical scheme of the photometer is shown in Fig. 2.
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Figure 1: General look of the instrument for measurements at extremely small phase angles. Left: a look of
the light source and receiver blocks. Right: a look from near the sample location.

The light flux arriving at the detector is very small, since the aperture of the detector occupies ap-
proximately 10−9 part of the backscattering hemisphere; therefore, all measurements are carried out in full
darkness. For light detection we use a pinhole camera, a circular cone with a truncated top (Fig. 1, left).
As has been mentioned the minimal phase angle is 0.008◦and the phase angle resolution is less than 16.5′′.
The linear diameter of the samples we used is about 7 cm. The sensitive area of the multiplier photocathode
entirely includes the light spot on the target (sample). So, the problem of eliminating the parasitic illumina-
tion is rather important. The presence of such illumination is verified by digital control shots with a Canon
EOS 300D camera at the highest sensitivity for different phase angles. In addition, the measurement process
includes estimates of the total light background. In addition, the checking procedure includes measurements
of the light background from the totally reflecting prism that is used in the optical scheme to turn the laser
beam. We make this check by bringing the detector aperture to the laser beam (toward minimum phase an-
gles). We change the phase angle by moving the detector block, because it is less massive and more compact
than that of the block of light source with the lasers. The block of the detector consists of the pinhole camera
with the photomultiplier inside and the coaxial guiding spyglass. The spyglass is needed for aiming at the
sample after a phase angle displacement of the detector block. The eyepiece of the spyglass has a rectangle
grid that is necessary for precise guiding of the sample. An additional light pointer, which is located near
the target and switched on only during the guiding operation, is used either for low albedo samples or for
measuring infrared light that we cannot visually detect. Each sample is measured at least twice at increasing
and decreasing phase angles. Coincidence of these two dependencies is an indicator of the reproducibility
of the measurements. An important verification is to estimate parasitic light scattering by dust in air for low
albedo samples at extremely small phase angles. For test we use as a sample an optical filter absorbing light
at the laser wavelengths. We deflect the filter normal to avoid specular reflection toward the light detector.
Thus, we obtain the signal due to the dust in air. Note that studies of linear polarization effects are also
feasible if a polarizer that is placed before the photomultiplier is used.

3 Results and discussion

We show preliminary results of our measurements of two samples with very different albedo, a very bright
smoked MgO surface and a very dark carbon soot surface in Fig. 3. All measurements shown here were
made at the laser wavelength 0.63 µm. For presentation we use log scale for intensity. For both samples
we use thick layers of smoked materials, and both surfaces are very fluffy. Open points and crosses rep-
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Figure 2: Optical scheme of the photometer: (1) laser, (2) totally reflection prism, (3) a pinhole camera, (4)
photomultiplier, and (5) correction spyglass.

resent results of measurements with the laser photometer at a phase angle range from 0.008◦to 1.2◦. Each
point of these phase curves (open circles and crosses) is a result of averaging three measurements. The du-
ration of each measurement is 2 s. The curves are in good agreement with similar dependencies obtained
for the same samples using the small-phase-angle photopolarimeter working in the range of phase angles
0.2◦– 17.2◦(points and pluses) [2]. The albedo of the samples was determined at 2◦phase angle relative the
photometric standard Halon [3]. The bright and dark samples have albedo 99% and 2.5%, respectively.

Figure 3 shows that the MgO sample has a very prominent opposition spike at phase angles less, than
0.8◦. This spike is related to the coherent backscatter effect that is ubiquitously observed in nature (see, e.g.,
[4]). This spike is similar to that observed for some Kuiper belt objects, although the spike of the object
1993 SC is even narrower than in the case of the MgO surface. An explanation of this is that the surface of
the object is noticeably more fluffy than that of the sample. This could be reasonable, as the collision speeds
in the Kuiper belt are very low. The dark sample of carbon soot does not show any opposition features; its
phase curve is almost linear in the range 0.008◦– 2◦(Fig. 3, left). On the other hand, if we consider a wider
phase angle range 0.008◦– 17◦(Fig. 3, right), the non-linearity of the carbon soot phase curve may be seen
very clearly. This feature can be explained in terms of the shadow effect, though a small contribution of the
coherent backscattering cannot be excluded.

4 Conclusion

At the present time, we are initiating research with a new laboratory laser photometer covering an extremely
small phase-angle range (0.008◦– 1.2◦). Our photometric laboratory measurements of a smoked MgO sam-
ple have shown a very narrow opposition spike of the sample at phase angle less than 0.8◦; whereas, the
carbon soot shows almost linear behavior of the phase function at small phase angle, as can be anticipated.
From our intensity measurements pertaining to very low (2.5%) albedo surfaces it follows that the generally
assumed albedo of 4% for KBOs seems to be incompatible with the presence of an opposition spike in some
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Figure 3: Photometric phase curves for MgO (open circles and points) and carbon soot (crosses and pluses)
measured the laser laboratory photometer (open circles and crosses) and the small-phase-angle photopo-
larimeter [2] (points and pluses). The curves are normalized at 0.7◦(left plots) and at 10◦(right plots).

of these bodies. The Kuiper belt objects revealing the opposition spike have a high surface albedo that is
necessary to produce the coherent enhancement.
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Abstract

Photometric and polarimetric observations of high-albedo Solar System objects at small
phase angles reveal a unique combination of extremely narrow brightness and polarization
features centered at exactly the opposition. The comparison of morphological parameters
of these features with the results of theoretical investigations provide an almost uncontro-
versial evidence that they are caused by the renowned effect of coherent backscattering.

1 Introduction

The spectacular effect of coherent backscattering (CB) (or weak localization) of electromagnetic waves by
discrete random media was predicted in [1] and has been the subject of active theoretical and laboratory
research for the past two decades (see [2] and references therein). Among the most salient manifestations of
CB are the brightness opposition effect (BOE) and the polarization opposition effect (POE) [3]. The BOE is
observed in the form of a narrow intensity peak centered at exactly the backscattering direction. The POE
is observed in the form of a sharp asymmetric negative-polarization feature with a minimum at a very small
phase angle. Both effects are clearly seen in Fig. 1 which depicts the results of theoretical computations
of the normalized intensity and the linear polarization of light reflected by a half-space of nonabsorbing
Rayleigh particles illuminated by an unpolarized parallel beam incident normally to the boundary of the
scattering medium [4].

Both BOE and POE have been observed in numerous controlled laboratory experiments. However, the
subtlety of these effects, the complexity and incompleteness of the corresponding theory, and the extremely
infrequent occurrence of suitable scattering configurations may seem to make essentially improbable a di-
rect and definitive detection of CB in astronomical observations of celestial objects. Nevertheless, we present
an almost unequivocal evidence that CB is present in precise, long-term photometric and polarimetric ob-
servations of sunlight reflected by high-albedo atmosphereless Solar System bodies (ASSBs) covered with
fine-grained so-called regolith surfaces.

2 Theoretical predictions

It had been hypothesized early on (see references in [2]) that CB might play a role in forming the renowned
photometric opposition effect exhibited by most ASSBs. However, the same effect can be produced by other
optical mechanisms such as shadow hiding [5]. Therefore, it was suggested in [3] that a reliable detection of
CB for an ASSB requires the observation of more than one manifestation of CB and a verification that the
observations do not contradict theoretical predictions of the plausible ranges of measured parameters. These
theoretical predictions can be summarized as follows.
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Figure 1: Angular profiles of BOE (thick gray curve) and POE (thin black curve). The reflected intensity
is divided by that of the incoherent background. The degree of linear polarization is defined as the Stokes-
parameter ratio Q/I with the meridional plane of the reflection direction serving as the reference plane. The
dimensionless angular parameter q is defined as the product of the phase angle, the wave number, and the
mean free path of light in the scattering medium.

(1) By virtue of being the result of multiple scattering, CB is more likely to be observed for high-albedo
ASSBs rather than for low-albedo objects such as the Moon.

(2) Irrespective of particle size relative to the wavelength, CB causes BOE as a narrow intensity peak
centered at exactly the opposition. The observed angular width and amplitude of this peak must be
in reasonable agreement with the results of theoretical computations of CB for the expected range of
particle sizes, refractive indices, and packing densities (see references in [2]).

(3) Since the incident sunlight is essentially unpolarized, BOE must be accompanied by POE provided
that the regolith grains have sizes comparable to or smaller than the wavelength (see [3, 4, 6] and
references in [2]). The angular width of POE must be comparable to that of BOE.

3 Observational evidences

Even though theoretical predictions are formulated intentionally in rather broad terms, their verification for
specific ASSBs can be extremely difficult. Indeed, the accumulation of a detailed data set with fine angular
resolution and phase-angle coverage extending down to a small fraction of a degree typically takes several
observation cycles separated by long periods (often lasting for years if not decades!) during which the cor-
responding sun-object-observer configurations are useless. Furthermore, the photometric and polarimetric
accuracy and precision of the instruments used must be very high.

Despite the above-mentioned challenges, the accumulated body of high-quality long-term astronomical
observations, including the most recent results, does allow one to identify a class of high-albedo ASSBs with
unique opposition properties. This class includes the so-called E-type asteroids 44 Nysa and 64 Angelina,
the planetary satellites Io, Europa, Ganymede, and Iapetus, and the A and B rings of Saturn. The results of
photometric and polarimetric observations of these objects in the visible spectral range are summarized in
Fig. 2 and reveal the following main features.
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Figure 2: Relative intensity and linear polarization versus phase angle for high-albedo ASSBs. New pho-
tometric and polarimetric measurements as well as the results from previous publications are used (see [7]
and references therein). The intensity is normalized to unity at the smallest phase angle available. The polar-
ization data for Io, Europa, Ganymede, and Saturn’s rings at phase angles greater than 1◦ were obtained by
averaging data over 1◦ intervals with equal weight assigned to each observation. The photometric and po-
larimetric data were fitted with an exponential-linear function and a trigonometric polynomial, respectively.

(1) Each photometric phase curve has a linear background with a superposed nonlinear peak centered at
opposition. The backscattering intensity peaks are extremely narrow. Their actual angular widths are
still uncertain because (i) the data points remain sparse, especially for Io, Ganymede, and Iapetus;
(ii) the smallest phase angle in the actual astronomical observations is never equal to zero; and (iii)
the Sun is a source of light with a nonzero angular width when viewed from an ASSB. However, it
is obvious that the peaks are much narrower than those caused by shadow hiding in dark regoliths of
low-albedo ASSBs [5].

(2) Each polarization phase curve in Fig. 2 exhibits a narrow local minimum centered at a phase angle
approximately equal to the angular width of the corresponding intensity peak. Each minimum is super-
posed on a much broader, nearly parabolic negative polarization branch (NPB) outlined schematically
by a solid curve. The NPB appears to be a ubiquitous trait of ASSBs. However, its physical origin re-
mains to be uncertain (see [8] and references therein). Although it has been suggested that NPB could
be caused by CB from particulate media [9, 10], the results of [3, 4, 6] indicate that this conjecture is
unlikely to be correct.



242 Ninth Conference on Light Scattering by Nonspherical Particles

4 Comparison of theoretical computations and observations results

The angular widths of the backscattering intensity peaks in Fig. 2 are consistent with the results of theoretical
computations of CB [11] for particle sizes of the order of the wavelength, packing densities ranging from
several percent to approximately 40%, and particle compositions ranging from water ice (Europa, Saturn’s
rings) to silicates (44 Nysa and 64 Angelina). The amplitudes of the peaks are also consistent with the theory
of CB [2, 12] and the assumption that a significant fraction of the surface of these ASSBs is covered with a
fine-grained material causing CB.

The shapes of the narrow backscattering polarization minima are quite similar to that of POE caused by
coherent backscattering from a half-space of nonabsorbing Rayleigh scatterers (Fig. 1). The magnitudes of
the polarization minima are smaller than that in Fig. 1 and are different for the different ASSBs. This is not
surprising since the actual regolith grains are not Rayleigh scatterers and their sizes and refractive indices
cannot be expected to be the same for all the ASSBs. Furthermore, the fraction of the visible surface causing
CB can also vary with object, thereby changing the resulting polarization.

5 Conclusion

We conclude that our semi-quantitative analysis of the astronomical observations based on the existing the-
ory of CB is justified, especially in view of the fact that the observations exhibit a unique combination of
BOE and POE and do not appear to contradict any relevant theoretical prediction. A more quantitative anal-
ysis of these observational data in terms of specific physical parameters is hardly possible now because of
the limited nature of the dataset, the constrained theoretical ability to compute all radiometric and polarimet-
ric characteristics of CB for realistic polydisperse particle models [6, 13], and the extreme morphological
complexity and heterogeneity of the surfaces of the ASSBs. However, the data summarized in Fig. 2 do
appear to represent a critical mass of evidence that however artificial and subtle the effect of CB may seem
to be, it can still occur in a purely natural, majestic, and virtually timeless context of the Solar System. This
conclusion is the main result of our analysis.
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Abstract

The generalized Mueller matrix for inhomogeneous linear birefringent medium in single
scattering approximation has been derived. On this basis the dependence of output radiation
depolarization degree versus polarization of input radiation — polarization memory — for
this class of objects is studied.

1 Introduction

The homogeneous anisotropic media do not depolarize output radiation [1]. On the contrary, inhomogeneous
anisotropic media under certain conditions depolarize the radiation they interact with. Depolarization of
output radiation depends on polarization of input radiation and gives important information about object’s
properties (see, for example, [2] and references therein). Using the notation from [3], this effect is called
polarization memory of the object. Hitherto this effect was only observed for the case of multiple scattering.
The main goal of our paper is to derive the generalized Mueller matrix of inhomogeneous birefringent object
in single scattering approximation and to study the peculiarities of its polarization memory.

2 Theory

The studied object is a slab of anisotropic medium, located in a plane z = 0 (Fig. 1). Inhomogeneity of the

Figure 1: Geometry of the problem.

object is specified by variation of its thickness h(ρ) that is assumed to be a statistical process with known
characteristics. Specifically, if the object is represented by a plate processed with an abrasive powder, or its
roughness was obtained as a result of other natural causes, then its thickness distribution is well described
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by a uniform Gaussian process with the following parameters: mean thickness h, mean-square deviation σh

and correlation coefficient between screen thickness at two points of exponential form

γh (ρ−) =
h (ρ1) · h (ρ2)

σ2
h

= exp

−
ρ2−
ρ2

0

 (1)

that depends only on the distance between the points ρ− = ρ2 − ρ1 and is characterized with correlation
radius ρ0.

Anisotropy of the medium is given by its polarization eigenstates and the corresponding eigenvalues.
Interaction of such medium with radiation is described by its Jones matrix:

T =


exp (−iφx) 0

0 exp
(
−iφy

)
 . (2)

We will consider the case when fast axis of the studied object is oriented parallel to x-axis. Let us
consider incident field distribution to be Gaussian in the plane normal to its propagation direction, with the
waist of the beam located in a plane z = 0, a denoting beam’s radius and Ein denoting field’s Jones vector
in the centre of the beam that in particular holds information about its polarization state. Coherent field
properties will be described using the following function of two points in a xy-plane that would be called
“coherence matrix”:

G (ρ1, ρ2) =
〈
E (ρ1) ⊗ E∗ (ρ2)

〉
, (3)

where asterisk (∗) stands for complex conjugation, circled cross (⊗) Kronecker product, and angle brackets
〈...〉 average over statistical ensemble of the fluctuating field.

Then elements of the incident beam coherence matrix are

Gin
i j (ρ1, ρ2) = Ein

i (ρ1) Ein∗
j (ρ2) = Gin

i j exp
{
−
(
ρ2

1 + ρ2
2

)/
a2

}
. (4)

Here, Gin
i j is the field’s coherence matrix in the center of the beam. The input and output radiation is con-

nected in the following form:
Escr

i (ρ) = Ti j (ρ) Ein
j (ρ) . (5)

Then elements of the field coherence matrix

Gscr
i j (ρ1, ρ2) =

〈
Escr (ρ1) ⊗ Escr∗ (ρ2)

〉
i j = Φi j (ρ1, ρ2) Gin

i j (ρ1, ρ2) , (6)

that means that in terms of the coherence matrix interaction with the object is described by tensor:

Φi j (ρ1, ρ2) =
〈
Tii (ρ1) T ∗j j (ρ2)

〉
. (7)

Here, it is taken into account that Jones matrix Eq. (2) has diagonal form.
Substituting elements of medium Jones matrix, performing averaging as described in [4] and using

approximation decribed in [5], we will obtain the following expression:

Φi j (ρ1, ρ2) =
〈
exp

{
ik

[
(ni − 1) h (ρ1) −

(
n j − 1

)
h (ρ2)

]}〉
= Φ

br f
i j

1 − ηi j + ηi j exp

−
σ2

i j

ηi j
· ρ

2−
ρ2

0


 , (8)

where σ2
i j = k2σ2

h (ni − 1)
(
n j − 1

)
, η = 1− exp(−σi j) and Φ

br f
i j = exp

{
ik

(
ni − n j

)
h̄ − k2σ2

h

(
ni − n j

)2
/
2
}

—
factor that is equal to unity if i = j, while i , j if it describes phase shift between x− and y−components
of the wave induced by anisotropy, as well as the decrease of correlation degree between these components
induced by object thickness fluctuations.
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Coherence matrix at a distant point may be determined on the basis of Fresnel approach [4]:

Gout
i j (ρ, z) =

k2

4π2z2

∫ ∫
Gscr

i j (ρ1, ρ2, 0) exp
{

ik
(ρ − ρ1)2 − (ρ − ρ2)2

2z

}
d2ρ1d2ρ2 . (9)

After introducing a difference variable ρ− = ρ2 − ρ1 and performing the integration, we will obtain the
following equation that relates field coherence matrix at a distant point (ρ, z) to the coherence matrix at the
incident beam center:

Gout
i j (ρ, z) = Φi j (ρ, z) Gin

i j , (10)

Φi j (ρ, z) =
1
2

(
kaw
2z

)2

Φ
br f
i j


(
1 − ηi j

)
exp

−
(
kρw
2z

)2
 +

ηi j

σ̃2
i jw

2 + 1
exp

−
1

σ̃2
i jw

2 + 1

(
kρw
2z

)2
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where w =
{
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and σ̃2
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ηi jρ
2
0
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Using relation between Stokes vector and coherency matrix via Pauli matrices σ:

Gi j =
1
2
σ(m)∗

i j S m ⇔ S n = σ(n)
i j Gi j , (12)

we will obtain the following equation for generalized Mueller matrix of the studied object class:

M =



Φ11 + Φ22 Φ11 − Φ22 0 0
Φ11 − Φ22 Φ11 + Φ22 0 0

0 0 Φ12 + Φ21 i (Φ12 − Φ21)
0 0 −i (Φ12 − Φ21) Φ12 + Φ21


. (13)

3 Modelling

The polarization degree of output radiation in case of completely polarized input radiation is:

S in = [1; cos 2θ cos 2ε; sin 2θ cos 2ε; sin 2ε]T . (14)

Taking into account Eq. (13) it can be calculated as:

p =

√
(Φ11 − Φ22 + (Φ11 + Φ22) cos 2θ cos 2ε)2 + 4Φ12Φ21 sin2 2ε + 4Φ12Φ21 cos2 2ε sin2 2θ

Φ11 + Φ22 + (Φ11 − Φ22) cos 2θ cos 2ε
. (15)

The dependence of polarization degree of output radiation (Eq. (15)) versus polarization of input radiation,
θ and ε, for object with following parameters σh = 20µm, ρ0 = 50µm and the value (no − ne) for calcite
CaCO3 and λ = 0, 63µm is shown in Fig. 2a.

As it can be seen from Fig. 2a even in the case of single scattering for inhomogeneous linear birefringent
objects significant dependence of the polarization degree of output radiation versus input radiation polariza-
tion is observed including both completely polarized and depolarized radiation. The peculiarities of this
dependence are determined by the parameters of anisotropy and inhomogeneity of studied object. At that,
for the left and right circular input polarizations the polarization degrees of output radiation are equal. It is
important to note that the input radiation with polarizations, which coincide with medium eigenpolarizations
(in this case these are horizontal and vertical linear polarizations), does not undergo depolarization.

Figure 2b illustrates the dependence of azimuth, θfull.dep, of input radiation linear polarization for which
output radiation is completely depolarized versus input radiation wavelength. It can be seen that in region
(0.2 ÷ 1.5) µm of wavelength the value of θfull.dep reduces from 57◦ to 53◦. This results from the calcite’s
refractive index dispersion, and, therefore, illustrates polarization memory dispersion. Dependence of the
ratio I90◦/I0◦ versus wavelength results in correspondent dependence of halfwidth of scattering indicatrix
versus (i) wavelength and (ii) azimuth of input polarization for each of wavelength for this class of objects.
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Figure 2: a) Dependence of polarization degree of output radiation, p, versus input polarization parame-
ters, θ and ε. b) dependence of azimuth, θfull.dep, of input radiation linear polarization, for which complete
depolarization takes place, and output intensities ratio, I90◦/I0◦ , versus input radiation wavelength.
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Abstract

We present results of our polarimetric investigations of the Moon at large phase angles.
We suggest characterizing the lunar regolith with the parameter (Pmax)aA, where Pmax, A,
and a are the degree of maximum polarization, albedo, and the parameter describing the
linear regression of the correlation Pmax–A, respectively. The parameter bears significant
information on the particle characteristic size and microporosity of the lunar regolith. We
show that color-ratio images obtained with a polarization filter at large phase angles suggest
a new and effective tool to study the lunar surface, since the color-ratios C||(0.65/0.42 µm)
and C⊥(0.65/0.42 µm) are sensitive to different thickness of the regolith surfaces.

1 Introduction

The Moon was the first celestial body investigated by the polarimetric method. In 1811, D. F. Arago found
that lunar maria exhibit polarization at phase angles closed to 90◦using a polariscope. This effect can be
observed with a small telescope with a polarizer. Although having a long history, polarimetry of the Moon
has been undeveloped. The reason is that there is an inverse correlation between albedo A and polarization
degree P of light scattered by the lunar surface at phase angles near the polarization maximum. This effect
is called Umov’s law. The correlation is almost linear on a log-log scale: log Pmax + a log A = b, where a
and b are constants [1]. The correlation coefficient has been measured up to 0.95. Because of this, mapping
Pmax has been considered non-informative. One consequence of this is that polarimetry of the lunar surface
has never been carried out by spacecraft.

2 New application of lunar polarimetry

To obtain information from the polarization, it was suggested [2] to use the deviation from the regression
line of the correlation as an independent parameter. To characterize the deviations, the parameter (Pmax)aA
has been proposed. It bears significant information on the particle characteristic size and microporosity of
the lunar regolith [2–4]. Analysis of images presenting a distribution of (Pmax)aA shows [3]:
(1) rayed young craters have increased values of the parameter because of the immature character of the
local regolith (coarser grains);
(2) there are regions characterized by decreased values of (Pmax)aA, e.g., Aristarchus Plateau and Marius
Hills area.
These are pyroclastic zones, which could be accompanied by ash deposits containing fine (dust) particles.
These features are illustrated in Fig. 1 showing the western part of the Moon. Figure 1(a) shows an image of
the lunar albedo at the wavelength 0.43 µm. The brightness trend from the lunar limb and the terminator was
compensated as described in [3]. Figure 1(b) presents a distribution of the degree of polarization. This is very
close to an albedo negative, owing to that there is the inverse correlation between albedo and polarization.
Figure 1(c) is an image demonstrating the distribution of the parameter (Pmax)aA. Laboratory measurements
of lunar samples have shown that the variations of the parameter correlate with the particle size [3]. Young
craters show up in Fig. 1(c) indicating coarse particles.
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Figure 1: (a) an albedo image after compensation of the brightness trend “limb – terminator”, (b) an image
of the degree of polarization, and (c) an image of the deviation from Umov’s law, the parameter (Pmax)aA.

3 Color ratio images of polarimetric components

Recently, we carried out new photopolarimetric observations of the Moon with the telescope Zeis-600 of
Simeiz Observatory (Crimea). A CCD LineScan Camera SONY ILX707 was used. The western portion
of the lunar disk was scanned with a 2048-pixel line in two wide spectral bands, λred = 0.65 µm and
λblue = 0.43 µm. Several scans of the Moon were performed at the phase angle near 88◦that is rather close
to the angle of maximum lunar polarization as this maximum is wide enough. We used a polarization filter
orienting it parallel and perpendicular to the scattering plane. Then we compensated the brightness longitude
and latitude trends [3] and calculated the albedo distribution (brightness after compensation of the global
longitude and latitude trends). It allows us to retrieve the color-ratio (0.65/0.42 µm) using the polarimetric
albedo components corresponding to the parallel and perpendicular orientations of the polarization filter to
the scattering plane; these images are presented in Figs. 2a-c, respectively. The color-ratio images or similar
ones can be found in many works, as they have been used to estimate the titanium distribution over the lunar
surface (see, e.g., [5]). Figures 2(b) and (c) are a first attempt to map color characteristics of the Moon in
the polarizing components, though the importance of polarimetric effects in analyses of color-ratio images
acquired at large phase angles was realized 40 years ago [6]. The color ratios for the albedo polarization com-
ponents reveal noticeable variations. There is a resemblance between the color-index distribution (Fig. 2a)
and the color-ratio for the perpendicular albedo component (Fig. 2c). The color-ratio image correspond-
ing to the parallel albedo component (Fig. 2b) clearly shows the ray systems of large craters, like Kepler
and Copernicus. The maria/highlands contrast is different for the C||(0.65/0.42 µm) and C⊥(0.65/0.42 µm)
images.

4 Polarimetric color-ratio and surface/bulk inhomogeneity of regolith
particles

We suggest the following qualitative interpretation of the C||(0.65/0.42 µm) and C⊥(0.65/0.42 µm) images.
The perpendicular polarization component is produced mainly with small scatterers and quasi-Fresnel re-
flections from smooth facets of lunar grains. In the latter case a thin slab of the grain surface is responsible
for reflections practically independently of the use of red or blue light. The parallel polarization component
is primarily formed by internal scattering in rather large particles and depends strongly on their absorbing
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Figure 2: Color-ratio images. (a) C(0.65/0.42 µm), (b) C||(0.65/0.42 µm), and (c) C⊥(0.65/0.42 µm).

Figure 3: DDA calculation of polarization degree (left) for irregular model particles (right) with m = 1.6 +

510−4i. (a) x = 2, (b) x = 6, (c) x = 10, and (d) x = 12; the curves represent 1) homogeneously filled
particles, 2) hollow shells whose thickness is 3 dipoles, and 3) hollow shells whose thickness is a monolayer
of dipoles.

properties. We model light scattering by an ensemble of independent scatterers, applying the DDA technique
to irregular particles whose size is comparable with the wavelength.

In the DDA approach the scattering volume of particles is discretized and the individual cells are as-
signed optical properties [7]. Generation of irregular particles that can be considered as a model of lu-
nar regolith grains (Fig. 3) is described in [8]. Results of calculations are averaged over a large number
of random model particles samples, usually about 100. We made calculations for silica model particles,
m = 1.6 + 510−4i, with size parameter x = 2πr/λ = 2, 6, 10, and 12, where r and λ are the gyration radius of
the particle and wavelength, respectively. Three cases are calculated: 1) homogeneously filled particles, 2)
hollow shells whose thickness is 3 dipoles, and 3) hollow shells whose thickness is a monolayer of dipoles
(curves 1–3 in Fig. 3, respectively). As one can see, the maximum polarization effect is produced with the
monolayer of dipoles in the case of rather large particles, x > 6, as was anticipated.

Thus, the C⊥(0.65/0.42 µm) image acquired at large phase angles provides information on the compo-
sition of superficial layers of regolith grains. These layers usually contain a surplus of nanophase metallic
iron (npFe0) that is an indicator of the maturity of the lunar regolith, the parameter Is/FeO [9]. Agglutinate
particles of the mature lunar regolith include the npFe0 in the surface layers as well as in their volume;
whereas, particles of the immature lunar regolith contain npFe0 only in superficial zones [9]. This means
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that the parameter C⊥(0.65/0.42 µm) should not be as sensitive to the mature effects as the C||(0.65/0.42 µm).
This is why we almost do not see bright young craters in Fig. 2c (except for the crater Aristarchus). In con-
trast, the image in Fig. 2b presents information about deeper layers of the regolith grains and the parameter
C||(0.65/0.42 µm) should be more sensitive to the npFe0 in bulk. This results in the observance of young
craters and ray systems in Fig. 2b.

5 Conclusion

Color-ratio images obtained with a polarization filter suggest a new and effective tool to study the lunar
surface, since the C||(0.65/0.42 µm) and C⊥(0.65/0.42 µm) images are sensitive to different thicknesses of
the regolith grain surfaces. This approach can be applied to lunar observation using spacecraft, in particular,
with the Hubble Space Telescope (HST) ACS camera in short wavelengths may provide images with a
spatial resolution near 50 m/pixel that is much better than the resolution of Clementine images. In the
spectral range 220–380 nm the lunar surface has very low albedo. Due to that one may expect the maximum
degree of polarization of the lunar surface to be as high as 30–40 %. This can be measured with the HST
ACS camera that allows detection of features with polarization degree contrast as small as 0.2%, as it has
been reported for polarimetric imaging observations of Mars during the 2003 opposition [10].
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Abstract

Phase curves of intensity are calculated for light scattering in media randomly packed with
large non-transparent spheres (X = 50) the surfaces of which reflect according to the Fres-
nel equations. We consider three values of refractive index: m= 1.5 + 5.3i (metal Al), 1.6
+ 1.72i (metal Fe), and 1.5 + 0.001i (black glass). We use a Monte-Carlo ray-tracing ap-
proach. Different kinds of electromagnetic phase shifts of reciprocal trajectories are inves-
tigated for the second and third orders of scattering; the highest orders give comparatively
small contributions. We find that the main electromagnetic phase difference between the
direct and time-reversal trajectories is the outer (geometric) phase shift that depends only
on the pathlength in the medium and phase angle. The inner phase shift that depends on the
particle size and phase angle can give oscillations in phase curve of the second order if the
medium consists of strictly mono-disperse spheres.

1 Introduction

Coherent backscattering enhancement is a phenomenon ubiquitously observed in nature. The most spectacu-
lar effect is the brightness opposition spike of the ice surface of Europa (Jupiter satellite) and Saturn’s rings.
The coherent backscattering mechanism as applied to planetary surfaces is widely discussed, especially in
context of the negative polarization at small phase angles (see, e.g., [1–4]). There are several approximate
approaches to model the coherent backscattering enhancement effect. One of them is the consideration of
an infinite cloud of smooth facets randomly oriented in space. Fresnel double reflections from these facets
for reciprocal trajectories provide the coherent enhancement of intensity and the negative polarization at
small phase angles [5]. We consider a model of large non-transparent spheres specularly reflecting light. In
this case, the close reciprocal trajectories are feasible even if the phase angle α is not zero. There are three
contributors to the phase difference between reciprocal trajectories:
(1) the ray pathlength difference outside the medium, that is revealed when the point where a ray entering
the medium and the point where it leaves the medium are swapped (that we call the outer phase shift),
(2) the ray pathlength difference that occurs due to shifting the mirror reflection points on the spheres’ sur-
faces (inner phase shift), and
(3) the phase difference that occurs due to the Fresnel reflections when the difference in reflecting angles is
varied.
All of these factors depend on medium parameters, and, as a result, the total phase shift could be a complex
function of phase angle. Neither astrophysical observations nor laboratory measurements can separate these
electromagnetic phase shifts between reciprocal (direct and time-reverse) trajectories. The main goal of our
computer simulation is to study these effects using the second and third scattering orders.
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2 Model used

We use a computer model of a random medium consisting of non-overlapped spherical opaque particles,
which was described in detail in [6, 7]. The main characteristic of such a medium are the particle size,
packing density (the part of volume, which is occupied by particles), and the optical constants of the par-
ticles. Our model contains approximately 106 spheres with size parameter X = 2πr/λ = 50, where r and
λ are the radius of sphere and the wavelength, respectively. We consider three values of refractive index:
m= 1.5 + 5.3i (metal Al), 1.6 + 1.72i (metal Fe), and 1.5 + 0.001i (black glass). The packing density is 0.3
in all cases. The Monte-Carlo ray-tracing algorithm that accounts for reciprocal rays is applied. The main
procedure of the ray tracing starts with randomly distributed points over the upper medium border. The ray
going in a given direction is associated with the Jones matrix. Founding the point where this ray meets the
first particle, we implement a rotation of the coordinate system of the Jones matrix to bring it to the local
reflection plane, then, we multiply the resulting matrix by the reflection matrix consisting of the appropriate
Fresnel coefficients. The next step is to calculate the ray propagation direction due to the reflection. This
process ends when the ray leaves the medium traveling in a known direction (θ,ϕ) after k reflections. The
Jones matrix of such a ray is equal to

Jk(θ, ϕ) = Tk(ε) · Rk(i) · Tk−1(ε) · Rk−1(i) · . . . T1(ε) · R1(i) · T0(ε) , (1)

where Tk(ε) is the rotation matrix, Rk(i) is the reflection matrix, and ε and i are the angles of coordinate
rotation and reflection at each interface. It should be noted that the angles θ and ϕ are functions of the full
set of local incident angles. Coherent backscatter effects are included when the ray leaves the medium after
more than one reflection. In this case we calculate the trajectory of the time-reverse ray that meets the same
particles as the direct ray, but in the reverse order. Some reversal trajectories can be shadowed by other
particles. If such a reversal trajectory exists, we calculate the Jones matrix with a formula similar to (1),
taking into account the electromagnetic phase shift:

J′k(θ, ϕ) = E(L, i0, θ, φ) · E′(l − l′) · Tk(ε) · Rk(i) · Tk−1(ε) · Rk−1(i) · . . . T1(ε) · R1(i) · T0(ε) , (2)

where E is the electromagnetic phase shift factor, L the vector from the point where the direct ray enters the
medium to the point where it leaves the medium, l the direct ray pathlength, l′ the reversal ray pathlength and
i0 the vector describing the initial incident ray. We calculate the sum of the Jones matrices for the direct and
time-reverse rays and calculate the Mueller matrix Mk(θ, φ). These matrices are additive and we accumulate
them in the 3D histogram for each θ and ϕ and scattering order k. This provides us with the possibility
to separate the contributions of different scattering orders to photometrical characteristics of the medium.
These scattering orders show noticeably different behavior. Thus, our modeling allows us conditionally to
“turn off” some phase-shifting factors or to exclude the coherent effect.

3 Results

Figure 1 shows the intensity phase curves for a medium consisting of iron spheres illuminated at a global
incidence angle i0 = 45◦. The scattering plane contains the medium normal. The phase angle α = −45◦

corresponds to the zenith direction, and α = 45◦ for horizon. The total intensity (bold line) and contributions
of the first, second, and third scattering orders are shown. The opposition spike at small phase angles is
well pronounced. This spike is produced mostly by the scattering orders higher than the first one. The first
scattering order shows the wide backscatter maximum caused by the shadow-hiding effect. The second and
third scattering orders reveal the coherent backscattering enhancement spike. We note that the third order
opposition spike is somewhat narrower, than the second one. It is related to the longer light diffusion length
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Figure 1: Phase curves of iron sphere medium; curves 1-3 show first, second, and third orders of scattering,
respectively. All phase shifts are taken into account.

of higher scattering orders. We have mentioned 3 kinds of the electromagnetic shifts. Our model allows us
to investigate scattering characteristics taking into the account each sort of phase shift separately.

Figure 2 shows the phase curves for the second and third scattering orders (naturally, we can ignore here
the first order). Curve “φ1 + φ2 + φ3” corresponds to calculations including the full electromagnetic phase
shifts. Curve “φ1” takes into account only the outer phase difference; it implies that the phase shift is caused
only by the difference of light pathlengths corresponding to direct ray propagation and the case when the
entrance and exit points are swapped.

Figure 2: Phase curves presenting the second (left) and third (right) scattering orders having phase differ-
ences: φ1 is the outer phase shift, φ2 the inner phase shift, φ3 the Fresnel phase shift, and φ1 + φ2 + φ3
accounts for all phase shifts. The mutual shift of the curves is 0.05 starting from the curve “no coherence”
that corresponds to the case when the coherent backscattering effect is ignored.

Curves “φ2” show the case having only the inner phase shift. In this context the word “inner” means that
the phase related to the shifts of the reflection points over the surface of reflecting spheres. This curve shows
oscillations caused by the fact that in the second scattering order, the inner pathlength change depends only
on the particle radius and the phase angle. The oscillations disappear in the third scattering order. This is
consistent with the ray path becoming too diverse, and the simple geometrical mechanism that works for the
second scattering order ceases working.

At last, curves “φ3” was obtained with the Fresnel phase shift only. This phase shift is due to the change
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of incident angles on each reflecting sphere, a result of swapping the first and last points of ray interaction
with the medium. The Fresnel phase shift depends on the refractive index. To study this dependence, we use
three different materials: m= 1.5 + 5.3i (metal Al), 1.6 + 1.72i (metal Fe), and 1.5 + 0.001i (black glass).
We have found that for all cases the Fresnel phase shift does not affect the resulting scattered light intensity.

4 Conclusions

Our computer modeling shows the following:
1. The main contributions to the coherent opposition spike are the second and third orders of scattering.

The highest scattering orders give only a minor contribution to the total scattering intensity even for highly
reflective material, like Al.

2. The main electromagnetic shift between the direct and time-reversal trajectories is the outer phase
shift that depends only on the pathlength in the medium and the phase angle.

3. The inner phase shift that depends on the particle size and phase angle can give oscillations in phase
curves for strictly mono-disperse medium.

4. The Fresnel phase shift depends primarily on refractive index and does not affect the resulting phase
curves.
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Abstract

A dense media vector radiative transfer equation (DMVRTE) for semi-infinite densely
packed media of identical spherical particles has been derived. The equation obtained cor-
responds to the sum of the ladder diagrams in the diagrammatic representation of the Bethe-
Salpeter equation. For the first time it includes particle correlations and near field effects,
but only for the case of ladder diagrams. Some phase curves of intensity and polarization
calculated for different packing densities with the aid of the new DMVRTE are presented
and compared with those for sparse media.

The problem of light scattering by random media is important in many areas of science and technology
where methods of remote sensing are applied to investigate different objects or to verify material properties.
In particular, light scattering is exploited widely in remote sensing of the Earth and planets, in investigations
of dust formation on Earth and in the atmospheres and on the surfaces of planets and small Solar System
bodies.

In the last decades significant progress in theoretical studies of multiple scattering in various random
media has been achieved (see, for example, [1] and references therein). In the case of sparse media there
exists a reliable well formulated theory of radiative transfer. It is widely and successfully applied to the
interpretation of observations and the calculation of radiation fields in atmospheres, including polarization.
In sparse media opposition effects (the backscattering enhancement phenomenon or weak localization effect)
can also be described rigorously [2]. The presently existing theories of light scattering, however, cannot be
reliably applied to interpret observations of densely packed media, like regolith surfaces. This is one of the
reasons why rich material of the photometric and polarimetric observations of planets and satellites cannot
be reliably interpreted. The difficulties of the theoretical description of the scattering of light by densely
packed media are connected with the peculiarities of light scattering by such media which strongly differ
from sparse media.

In the case of a sparse medium a series of simplifying assumptions can be made which allow one to
conduct the theoretical analysis of the light scattering process in a comparatively simple way. If the dis-
tances between neighboring particles are significantly larger than their sizes and the wavelength λ, the wave
travelling from particle i to particle j can be assumed spherical and at particle j can be considered as a plane
parallel homogeneous incident wave. In the theoretical analysis this allows to use concepts of single scatter-
ing theory like the scattering matrix of isolated particles. If the scatterers are randomly distributed then the
reflection matrix for sparse media can be written as a sum of two terms S = SL + SC . The first term (SL)
contains the incoherent part of the scattered radiation, which is described by the vector radiative transfer
equation (VRTE) and in the diagrammatic representation of the Bethe-Salpeter equation corresponds to the
sum of the ladder diagrams (scenario (a) and (b) in Fig. 1). The second term (SC) arises from the interfer-
ence of multiple scattered waves propagating along the same pathway in different direections (scenario (c)).
It manifests itself in the effect of weak photon localization (opposition effect) and corresponds to the sum of
the cyclical diagrams. Because of the low concentration of scatterers the attenuation in the sparse medium
can be described by an exponential law exp(−αk0r), where α = 2Im(me) = ηCext/k0, me is the effective
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refractive index of the medium, η is the concentration of particles, Cext is the extinction cross-section of one
particle, and k0 the wave vector. Note that for a sparse medium α ∝ η. Moreover, there is no correlation
between the location of the particles in the sparse medium. In the framework of such a representation it is
possible to derive from Maxwell’s equations the VRTE [3] as well as an equation for the sum of the cyclical
diagrams [2].

In densely packed media of small particles the distances between scatterers can be comparable to λ.
The radiation scattered by the medium can no longer be represented as sum of only two terms. A signifi-
cant additional contribution to the radiation scattered by the medium can come from, e.g., the interference
between single and double scattered, double scattered and triple scattered waves and so on (scenario (d)).
As the distances between scatterers are comparable to λ, the scenario of interference of waves scattered by
neighboring particles (examples of which are shown in scenarios (e) and (f)) can be of the same importance
as the preceding scenario. In the densely packed medium the reflection matrix must be written in the form
S = SL + SC + SO, where the additional term SO corresponds to the sum of scenarios (d), (e) and (f).

Figure 1: Scenarios of scattering. Solid lines corre-
spond to a wave with initial polarization n and scattered
polarization p. Dashed lines correspond the complex
conjugate wave with corresponding polarization ν, µ.

Figure 2: Wavefront passing through a layer of parti-
cles: the near-field effects.

All these matrices should be calculated with taking into account the inhomogeneity of waves close to
the particles, the near-field effects. Since every particle acts as an amplitude-phase inhomogeneity the wave,
after having passed through a layer of particles, becomes strongly inhomogeneous (Fig. 2). The analysis of
scattering of such an inhomogeneous wave by a neighboring particle requires more sophisticated techniques
than those used in the case of scattering of a plane wave. In addition, in the densely packed medium there
is a correlation between particles. In the homogeneous and isotropic medium the main effects of particle
packing are described by the pair distribution function (pair correlation function). Another difficult problem
connected with light scattering in densely packed media is to find a law for the attenuation of light. If
the medium does not absorb too much, the attenuation of radiation can approximately be described by an
exponential law. For a densely packed medium the damping coefficient α depends on the concentration η in
a nonlinear way (Fig. 3).

In our present study we investigate light scattering in a densely packed medium of identical spherical
particles illuminated by a wave incident normal to the surface of the medium. The model of spherical parti-
cles is selected because the theoretical description of light scattering by systems of this kind is still relatively
simple. In the present work we consider only the incoherent term of the reflection matrix, i. e. SL. In case
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of the sparse medium this term is described by the classical vector radiative transfer equation (VRTE). In
our work we have derived an equation (DMVRTE) for this term for dense media in which the correlation
between particles and the inhomogeneity of the waves are taken into account [4]. The effective refractive
index of the medium is determined with the quasi-crystalline approximation [1]. The following assumptions
were made:
1. It is supposed that the absorption in the medium is not too high.
2. On scales of the order of a few particles the surface of the medium is sufficiently complicated.
If the two assumptions are valid, for any particle considered, including particles on the surface of the
medium, the configuration of neighboring particles can be presumed to be on average the same.

Figure 3. Dependence of the imaginary part of the effective refractive index me of the medium on the filling factor ξ
for three kinds of particles described in the upper left of the Figure. Continuous curves correspond to sparse media.
The dashed lines refer to the densely packed media. The calculations for the densely packed medium are done with
the quasi-crystalline approximation.

In Fig. 4 the reflection matrix element R11, that characterizes the intensity of reflected light divided by
cos(π−ϑ), and the degree of linear polarization are presented for a medium consisting of spherical particles
with size parameter x = 1 and a refractive index m̃ = 1.5 + i 0.1 (top) and x = 2, m̃ = 1.5 + i 0.2 (bottom).
The curves are labeled with the value of the filling factor ξ = 4πηx3/3k3

0. The dotted curves correspond to
calculations with VRTE, i.e. for a sparse medium, but with an effective refractive index calculated for the
densely packed medium. The increase of brightness of the media with rising filling factor ξ is caused by the
nonlinear dependence of parameter Im(me) on ξ (Fig. 3). When parameter Im(me) linearly depends on ξ, the
results of calculations with VRTE do not depend on ξ and are close to values of R11 and P at ξ = 0.1. The
dashed curves also correspond to calculations with VRTE, but the correlation between particles is taken into
account. The solid curves correspond to calculations with DMVRTE, i.e. the correlation between particles
and the inhomogeneity of waves is considered.

As one can see the brightness of the medium rises with increasing ξ/Im(me), increasing correlation
between particles and increasing wave inhomogeneity. For scattering angles θ < 100◦ the brightness of
densely packed media decreases with decreasing scattering angle. We remark that such a behavior of the
brightness is typical for a sparse medium consisting of absorbing particles. Multiple scattering considerably
decreases the absolute value of the degree of linear polarization P for a medium. At scattering angle θ = 94◦

the scattered light of isolated scatterers with particle parameters x = 1 and m = 1.5 + i 0.1 is almost
completely polarized, i.e. the degree of linear polarization P0 ≈ 100%. As can be seen from Fig. 4 the degree
of linear polarization P for a medium at scattering angles close to the side direction decreases significantly
with rising packing density. For isolated scatterers with parameters x = 2 and m = 1.5 + i 0.2 at θ = 120◦ the
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polarization P0 ≈ −96%. For an almost sparse medium (ξ = 0.1) at θ = 120◦ P ≈ −12%, and for a densely
packed medium (ξ = 0.4) the polarization is almost zero in a wide interval of scattering angles.

Figure 4: Reflection matrix element R11 and polarization P of reflected light. Dotted curves: sparse medium with
effective refractive index of dense medium. Dashed curves = dotted + particle correlation. Solid curves = dashed +

wave inhomogeneity = DMVRTE.
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Inverse methods for retrieving surface topography from visual images
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Abstract

A statistical inverse method for retrieving surface topography from single visual images
combined with lidar/radar topographic data is presented. The method uses the Lommel-
Seeliger scattering law for calculating local surface slopes and assumes nadir viewing ge-
ometry. A large number of sample surface topographies is obtained by assigning statistical
brightness errors to the individual images. The method is applied to a simulated Gaussian
surface with varying Gaussian brightness errors.

1 Introduction

Global topographic maps give information about the origin and evolution of planetary bodies. The study of
planetary surface geology is greatly dependent on high-resolution images and lidar/radar altitude measure-
ments taken from planetary orbiters. Visual imagery is essential for studying local surface characteristics,
but global mapping based on images alone is usually not applicable because of varying lighting conditions,
surface morphology, and calibration between images. This problem is serious in photoclinometry when in-
verting surface topography from single images, because of the uncertainty in obtaining three-dimensional
information from two-dimensional data. Since the brightness value of a single image pixel provides only
one constraint, the surface tilt can only be calculated in one direction and the result is a set of different
surface profiles/strips [1]. This is a fundamental difficulty in all shape-from-shading (SFS) techniques that
are used widely in the field of computer vision. There are differences between standard photoclinometry and
shape-from-shading [2], and some SFS methods make a priori assumptions that are not valid in planetary
science that is the home of photoclinometry.

For single images, several methods have been developed for the derivation of surface topography. Stan-
dard SFS methods approach the problem by using iterative schemes to solve the nonlinear first-order partial
differential image irradiance equation (e.g., [2]). The light-scattering properties of the surface are incorpo-
rated by using the reflectance map [3], which relates the local surface gradients to image intensities. Instead
of a set of profiles, the whole surface is generated. A more general algorithm for photoclinometry using
a finite-difference method was developed by Wildey [4]. A refined finite-element method was developed
by Kirk [5], which is currently used in the U. S. Geological Survey image-processing software ISIS [6].
Muinonen et al. [7] introduced two statistical methods, which were applied to simulated Gaussian surfaces.
One of the methods, extended to account for scattering-law variegation, was applied to the images of Phobos
[8]. McEwen [9] reviews several physical and empirical models that have been used in photoclinometry.

In Sect. 2, the inverse method is presented and, in Sect. 3, the results for the inversion of a simulated
Gaussian surface are shown. In Sect. 4, the conclusions and future prospects are discussed.

2 Statistical inverse method

There are several assumptions in our statistical inverse method based on photoclinometry. First, it is assumed
that the light source and the observer are situated far away from the surface patch. This means that the local
variation of illumination and observation geometry is negligible. Second, the angle of emergence (the angle
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between the observing direction and the global surface normal) is approximately zero. This means that the
tilt angle (the angle between local and global surface normals) equals the local angle of emergence and that
the phase angle equals the angle of incidence. Third, the direction of one surface patch axis must be within
the plane defined by the illumination direction and the surface normal, i.e., the azimuth angle of the light-
source direction in the image plane is 0◦, 90◦, 180◦ or 270◦. The requirements described above are not strict;
the better they are fulfilled, the more precise is the inversion. Last, it is assumed that the surface follows the
Lommel-Seeliger scattering law,

ILS (α,m,m0) = p(α)
m0

m + m0
F, (1)

p(α) =
1
4
$P(α)S (α),

where πF is the incident solar flux density and m0 and m are cosines of local angles of incidence and
emergence, respectively. The phase function p(α) includes the single-scattering albedo $, the normalized
single-particle phase function P(α) and the mutual shadowing function S (α).

The phase function is assumed constant in the simulations. The advantage of the assumption is that local
slopes can be calculated analytically,

B =
cos(ι − θ||)

cos(θ||) + cos(ι − θ||) ,
[
B =

ILS

pF

]
. (2)

After some algebra, the slope is

tan θ|| =
B + (B − 1) cos ι

(1 − B) sin ι
, (3)

where ι is the solar angle of incidence, θ|| the angle of the local surface normal projected to the scattering
plane (tilt) and B the image pixel brightness. Equation (3) provides a way to build a surface profile by
iterative stepping. For a given incidence angle and brightness value, the local tilt can be estimated. Assuming
a constant horizontal grid, the zn+1-coordinate in a profile is just zn+1 = zn − tan θ||,n.

For two-dimensional images, the procedure described above produces a set of profiles with unknown
vertical shifts. Without any information of the actual topography, a smoothing constraint is needed. One
way to combine all the profiles is the weighted least-squares fitting of adjacent profiles, where the weighted
rms-difference between two adjacent profiles is minimized. The weighting scheme calculates local mean and
variance of topography, and gives greater weight to flatter areas. This eliminates any non-physical smoothing
of the surface. However, if the inverted surface patch is highly undulating, it is difficult to find a smooth
solution for surface topography.

If low-resolution topographic data are available, the smoothing problem described above can be solved,
since the data provides additional constraints for the inversion. As with the previous procedure, the solution
is obtained by the weighted least-squares fitting of the profiles to the data. Since the data are usually at
a lower resolution than the image, an interpolation scheme is used to approximate intermediate values. A
statistical (Gaussian) error is assumed for each image pixel, which allows the assessment of errors in the
topography in terms of a large number of acceptable sample topographies.

3 First results and discussion

A Gaussian surface with standard deviation σ = 1.0 and correlation length ` = 0.3 (surface roughness
ρ = 3.0) in a modified Gaussian correlation function was used in the simulation. The surface was illuminated
at ι = 50◦ and φ0 = 90◦. The simulated surface and the absolute errors of the inverted surface for each pixel
are shown in Fig. 1. The average error is ∼ 2%. Before the inversion, Gaussian noise with three different
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Figure 1: Gaussian sample surface with standard deviation σ = 1.0, correlation length ` = 0.3 and surface
roughness ρ = 3.0 (left) and the absolute error of the inverted surface (right). The z-scale of the error plot is
10% of the surface plot. The illumination angles are ι = 50◦ and φ0 = 90◦ (from the x-axis).

Figure 2: The range of different profiles
inverted from an image of a simulated
Gaussian surface. Three different Gaus-
sian noise levels with standard devia-
tions of 1, 5 and 10% (from the bottom
to the top) are applied to the image and
the minimum and maximum height val-
ues are plotted for each pixel.

standard deviations (1, 5, and 10%) was added to the image and 50 different realizations for each level were
used in the retrieval of surface profiles. In Fig. 2, the range of the inverted height profiles are plotted for
each pixel in an example strip. The profile is plotted along with the minimum and maximum values in each
pixel for three different noise levels. As can be seen, the difference increases as the noise increases, which
also increases the range of all possible surfaces that are within the error limits. Note that the limits seem to
conserve the actual surface profile so that removing the overall slope can improve the inversion significantly.

4 Conclusions and future prospects

The present inverse method is computationally fast and can be applied to satellite images as such. The
statistical approach provides a large number of sample solutions for surface topography, which can be used
as constraints for further analysis.

One problem in the inversion is that the surface brightness is a function of both the local surface slopes
and the physical properties of the surface. The scattering law depends on both macroscopic properties
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(roughness) and microscopic properties (single-scattering albedo and single-particle phase function) of the
surface. These can vary in a single image and need to be taken into account in future work. In addition to
the inverse problem based on brightness, macroscopic shadows produce another inverse problem [7].

If there are at least two images taken from the same area with sufficiently different illumination/obser-
vation geometries, the inverse problem changes from under-constrained to essentially solved, since each
pixel has at least two constraints. This technique is called photogrammetry and is widely used by astrogeol-
ogists. A visual camera coupled with laser altimeter can also be used for mapping purposes, as demonstrated
by Soderblom and Kirk [10] for Mars.

The method can be refined to take into account the scattering-law variegations. We plan to apply the
inverse methods to the extensive lunar imagery by the Advanced Moon micro-Imager Experiment (AMIE)
aboard the ESA SMART-1 spacecraft (e.g., [11]).
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Abstract

The interstellar extinction curve is evaluated in the spectral region 3.4 µm – 0.1 µm using
the extinction efficiencies of the composite spheroidal grains, made up of the host silicate
spheroids and graphite inclusions. The extinction efficiencies of the composite grains are
computed using the discrete dipole approximation (DDA). The model extinction curves fit
the the average observed interstellar extinction curve reasonably well. We also calculate
the linear polarization for the composite spheroidal grains and compare the model curves
with the Serkowski’s curve. Further, we estimate the abundances of carbon and silicon for
the grain models which reproduce the observed extinction.

1 Introduction

It is highly unlikely that the interstellar grains have regular shapes or that they are homogeneous in composi-
tion and structure. The collected interplanetary particles are nonspherical and highly porous and composites
of very small sub-grains glued together (Brownlee [1]). Also, the elemental abundances derived from the
observed interstellar extinction do not favor the homogeneous composition for the interstellar grains. There
is no exact theory to study the scattering properties of the inhomogeneous (i.e. porous, fluffy, composite)
particles. Hence, there is a need for formulating models of electromagnetic scttering by these inhomoge-
neous grains (see, e.g., Wolff et al. [2], Mathis [3], Voshchinnikov et al. [4]). We use the discrete dipole
approximation (DDA; Draine [5]) to study the extinction properties of the composite grains. In the present
study, we calculate the extinction efficiencies of the composite spheroidal grains, made up of the host sili-
cate spheroid with embedded inclusions of graphite. We use these results of the composite grains to evaluate
the interstellar extinction curve in the wavelength region of 3.4 µm – 0.1 µm. We also calculate the linear
polarization for the composite grains.

2 Composite grain model

We have modified the DDSCAT code (Draine and Flatau [6]) to study the scattering properties of the com-
posite spheroidal grains. In this paper, we present a composite spheroidal grain model with a host silicate
spheroid, containing a large number of N dipoles, and graphite inclusions. The volume fractions of the
graphite inclusions used are 10%, 20% and 30%. As an iluustrative example we show a composite spheroidal
grain model in Fig. 1. Details on the computer code and the corresponding modification to the DDSCAT
code are given in Dobbie [7] and Vaidya et al. [8].

3 Results

Our results on the extinction efficiencies (Qext) for the composite grains clearly show the effect of the vari-
ation of volume fraction of the graphite inclusions on the extinction of composite grains. It is to be noted
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Figure 1: Typical non-spherical composite grain consisting of 14,440 dipoles.

that the wavelength of the peak extinction, i.e. ‘2175A’, shifts with the variation in the volume fraction of
the inclusions. We also find the variation in the width of the feature.

Figure 2 shows the interstellar extinction curve for the composite grains with the number of dipoles N =

1824 in the host silicate spheroid and the volume fraction of graphite inclusions f = 0.2, in the wavelength
region of 3.4 µm – 0.10 µm, with the MRN grain size distribution, in the size range, a = 0.005−0.250 µm. It
must be mentioned here that the composite spheroidal grain model with N = 1824 has the aspect ratio 2.0;
if the semi-major and semi-minor axis of the spheroid are denoted by x/2 and y/2, respectively, then

a3 =
x
2

( y
2

)2
,

where a is the radius of the sphere whose volume is the same as that of the spheroid. In order to reproduce
the observed extinction peak at ‘2175A’, in addition to the composite grains a component of small graphite
grains is also required (see, e.g., Mathis [3]). Figure 2 shows the average observed interstellar extinction
curve, the model extinction curves obtained for the composite grains and spheroidal graphite grains (with
MRN size distribution, a = 0.005 − 0.250µm) and the best fit χ2 curve. For details on χ2 fitting please
see Vaidya et al. [8]. It is seen that the χ2 curve fits the average observed curve (Savage and Mathis [9])
reasonably well.

An important factor from the point of view of the cosmic abundances is the volume extinction factor, Vc,
defined as the ratio of the total volume of the grains to the total extinction cross-section, i.e.

∑
V/

∑
Cext(λ)

(Greenberg [10]). We have computed Vc for the models that reproduce the observed exinction. These values
of the volume extinction factors clearly show that the composite grains are more efficient in producing the
extinction.

The dependence of the linear polarization on the wavelength is described by the empirical formula
(Serkowski et al. [11]), Whittet [12]). The observed ratio of polarization to the extinction, i.e. PV/AV is
generally 0.025,1 but higher value, i.e. 0.078 is also observed (Greenberg [10]). We have calculated PV/AV
and the wavelength of maximum polarization for the composite spheroidal grains at three orientation angles,

1Polarization is expressed in stellar magnitudes.
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Figure 2: Comparison of the observed interstellar extinction curve with the best fit model combination curve
of composite grains (N = 1824 dipoles) and graphite grains. Calculations for non-spherical grains have been
performed for 3D orientation.

viz. 45, 60 and 90 degrees. These numbers correspond to perfect alignment and we find that the values of
PV/AV are very high compared to the observed value. It is clear from these values that the perfect alignment
produces too large polarization for a given amount of extinction.

The linear polarization calculated for the composite grain models with f = 0.1 and 0.05, is compared
with the curve derived from Serkowski’s formula. We find that the composite grains with smaller fraction of
graphite inclusions fit better with Serkowski’s curve.

4 Conclusions

Using the DDA we have computed the extinction efficiencies for the composite grains made up of the host
silicate and graphite inclusions, in the wavelength region 3.4 − 0.10 µm. The extinction curves show shift in
the central wavelength of the ‘2175’ feature as well as variation in the width of the feature with the variation
in the volume fraction of the graphite inclusions. The model curves for the composite grains with 10 – 20%
volume fractions of graphite inclusions are found to fit the observed extinction reasonably well.

Our estimates for carbon and silicon are considerably lower than that is predicted by the solid grain mod-
els (Mathis et al. [13]) but are still significantly above the recent ISM values (Mathis [14], Voshchinnikov
[15]).
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Our results for the linear polarization show that the perfectly aligned composite grains produce too large
polarization for the given amount of the extinction. The linear polarization curves obtained for the composite
grains with very small fraction ( f = 0.05) of graphite inclusions, fit the Serkowski’s curve reasonably well.
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[9] B. D. Savage and J. S. Mathis, Annu. Rev. A&A 17, 73 (1979).

[10] J. M. Greenberg, In: Cosmic Dust, J. A. M. McDonnel (ed.), 217 (John Wiley 1978).

[11] K. Serkowski, D. S. Mathewson, and V. L. Ford, ApJ 196, 261 (1975).

[12] D. C. B. Whittet, Dust in the Galactic Environments, (Second Edition, Institute of Physics Publishing,
Bristol, 2003).

[13] J. S. Mathis, W. Rumpl, and K. H. Nordsieck, 1977, ApJ 217, 425 (1977).

[14] J. S. Mathis, JGR 105, 10269 (2000).

[15] N. V. Voshchinnikov, In: Optics of Cosmic Dust, G. Videen and M. Kocifaj (eds.), 3 (Kluwer, 2002).



Fluffy aggregates, Volten 267

Experimental light scattering by fluffy aggregates
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Abstract

We present three scattering matrix elements as functions of the scattering angle, namely
F11(θ), −F12(θ)/F11(θ), and F22(θ)/F11(θ), at a wavelength of 632.8 nm for a number of
fluffy aggregate samples with variable bulk porosity measured in random orientations. The
aggregates are composed of coagulated magnesiosilica grains, ferrosilica grains, and alu-
mina grains. The individual grains have diameters of the order of a few tens of nanometers.
Most striking about the measured results is the extremely high degree of linear polarization
for incident unpolarized light −F12(θ)/F11(θ), with maxima between about 60% to almost
100%.

1 Fluffy aggregates

Aggregates are believed to be a major component of interplanetary and circumstellar environments, and
comets [1–3]. We have studied experimentally the light scattering behavior of randomly oriented aggregates.
Our samples consist of condensed magnesiosilica, ferrosilica, and alumina aggregates. Magnesiosilica and
ferrosilica were chosen because Si and Mg have the highest cosmic abundances, followed by Fe, among the
so-called rock-forming elements. The alumina was selected because this material was found around oxygen-
rich AGB stars [4]. The aggregates were produced in small batches in the Condensation Flow Apparatus
(CFA) for experiments that intend to mimic the formation of circumstellar dust [5, 6]. To obtain enough
material to perform our light scattering measurements, i.e. of the order of several grams, we had to combine
batches of at least two condensation runs with the same bulk composition. The CFA condensation products
are reproducible when condensed at the same experimental conditions. Chemically similar samples, but
formed from a different Mg/Si ratio of the initial condensing vapor, can have different colors that reflect
the fact that, for example, in the magnesiosilica condensates the relative amounts of condensed SiO2 and
MgSiO grains, and to a lesser degree also MgO grains, may vary. Relatively more SiO2 gives a lighter color.
This difference in bulk composition also affects the morphology of the aggregates in a sample. In particular
sizes of grains forming the aggregates, as well as the size and packing density of the aggregates themselves.
For a typical aggregate sample the observed condensate grain diameters range from 10–100 nm, indicating
grain growth via grain collisions during the condensation experiment; the modal diameter is about 50 nm.
An aggregate may contain up to several hundreds or thousands of grains, resulting in micrometer-sized
aggregates (see Fig. 1). The alumina aggregates (Fig. 1d) have a higher porosity than the silica aggregates
(Fig. 1a,b,c).

We show results for four types of fluffy aggregate samples, each one representative of a group of
one or more samples with the same bulk composition and with virtually the same scattering properties.

Group 1 dark-colored magnesiosilica indicative of a high amount of MgSiO and MgO grains
Group 2 light-colored magnesiosilica suggesting a high amount of silica (SiO2) grains
Group 3 black ferromagnesiosilica
Group 4 snow-white alumina of very high porosity
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a b

c d

Figure 1: a) A SEM image of a large and several small magnesiosilica aggregate particles (group 1) placed
on a carbon filter. b, c) Two TEM images of ultrathin (90 nm) sections sliced through a fluffy MgSiO particle
consisting of condensed magnesiosilica grains organized in the form of small aggregates. (Experiment con-
ducted by Sue Hallenbeck using the CFA at NASA/GSFC.) d) A TEM image of an ultrathin (70 nm) section
sliced through a alumina aggregate showing the typical very open texture indicating a highly porous aggre-
gate sample. (Experiment conducted by Paul Whitey using the CFA at NASA/GSFC. TEM image taken by
Aurora Pun at UNM.)

2 Light scattering measurements

In this work we present measurements of three scattering matrix elements as functions of the scattering an-
gle, i.e. the phase function F11(θ), degree of linear polarization for unpolarized incident light −F12(θ)/F11(θ),
and F22(θ)/F11(θ) for four groups of aggregate samples. The measurements were carried out in a scattering
angle range of 5◦ to 174◦ and at a wavelength of 632.8 nm using the setup and conditions described by
Hovenier et al. [7].

As shown in Fig. 2, the measured phase functions of the four fluffy aggregate groups are similar to each
other, i.e. smooth and strongly peaked in the forward direction. There are, however, large differences in
the steepness, expressed in Table 1 as the ratio of F11(10◦) and F11(90◦). The −F12(θ)/F11(θ) ratio for the
four groups shows a bell shaped curve with a high maximum around 90◦ and a small negative branch of
around –1% close to the backward direction. The maxima of −F12(θ)/F11(θ) range from about 60% for the
dark magnesiosilica aggregate group, to almost 100% for the alumina aggregate group (see Table 1). The
light-colored magnesiosilica group shows a higher maximum than the dark-colored one.
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Figure 2: Measured angular distributions of the scattering matrix elements F11(θ), −F12(θ)/F11(θ) and
F22(θ)/F11(θ) at 632.8 nm for four groups of fluffy aggregate samples. Group 1, solid, circles, dark-colored
magnesiosilica; Group 2, open squares, light-colored magnesiosilica; Group 3, solid squares, black ferro-
magnesiosilica; Group 4, open, triangles, snow-white alumina. In the bottom right panel an enlargement
of the measured −F12(θ)/F11(θ) at large scattering angles is shown. If no error bars are visible, errors are
smaller than the symbols.

The F22(θ)/F11(θ) ratio was only measured for the two magnesiosilica groups. At large scattering angles
we see a difference between the lighter and darker colored samples.

3 Discussion and conclusions

The behavior of the −F12(θ)/F11(θ) and F22(θ)/F11(θ) for the fluffy aggregate samples resembles the results
for very small particles (in the Rayleigh limit). This suggests that the sizes of the monomers are an important
factor for these matrix elements, see also [8], in contrast to what we find for the phase functions F11(θ).
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Table 1: Matrix element ratios.

Group F11(10◦)
F11(90◦)

−F12(90◦)
F11(90◦)

F22(174◦)
F11(174◦)

1 59 ± 4 0.57 ± 0.02 0.75 ± 0.03
2 175 ± 8 0.86 ± 0.04 0.87 ± 0.03
3 236 ± 15 0.66 ± 0.03
4 720 ± 34 0.98 ± 0.02

Similar results in particular for −F12(θ)/F11(θ) were found experimentally e.g. [9] and numerically e.g.
[10]. Further studies of the morphology and the grain and aggregate size are currently in progress. The
results of these studies will hopefully help us to interpret the light scattering results in more detail.

References

[1] J. M. Greenberg and B. Å. S. Gustafson, “A comet fragment model for zodiacal light particles,” A&A
93, 35–42 (1981).

[2] A.-C. Levasseur-Regourd, M. Cabane, and V. Haudebourg, “Observational evidence for the scattering
properties of interplanetary and cometary dust clouds: an update,” JQSRT 63, 631–641 (1999).

[3] E. V. Petrova, K. Jockers, and N. Kiselev, “Light scattering by aggregates with sizes comparable to the
wavelength: An application to cometary dust,” Icarus 148, 526–536 (2000).

[4] T. Kozasa and H. Sogawa, Formation of Al22O3 grains and the 13-micron feature in circumstellar
envelopes of oxygen-rich AGB stars, Astrophys. Space Sci. 255, 437–443 (1998).

[5] F. J. M. Rietmeijer, J. A. Nuth, J. M. Karner, and S. L. Hallenbeck, “Gas-to-solid condensation in
a Mg-SiO-H2-O2 vapor: metastable eutectics in the MgO-SiO2 phase diagram,” Phys. Chem. Chem.
Phys. 4, 546–551 (2002).

[6] J. A. Nuth, S. L. Hallenbeck, and F. J. M. Rietmeijer, “Laboratory studies of silicate smokes: Analog
studies of circumstellar materials,” J. Geophys. Res. 105(A5), 10,387–10,396 (2000).
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Abstract

A numerical verification of a new algorithm for light scattering by multi-layered confocal
spheroids was performed. The method can be used in a wide range of particle parameters.
Different tests and some illustrative results are presented.

1 Introduction

Numerical treatment of inhomogeneous (layered) non-spherical particles is a very complex problem, es-
pecially if the particle size is not small (see Ref. [1] for review of methods). However, in the case of the
simplest kind of particle shape — multi-layered spheroids — rather fast calculations with a high accuracy
can be performed by the method of separation of variables (SVM) and the extended boundary conditions
method (EBCM). But the latter method is not appropriate for particles of large eccentricity while the main
problem of the SVM is the calculations of spheroidal functions.

The first attempt to develop a solution for multi-layered spheroids was made in [2] using a recursive
procedure. This paper does not contain calculations because they require the solution to complex nonlinear
matrix equation for unknown expansion coefficients. Later, the algorithm has been modified using the ideas
presented in [3] and first numerical results have been published in [4] for particles of small size with large
refractive indices.

Here, we discuss the numerical results based on the solution developed in [3] which can be used in a
wide range of particle parameters.

2 Multi-layered spheroids

A new algorithm for multi-layered confocal particles presented in [3] is based on the technique earlier de-
veloped for homogeneous and coated spheroids in [5] and [6], respectively. Solutions to the electromagnetic
problem for spheroids are divided into two parts: an axisymmetric part independent of the azimuthal angle
ϕ and the non-axisymmetric one which integration over ϕ gives zero. The diffraction problems for each part
are solved separately.

For both parts the unknown coefficients for expansions of the scattered radiation field are obtained from
matrix equations

~Z(1) = A2A(−1)
1

~Z(0), (1)

where vectors ~Z(0) and ~Z(1) describe the incident and scattered radiation fields, respectively. Matrices A1
andA2 can be determined from the relation

(A1

A2

)
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Here, N ≥ 3 is the number of layers ( j = 1, 2, ...,N, j = 1 for outermost layer, j = N for innermost layer).
The elements A( j)

ik are matrices depending on the radial spheroidal functions and integrals on the angular
spheroidal functions (see Ref. [3] for details).

The optical properties of a multi-layered confocal spheroid can be found if we put the type of spheroid
(prolate or oblate), number of layers N, complex refractive indices of all layers m j = n j + k ji, the outer
aspect ratio a1/b1 (a1 and b1 are the major and minor semiaxes of spheroid, respectively), the total particle
size parameter xV = 2πrV/λ (rV is the radius of a sphere whose volume is equal to that of the spheroid,
λ the wavelength of incident radiation) and the relative ratios of volumes of layers V j/Vtotal. The aspect
ratios of internal layers can be calculated from ratios V j/Vtotal and a1/b1 using the iterative procedure (see
Ref. [6]). In our calculations of the radial spheroidal functions we used expansions in terms of the Legendre
or Bessel functions, solution to the corresponding differential equation, and Jáffe expansion for prolate
functions according to recommendations given in Ref. [7].

3 Tests and some results

The computational programs for axisymmetric and non-axisymmetric parts were examined using various
tests. They included internal control, a comparison with known results for homogeneous and core-mantle
spheroids and multi-layered spheres as well as a comparison with calculations for multi-layered spheroids
made by the EBCM and in the quasistatic approximation. We considered absorbing and dielectric particles
with different number of layers and aspect ratios.

Some results for non-absorbing particles are shown in Fig. 1 where the relative differences in percents

ε =
Qsca(sphere) −Csca(spheroid)/πr2

V

Qsca(sphere)
· 100% (3)

are given. The values of ε are plotted as a function of the size parameter xV for particles with the aspect ratio
a1/b1 = 1.0001 and the volume ratios V j/Vtotal = 0.33 ( j = 1, 2, 3). Then the aspect ratios of internal layers

Figure 1: Percent difference between three-layered spheres and three-layered spheroids ε defined by Eq. (3):
m3 = 1.7 + 0.0i, m2 = 1.5 + 0.0i, m1 = 1.3 + 0.0i, V j/Vtotal = 0.33, a1/b1 = 1.0001, α = 0◦, (•) – prolate
spheroids, (◦) – oblate spheroids.

are equal to a2/b2 ≈ 1.00016 and a3/b3 ≈ 1.00021. The wavelike behaviour is typical only for dielectric
particles. For highly absorbing particles, the values of ε demonstrate smooth, monotonous growth with xV .

As one of the first applications of the developed model, the idea to represent composite interstellar
grains by multi-layered particles suggested in [8] was analyzed. We consider multi-layered spheroids with
different material layers cyclically changing inside a particle. The particles are assumed to be composed
of amorphous carbon (AC1) or astronomical silicate (astrosil) with varied volume fraction of vacuum. The
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Figure 2: Size dependence of the extinction effi-
ciency factors for layered prolate spheroids. Each
particle contains an equal fraction of amorphous
carbon (AC1), astrosil and vacuum (the porosity
P = 1/3) separated in equivolume confocal lay-
ers. The cyclic order of the different material lay-
ers is indicated (starting from the core). The ef-
fect of the increase of the number of layers is il-
lustrated. The thick line at the lowest panel cor-
responds to compact spheres consisting of AC1
and astrosil. In this case the stretching of the x
scale by a factor of 3√3/2 ≈ 1.145 according to
Eq. (4) was performed. For a given value of the
size parameter, the compact and porous particles
have the same mass.

chosen optical constants for AC1 (m = 1.98 + 0.23i) and astrosil (m = 1.68 + 0.03i) correspond to the
wavelength λ = 0.55 µm.

The extinction efficiencies of equivolume layered and compact prolate spheroids with a1/b1 = 2(1) are
compared in Fig. 2. The size parameters of compact and porous particles are connected with the relation

xporous =
xcompact

(1 − P)1/3 =
xcompact

(Vsolid/Vtotal)1/3 , (4)

where the particle porosity P (0 ≤ P < 1) is introduced as P = Vvac/Vtotal = 1 − Vsolid/Vtotal and Vvac and
Vsolid are the volume fractions of vacuum and solid material, respectively.

The difference in the optical properties of compact and porous particles is clearly seen in Fig. 2 (lower
panel). As in the case of layered spheres, the scattering characteristics of layered spheroids weakly depend on
the order of materials and are close to some “average” ones, if a particle consists of many layers (>∼ 15−20).
The time of calculations grows with the increase of number of layers as t ≈ 1.9N.

The convergence of extinction factors seems to be better for oblique incidence and oblate particles and
larger aspect ratios (see Fig. 3 as example). The similar behaviour is typical of other efficiencies (scattering,
absorption), albedo and the asymmetry parameter.

Thus, the model of multi-layered spheroids opens wide opportunities in the simultaneous investigations
of shape and structure effects on the optics of composite particles.

1Note that in this case the aspect ratio of the innermost layer is equal to a3/b3 = 3.043, a9/b9 = 4.989 and a18/b18 = 6.947 for
3-layered, 9-layered and 18-layered particles, respectively.
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Figure 3: The same as in Fig. 2 (lower panel) but now for a1/b1 = 10.
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Abstract

In this paper the state of the art of the Null-Field Method with Discrete Sources(NFM-DS)
will be reviewed. The Null-Field Method with Discrete Sources combines the advantages
of the null-field method with the advantages of the method of discrete sources to overcome
stability problems the standard null-field methods encountered in computation of scattering
by very elongated particles such as long finite fibres and very flat particles such as flat discs.

1 Introduction

The T-matrix method or null-field method is one of the most well known light scattering theories to compute
scattering by nonspherical particles. A recent review of the literature on this method has been published by
Mishchenko et al. [1]. The advantage of this method is that the T-matrix is computed. This matrix relates
the expansion coefficients of the incident field to the expansion coefficients of the scattered field. Using a
precomputed T-matrix scattering by a rotated or a translated particle or orientation averaged scattering can
easily be computed. The standard T-matrix method is restricted to particles having an aspect ratio not larger
that about 1:3. To solve the stability problems with particles having a larger aspect ratio the expansion of the
field using discrete sources was introduced into the null-field method.

2 Null-Field Method with iscrete sources

There are a variety of methods which use “equivalent sources” for field expansion. The “equivalent sources”
may be of any type as long as they are solutions to the wave equation. Spherical waves, dipoles, Mie po-
tentials and Gabor functions have been applied for field expansion. Therefore, there are different name for
similar concepts like Method of Fundamental Solutions (MFS), Multiple MultiPole Method (MMP), Dis-
crete Sources Method (DSM), Method of Auxiliary Sources (MAS), Fictitious Sources Method (FSM) or
Yasuura method. A review of these methods has been published in an edited volume by Wriedt [2] and
more recently by Fairweather [3]. The Null-Field Method with Discrete Sources is fully outlined by [4]. In
the Null-Field Method with Discrete Sources the following systems of functions have been implemented
for field expansion: multiple multipoles [5], lowest order spherical vector wave functions [6] and electric
dipoles and vector-Mie-potentials [7]. With oblate rotational symmetric scatterers it is of advantage to posi-
tion the discrete sources in complex plane [6]. In this way scattering by finite fibres [8], flat Cassini shaped
particles [9] and oblate discs [10] have been solved. Scattering results by particles having an aspect ratio
as large as 100:1 can easily be computed. The Null-Field Method with Discrete Sources has also been ex-
tended to compute the T-matrix of arbitrarily shaped particles which are nonaxisymmetric. This includes
ellipsoids [7] and superellipsoids [11] as examples of such particle shapes. The normal incident wave is a
plane wave. But as in optical particle characterization lasers are commonly used the Gaussian beam has also
been implemented as an incident wave in the NFM-DS [12].

A more recent extension of the Null-Field Method with Discrete Sources is scattering computations for
particle on plane surfaces to develop efficient methods for particle surface scanners [13]. Evanescent wave
scattering is also considered [14]. This is of interest in biosensor development. As many scattering particles
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are not homogeneous or isotropic the theory has also been adapted to handle scattering by layered particles
[15], composite [16], chiral [17] or anisotropic particles [18].

3 Validation

In development of the FORTRAN programs which are based on the Null-Field Method with Discrete
Sources we heavily made used of program validation by comparing to results from other programs or by
comparing to another implementation of the same concept. These programs include the Discrete Sources
Method (DSM) which was developed for related problems e.g. finite fibres or Cassini ovals [9]. We also
made use of the Multiple MultiPole method (MMP), the Discrete Dipole Approximation (DDA) and Finite
Difference Time Domain (FDTD) [19], [20] and CST Microwave Studio based on the Finite Integration
Technique (FIT) [21]. The developed FORTRAN programs will be published together with a monograph on
the Null-Field Method with Discrete Sources[17].

3.1 Applications

These programs were used in a number of practical applications. This ranges from sizing of nonspherical
particle using Phase Doppler Anemometry (PDA) [22], development of an asbestos fibre detection instru-
ment [8], characterization of soot aggregates by a light scattering method [23], computing the calibration
curve for total internal reflection microscopy (TIRM) [24] and a study for an erythrocyte scattering charac-
terization method [9].

4 Conclusion

In this paper an overview of the progress in developing the NFM-DS has been given. Some open prob-
lems are still left. These include an bianisotropic refractive index, nonaxisymmetric compound particles and
optimal deposition of discrete sources and faces for surface integration.
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Abstract

This study is devoted to exploring the applicability bounds of a modern Discrete Dipole
Approximation (DDA) code running on a state-of-the-art massively parallel supercomputer.
A number of DDA simulations of light scattering by spheres with different size parameters
(x) and refractive indices (m) are performed and compared with the exact solution. Results
of DDA performance and simulation errors are presented. We show that DDA is at least
applicable in the range of refractive index from 1 to 2, and size parameter up to 130 (for
m < 1.2). We are currently exploring larger values of m.

1 Introduction

The methods to solve the single light scattering problem can be divided into approximate and exact [1]. Ap-
proximate methods include, among others, Rayleigh and Geometrical Optics (GO) approximations, which
are applicable, respectively, to particles small and large compared to the wavelength [2]. Exact methods
are numerous, but only few of them are applicable to scatterers with complex internal structure. Those are
volume integral methods, which solve the Maxwell’s equations either in the time domain (Finite Difference
Time Domain, FDTD) or frequency domain (Discrete Dipole Approximation, DDA [3]).

In this study we explore the applicability of DDA to simulate light scattering in intermediate size range
(to order ten times the wavelength), where no approximation applies. Even when the size of the scatterer
is large enough for GO, the internal structure with characteristic sizes comparable to the wavelength may
greatly complicate the application of GO [4]. All methods, which are capable to simulate light scattering
by complex inhomogeneous objects in this size range, face extreme computational complexity with increas-
ing scatterer’s size, because they divide the scatterer in subvolumes that should be much smaller than the
wavelength.

We have recently demonstrated that DDA is applicable for biological particles in suspension with size
parameters and relative refractive indices in the range 30 < x < 130 and 1.02 < m < 1.2, respectively
[5]. In this study we extend that work to higher refractive indices (up to 2) to include many more relevant
applications.

2 Simulation method

Our code, the Amsterdam DDA (ADDA), is capable of running on a cluster of computers (parallelizing a
single DDA computation), which allows us to use practically unlimited numbers of dipoles, since we are
not limited by the memory of a single computer [6, 7]. In this study we use the Lattice Dispersion Relation
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Figure 2: Relative errors of Qext for spheres with dif-
ferent x and m.

(LDR) [8] for dipole polarizability. We use two iterative methods: Bi-Conjugate Gradient STABilized (Bi-
CGSTAB) [9] and Quasi Minimal Residual (QMR) [10]. The former performed better for very large index-
matching particles, described in Sect. 3. All the DDA simulations were carried out on the Dutch national
computer cluster LISA [11].

Since the DDA method is equally applicable to particles of any shape and internal structure, we test
it on simple objects, for which an exact analytical solution is available, and then extend the conclusions
to arbitrary shaped scatterers. We use homogenous spheres as test objects and compare DDA simulations
with Mie solutions. As a result, we obtain DDA performance statistics (hardware requirements, simulation
time) and accuracy of both integral characteristics (cross sections and asymmetry parameter) and angular
dependencies of all Mueller matrix elements for different x and m.

3 First results

Here, we present results obtained for the refractive index range of biological particles 1.02 < m < 1.2.
Figure 1 shows DDA simulation times for different spheres (obtained on 64 P4-3.4 GHz processors). The
size of a single dipole has been kept constant at λ/12. The total number of dipoles for the largest simulation
was 6 · 107. One can see that simulation time scales approximately cubical with the size parameter and
rapidly increases with refractive index. Relative errors of Qext for these simulations are presented in Fig. 2.
They are fairly small. Results for the asymmetry parameter are similar (data not shown).

The angular dependence of S 11 is presented for two particular cases: x = 100, m = 1.02 and x = 130,
m = 1.2 in Fig. 3 and Fig. 4, respectively. Those are the cases that give the largest errors in the range of
biological particles. One can see that DDA results are in good agreement with the exact solution, however
relative errors can be significant at specific angles (near the deep minima). Results for other Mueller matrix
elements show the same trends (data not shown).

At the conference we will show results for refractive index up to 2, and for size parameter up to 100.
Simulation times are expected to be as large as one week on 128 P4-3.4 GHz processors. This number tells
us that such massive DDA computations are only useful to serve as benchmark studies, i.e. providing data
to test the quality of other, less expensive approximate methods.
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4 Conclusion

DDA is capable of simulating light scattering by large particles with m < 2, however it requires very
large, computation times even on state-of-the-art massively parallel supercomputers. For biological particles
(m < 1.2) DDA is proven to be applicable up to x = 130 with overall satisfactory accuracy. Accuracy
of integral scattering quantities is very good, while angle-resolved quantities show larger relative errors
(especially in minima).

At the conference we will present the bounds of size parameter for practical applicability of DDA (with
current code and hardware) for m < 2. We will show DDA performance and accuracy of both integral
characteristics (cross sections and asymmetry parameter) and angular dependencies of all Mueller matrix
elements.
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Abstract

We propose an extrapolation technique that allows accuracy improvement of Discrete
Dipole Approximation computations. The performance of this technique was studied em-
pirically based on extensive simulations for 5 test cases using many different discretiza-
tions. The quality of the extrapolation improves with refining discretization reaching ex-
traordinary performance especially for cubically shaped particles. A two order of magni-
tude decrease of error was demonstrated. We also propose estimates of the extrapolation
error, which were proven to be reliable.

1 Introduction

The Discrete Dipole Approximation (DDA) is a well-known method to solve the light scattering problem for
arbitrary shaped particles [1]. Since DDA has an extreme computational complexity, the usual application
strategy for DDA is “single computation”, where a discretization is chosen based on available computational
resources and some empirical estimates of the expected errors [2]. These error estimates are based on a
limited number of benchmark calculations [2] and hence are external to the light scattering problem under
investigation. Such error estimates have evident drawbacks, however no better alternative is available.

Usually, errors in DDA are studied as a function of the size parameter of the scatterer x (at a constant
or few different values of number of dipoles N, see, e.g. [1]). Few papers directly present errors versus
discretization parameter (e.g. d – the size of a single dipole). The range of d typically studied in those papers
is typically limited to a 5 times difference between minimum and maximum values. Only two of these papers
[3, 4] use extrapolation (to zero d) to get an exact result of some measured quantity, however they use the
simplest linear extrapolation without any theoretical foundation nor discussion of its capabilities.

In this study we introduce an extrapolation technique (Sect. 2) to improve the accuracy of DDA compu-
tations with a relatively small increase of computation time. We provide a step-by-step prescription, which
can be used with any existing DDA code without any modifications. In Sect. 3 we present few numerical
results of DDA computations for 5 different scatterers using many different discretizations. These results are
discussed to evaluate the performance of the extrapolation technique. We formulate the conclusions of the
study in Sect. 4.

2 Extrapolation

We have submitted a paper [5], in which we performed a theoretical analysis of DDA convergence when
refining the discretization. There we proved that the error of any measured quantity is bounded by a quadratic
function of the discretization parameter y = kd|m| (k – free space wave vector, m – refractive index of the
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scatterer):
|δφy| ≤ (aφ2 − bφ2 ln y)y2 + (aφ1 − bφ1 ln y)y , (1)

where y is some measured quantity (e.g. extinction efficiency Qext, Mueller matrix elements at some scatter-
ing angle S i j(θ), etc.) and δφy its error (difference between a result of the numerical simulation and an exact
value). aφ1,2, bφ1,2 are constants (independent of y).

Here, we proceed and assume that for sufficiently small y, δφy can in fact be approximated by a quadratic
function of y (taking the logarithmic term as a constant):

φy = a0 + a1y + a2y2 + ζy , (2)

where a0, a1, a2 are constants that are chosen such that ζy – the error of the approximation – is minimized.
a0 is then an estimate for the exact value of the measured quantity φ0; it is determined by a least-square
quadratic fit over several points {y, φy}, which are obtained by a standard DDA simulation.

Practical implementation of such fit has several free parameters. Below, we present our choice, which
is not necessarily optimal and may be improved. However, it does work well for several test cases, thus
demonstrating the potential power of our approach. We select computational points y in the range [ymin, ymax]
and space them uniformly in logarithmic scale. ζy is considered to be proportional to y3, and the weights in
definition of the χ2, which is minimized during the fit, are the inverse. The Standard Error (SE) of a0 that
is obtained during the least-square fit [6] is multiplied by an empiric constant to estimate the error of the
extrapolation. This constant is based on the test cases that we have studied (to make this estimate reliable).

The performance of extrapolation technique significantly differs for particles, which shape can or can
not be described by a set of cubical dipoles. We call it cubically (c) and non-cubically (nc) shaped scatterers,
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Figure 1: Signed relative errors of Qext versus y and
their fits by quadratic functions for (a) kD = 8 cube
and discretized kD = 10 sphere, (b) 3 spheres.

respectively. We can now formulate the step-by-step
extrapolation technique:

1. Select ymin based on your computational re-
sources.

2. Take ymax to be 2 (c) or 4 (nc) times ymin but
not larger than 1.

3. Choose 5 (c) or 9 (nc) points over the interval
[ymin, ymax] approximately uniformly spaced
on a logarithmic scale.

4. Perform DDA computations for each y.
5. Fit the quadratic function (Eq. (2)) over the

points {y, φy} using y3 as errors of data points;
a0 is then the estimate of φ0.

6. Multiply SE of a0 by 10 (c) or 2 (nc) to obtain
an estimate of the extrapolation error.

Results of using this procedure are presented in
Sect. 3, together with computational costs.

The extrapolation procedure is similar to a
Romberg integration method [6], which is adaptive.
The error estimate, obtained by extrapolation, is an
internal accuracy indicator of DDA computations that
is just as important as the increase in the accuracy
itself. Our error estimate opens the way to adaptive
DDA, i.e. a code that will reach a required accuracy,
using minimum computational resources.
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Figure 3: Errors of S 11(θ) in logarithmic scale for
extrapolation using 9 values of y in the intervals
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sphere. Estimate of the extrapolation error is 2×S E.

3 Simulation results

Our code, the Amsterdam DDA (ADDA), is capable of running on a cluster of computers (parallelizing a
single DDA computation), which allows us to use practically an unlimited number of dipoles, since we are
not limited by the memory of a single computer [7, 8]. The execution time of extrapolation is by a constant
factor higher than time of a single simulation with discretization ymin: t5 < 2.5t(ymin) and t9 < 2.7t(ymin) for
5 and 9 points, respectively. Memory requirements are the same as for a single ymin computation. All DDA
simulations were carried out on the Dutch national compute cluster LISA [9].

We study five test cases: one cube with kD = 8, three spheres with kD = 3, 10, 30, and a particle
obtained by a cubical discretization of the kD = 10 sphere using 16 dipoles per D. By D we denote the
diameter of a sphere or the edge size of a cube. All scatterers are homogenous with m = 1.5. The maximum
number of dipoles per D (nD) was 256 — other points were chosen according to the technique described in
Sect. 2.

Figure 1 shows simulation results of Qext for all the test cases and extrapolation through the best points.
The reference values for the cube and discretized sphere are obtained by the best extrapolation, and for
spheres — by the Mie theory.

Extrapolation results of S 11(θ) for the cube are shown in Fig. 2. When ymin = 0.047, maximum (over
the scattering angle) errors are decreased by more than two orders of magnitude. The extrapolation gives
significant improvement of the accuracy even when ymin = 0.38.

Extrapolation performance for non-cubically shaped particles is not that exciting, which is illustrated in
Fig. 3, however accuracy is improved by almost an order of magnitude when ymin = 0.059. Estimates of the
errors do enclose the real errors (Figs. 2 and 3), which is also supported by all the test cases.
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4 Conclusion

Based on the theoretical convergence analysis as presented in [5], we proposed an extrapolation technique
together with a step-by-step prescription, which allows accuracy improvement of DDA computations. The
performance of this technique was studied empirically and we showed that it significantly suppresses max-
imum errors of S 11(θ) when ymin < 0.4 and 0.15 for cubically and non-cubically shaped scatterers, respec-
tively (for m = 1.5). The quality of the extrapolation improves with decreasing ymin reaching extraordinary
performance, especially for cubically shaped particles – more than two order of magnitude decrease of error
when ymin ≈ 0.05 for wavelength-sized scatterers (total computational time for extrapolation is less than 2.7
times that for a single DDA computation).

The proposed estimates of the extrapolation error were proven to be reliable, although they can be
improved to decrease overestimation of the errors in some cases. This error estimate is completely internal,
and hence can be used to create adaptive DDA – a code that will automatically refine discretization to reach
a required accuracy.

The extrapolation technique is more suited for benchmark calculations to increase the accuracy of al-
ready accurate results (compare the limitations above with the usual DDA discretization y = 0.6 [2]), how-
ever even for large ymin it can provide an useful error estimate. However, further investigation on other test
scatterers is required to evaluate the performance of the technique.
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Abstract

We present results of DDA calculations of light scattering by irregular dielectric particles
whose sizes are comparable with the wavelength, aiming to show the influence of different
interference effects on the backscattering from irregularly shaped particles. For instance,
suppressing the interference of waves scattered by different dipoles leads to the total dis-
appearance of the intensity backscatter surge and the negative polarization at small phase
angles. Cross-interference of singly and multiply scattered waves significantly influences
the backscatter effects only for relatively small particles. Removal of the interference of
non-reciprocal waves leads to the disappearance of both backscattering effects, suggesting
that the coherent-backscatter explanation of the negative polarization cannot be extended
to the case of particles comparable with the wavelength.

1 Introduction

Irregular particles whose size is comparable with the wavelength and surfaces composed of such particles re-
veal two backscatter effects: backward enhancement of intensity and the negative polarization branch (NPB)
at small phase angles, α [1]. Both these effects have been found for most of Solar System bodies examined
[2]. Cometary dust particles and planetary regoliths show noticeably different intensity backscatter effect,
while the NPBs are similar to each another. For example, in Fig. 1 the phase curves of linear polarization
of asteroid 1 Ceres [3] and comet 1P/Halley [4] are shown. Such a similarity may be interpreted to mean
the negative polarization of dust particles and surfaces composed of such particles has the same origin. Up
to now, there is no reliable conception on the NPB of particles comparable with wavelength; whereas, for
powder-like media one well-studied mechanism of NPB has been suggested [5, 6]. The latter is based on the
coherent enhancement backscattering effect. We investigate here the applicability of the coherent backscat-
ter explanation of the NPB to irregular particles comparable with wavelength. Additionally, we test the role
of cross-interference of singly and multiply scattered waves in the formation of the NPB.



288 Ninth Conference on Light Scattering by Nonspherical Particles

2 Model of irregular particles and calculations

We study the influence of internal scattering on photometric and polarimetric backscatter effects for irregu-
larly shaped agglomerated particles [7] using the DDA approach. As was found earlier [7, 8], the agglomer-
ated particles show backscattering enhancement of intensity and a NPB for different sets of size parameter
and refractive index. To generate agglomerated debris particles, we consider a spherical volume subdivided
into a cubic lattice with 64x64x64 cells. The volume is composed of 137,136 cells, which is the initial ma-
trix of the particles. Among the surface cells we randomly choose 100 and mark them as seeds of empty
space. From cells placed under the surface we randomly choose 21 seeds for material and 20 for empty
space. Then step-by-step each cell distinct from the seed cells is designated the same as the nearest seed
cell. Four different examples of particles generated in this way are shown in Fig. 2. The material of these
particles occupies approximately 25% of the initial volume that is equal to approximately 35,000 dipoles.
For light-scattering computations we use our well-tested DDA code [7, 8]. The code exploits effectively the
fast Fourier transformation and conjugate gradient method. Calculations have been made with several PCs
with Intel Celeron (Pentium III) processors at 1.4 GHz. In each case, the averaging over not less than 200
sample particles randomly oriented has been performed. We present results for two different sets of param-
eters of the agglomerated debris particles: (1) the size parameter x = 10 (x = 2πr/λ, where r is the radius of
the initial matrix and λ is the wavelength) and the refractive index m = 1.5 + 0i and (2) x = 6, m = 1.5+0i.

3 Interference effects

The regular scheme of DDA computations can be divided conditionally into two stages. In the first, the field
induced on each dipole is found from a system of linear algebraic equations: Ei = E0

i +
∑n

j,i N̂i jE j, where Ei

and E j are electric fields induced on the i-th and j-th dipole, E0
i is the field induced by the incident wave, N̂ij

is the operator that describes the influence of the j-th dipole on the i-th one. Once the system has been solved
and the fields induced on the dipoles are known, the field at the observation points is defined as the sum of
the contribution of all dipoles: Eobs =

∑n
i=1 F̂obs

i Ei. Operator F̂obs
i describes the scattering by the i-th dipole

to a point of observation. Thus, the propagation of waves inside the particles is described in terms of DDA as
a series of scattering events by a wave along a certain sequence of dipoles. The mutual interference of waves
scattered inside a particle can be categorized into two kinds, which are the interference of different wave
contributions to a field induced on some dipole and the interference between waves scattered by various
dipoles. We propose several simple modifications of DDA for investigation of the role of interference inside
irregular particles.

The 1-st modification of DDA is the following: Ẽi = Ei exp(iζi). Here and below, ζ denotes a random
number evenly distributed in the interval (0 ÷ 2π); the factor i in the exponent is the imaginary unit; Ei is
the full field induced on the i-th dipole, which is the result of rigorous DDA analysis. The field scattered to
an observer is calculated using the volume-integral equation, except that fields Ei are substituted with Ẽi.
The average light-scattering properties over a large number of ζi removes the coherence, washing away the
interference of waves scattered by the different dipoles. At the same time, the interference of partial fields
induced on each dipole is concerned.

The 2-nd modification of DDA allows us to remove the interference of waves singly scattered inside

a particle. The formula of this modification is ˜̃Ei = E0
i exp(iζi) +

∑n
j,i N̂i jE j. If ζi’s have the same value

simultaneously for all dipoles, averaging over a large number of ζi removes the cross-interference between
singly and multiply scattered waves. If ζi’s are randomly varied from one dipole to another, the resulting
fields totally exclude the effect of first-order interference. Thus we exclude mutual interference of waves
singly scattered by different dipoles of particle and cross-interference between singly and multiply scattered
waves.

The 3-rd modification of DDA allows us to study the applicability of the coherent backscatter NPB
mechanism for single particles of size comparable with the wavelength. In [6] the mechanism has been
studied for two dipoles using second-order scattering. Adding the first order eliminates the NPB for the pair;
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i.e., for dipoles the single scattering overwhelms the double scattering. Involving a large number of dipoles
we change the balance between singly and multiply scattering radiation. Actually, n dipoles form n(n–1)
waves that are scattered twice, and half of n(n–1) are reciprocal trajectories. Thus, agglomerated debris
particles consisting of 3.5 104 dipoles provide about 6·108 second-order reciprocal trajectories.

For any i-th and j-th dipoles one can write:

˜̃̃
Ei = E0

i exp(iζi) +

n∑

j,i

N̂i jE j exp(iζi) exp(iζ j)

and
˜̃̃
E j = E0

j exp(iζ j) +

n∑

i, j

N̂ jiEi exp(iζ j) exp(iζi) .

One can see that the field induced on the i-th dipole by waves that were initially scattered by the j-th
dipole and the field induced on j-th dipole by waves that were initially scattered by the i-th dipole has the
same random phase shifting, exp(iζi) exp(iζ j). This allows selection and isolation of the reciprocal contribu-
tions that include the coherent-backscattering terms.

4 Results of calculations

Figures 3 and 4 show phase curves of the normalized intensity (a) and the degree of linear polarization (b) for
agglomerated debris particles for two sets of parameters: x = 10, m = 1.5+0i (Fig. 3) and x = 6, m = 1.5+0i
(Fig. 4). In all cases, the curves represent:
(1) the exact solution,
(2) randomly phased waves scattered by various dipoles,
(3) removal of cross-interference between singly and multiply scattered waves,
(4) entire removal of interference of singly scattered waves, and
(5) selection of mutually reciprocal waves.
One can see that totally excluding the interference of fields scattered by different dipoles (curve 2) makes
the intensity and polarization similar to those of a single dipole, as can be anticipated. Removal of the
cross-interference between singly and multiply scattered waves (curve 3) does not change qualitatively the
backscatter and NPB for relatively large particles (x ≥ 10). For smaller particles (x = 6) the influence of
cross-interference is more noticeable and its removal from consideration can lead to the total disappearance
of the NPB (see Fig. 4). In both cases the total removal of interference of singly scattered waves (curve 4)
provides better agreement with the exact solution than the case of removing only cross-interference. More-
over, in the case of agglomerated particles at x = 6, totally neglecting the interference of singly scattered
waves produces the negative polarization branch. Thus, the cross-interference of singly and multiply scat-
tered waves appears to play a significant role in forming the NPB of relatively small particle. Nevertheless,
even in this case, there is, probably, an alternative source of the NPB that is based on multiple scatter-
ing, because totally removing the interference of singly scattered waves preserves the NPB. Note also that
increasing the particle size leads to a decrease of the cross-interference influence.

Removing the interference between non-reciprocal waves (curve 5) gives a result similar to that of
removing the interference of waves scattered by various dipoles (curve 2). Thus, the coherent backscatter
mechanism of NPB does not seem to describe the effect for irregular particles comparable with wavelength.

5 Conclusions

Using the DDA we propose studying the theoretical aspects of light-scattering by arbitrarily shaped particles
of sizes comparable with the wavelength. Our simulation of the removal of various kinds of interference
of the light scattered inside irregular particles has shown that “switching off” the interference of waves
scattered by different dipoles leads to the total disappearance of the backscattering effects. Cross-interference
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of singly and multiply scattered waves has a significant influence on backscattering effects only for relatively
small particles. Nevertheless, even in the case of relatively small particles, there is an alternative source of
NPB based on multiple scattering. Since the removal of interference of non-reciprocal waves leads to the
disappearance of opposition effects, the explanation of the negative polarization of powder-like surfaces
cannot be extended to the case of particles whose sizes are comparable with the wavelength.
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